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PREFACE 

This  work,  as  the  name  implies,  is  intended  for  colleges  and 
scientific  schools.  The  first  part  is  simply  a  review  of  the  p^rin- 
ciples  of  Algebra  preceding  Quadratic  Equations,  with  just  enough 
examples  to  illustrate  and  enforce  these  principles.  By  this  brief 
treatment  of  the  first  chapters  sufficient  space  is  allowed,  without 
making  the  book  cumbersome,  for  a  full  discussion  of  Quadratic 
Equations,  The  Binomial  Theorem,  Choice,  Chance,  Series,  Deter- 
minants, and  The  General  Properties  of  Equations.  Every  effort 
Has  been  made  to  present  in  the  clearest  light  each  subject  discussed, 
and  to  give  in  matter  and  methods  the  best  training  in  algebraic 
analysis  at  present  attainable.  Many  problems  and  sections  can  be 
omitted  at  the  discretion  of  the  instructor. 

The  author  is  under  great  obligation  to  J.  C.  Glashan,  LL.D., 
Ottawa,  Canada,  to  Professor  J.  J.  Hardy,  Ph.D.,  Lafayette  College, 
Easton,  Pa.,  and  to  W.  H.  Butts,  A.M.,  Michigan  University,  Ann 
Arbor,  Mich.,  who  have  read  the  proofs  and  given  valuable  sugges- 
tions on  the  subject-matter. 

Answers  to  the  problems  are  bound  separately  in  paper  covers, 
and  will  be  furnished  free  to  pupils  when  teachers  apply  to  the 
pvblUkers  for  them. 

Any  corrections  or  suggestions  relating  to  the  work  will  be 
thankfxdly  received. 

G.  A.  WENTWORTH. 

ExBTXB,  N.H.,  May,  1902. 
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CHAPTER  I 
Fnin>AMENTAL  IDEAS 

1.  Magnitude,  Quantity,  and  Number.  Whatever  admits  of 
increase  or  decrease  is  called  a  magnitude.  Every  magnitude 
must  therefore  admit  of  comparison  with  another  magnitude  of 
the  same  kind  in  such  a  way  as  to  determine  whether  the  first 
is  greater  than,  less  than,  or  equal  to  the  other. 

A  measurable  magnitude  is  a  magnitude  that  admits  of  being 
considered  as  made  up  of  parts  all  equal  to  one  another. 

To  measure  any  given  measurable  magnitude,  we  take  as 
standard  of  reference  a  definite  magnitude  of  the  same  kind 
as  the  magnitude  to  be  measured  and  determine  how  many 
magnitudes,  each  equal  to  the  standard  of  reference,  will 
together  constitute  the  given  magnitude. 

A  quantity  is  a  measurable  magnitude  expressed  as  a  mag- 
nitude actually  measured.  Hence,  the  expression  of  a  quan- 
tity consists  of  two  components.  One  of  these  components 
is  the  name  of  the  magnitude  that  has  been  selected  as  the 
standaitl  of  reference  or  measurement.  The  other  component 
expresses  how  many  magnitudes,  each  equal  to  the  standard 
of  reference,  must  be  taken  to  make  up  the  quantity.  The 
standard  magnitude  is  termed  a  unit,  and  the  other  component 
of  the  expression  is  termed  the  numerical  value  of  the  expres- 
sion. Hence, 

A  unit  is  the  standard  magnitude  employed  in  counting  any 
collection  of  objects  or  in  measuring  any  magnitude. 
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A  number  is  that  which  is  applied  to  a  unit  to  express  how 
many  parts^  each  equal  to  the  unit,  there  are  in  the  magnitude 
measured. 

The  endless  succession  of  numbers  one,  two,  three,  four,  etc., 
employed  in  counting  is  called  the  natural  series  of  numbers. 

2.  In  the  statement  James  walked  12  miles,  the  number  of 
miles  is  actually  stated,  and  the  12  is  therefore  called  a  known 
number,  or  it  is  said  to  be  explicitly  assigned. 

In  the  statement  If  from  five  times  the  number  of  miles 
Jam^es  walked,  ten  is  subtracted,  the  remainder  will  be  fifty, 
the  number  of  miles,  though  not  directly  given,  may  be  found 
from  the  data  to  be  twelve  and  is  therefore  said  to  be  implied 
in  the  statement,  or  it  is  called  an  implicitly  assigned  number, 
or  more  commonly,  an  unknown  number. 

In  the  statement  If  from  the  double  of  a  number  six  is 
subtracted,  the  result  will  be  the  same  as  if  three  had  been 
subtroA^ed  from  that  number  and  the  remainder  doubled,  the 
number  to  be  doubled  is  assigned  neither  explicitly  nor  implic- 
itly, since  the  statement  is  true  for  any  number  whatever. 
A  number  of  this  kind,  which  may  have  any  value  whatever,  is 
called  an  arbitrary  numler.  Arbitrary  numbers  are  frequently 
called  known  numbers,  as  they  are  often  assumed  to  be  known, 
though  not  definitely  assigned. 

3.  Numbers  explicitly  assigned  are  represented  in  Algebra, 
as  they  are  in  Arithmetic,  by  the  numerals  or  figures  0,  1,  2, 
3,  4,  5,  6,  7,  8,  9,  and  combinations  of  these.  Each  figure  or 
combination  of  figures  represents  one  and  but  one  particular 
number.  Numbers  implicitly  assigned  and  arbitrary  numbers 
are  usually  represented  by  the  letters  of  the  alphabet.  The 
first  letters  of  the  alphabet,  as  a,  b,  c,  etc.,  are  generally  used 
to  represent  arbitrary  numbers,  while  z,  y,  x,  w,  etc.,  commonly 
represent  unknown  numbers. 

4.  When  any  letter,  as  x,  is  used  in  the  course  of  a  calcu- 
lation it  denotes  the  same  number  throughout.    We  may  also 
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represent  different  numbers  bj  the  same  letter  with  marks 
afiBbced. 

Thus,  instead  of  writing  a,  &,  c  for  three  different  numbers,  we  may 
represent  these  numbers  by  the  symbols  ai,  Os,  as  (read  a  aub-onej  a  sub- 
two,  etc.),  or  by  a',  a'',  a'"  (read  a  prime,  a  9ec(md,  etc.). 

5.  In  Arithmetic  the  figures  that  represent  numbers  are 
generally  themselves  called  numbers ;  and,  similarly,  in  Algebra 
the  symbols  that  stand  for  numbers  are  themselves  called 
numbers.  Letter-symbols  are  called  liberal  expressions,  Bsid 
figure-symbols  numerical  expressions. 

The  number  which  a  letter  represents  is  called  its  value, 
and  if  represented  arithmetically,  its  numerical  value. 

6.  In  elementary  Algebra  we  consider  all  quantities  as 
expressed  numerically  in  terms  of  some  unit,  and  the  symbols 
represent  only  the  purely  numerical  parts  of  such  quantities. 
In  other  words,  the  symbols  denote  what  are  called  in  Arith- 
metic abstract  numbers. 

7.  An  algebraic  expression  is  the  expression  of  a  number  in 
algebraic  symbols. 

8.  Certain  words  and  phrases  occur  so  often  in  Algebra  that  it 
is  found  convenient  to  represent  them  by  easily  made  symbols. 

Symbols  of  Relation. 

=,  read  equals,  is  equal  to,  unll  be  equal  to,  etc. 

read  is  not  equal  to,  etc. 
>,  read  is  greater  than,  thus  9  >  4. 
<,  read  is  less  than,  thus  4  <  9. 

: :,  the  signs  of  proportion,  as  in  Arithmetic. 
Thus,  a:b::c:d,  or  a  : &  =  c  :  (2,  is  read  B,  is  toh  cu  c  ia  to  d. 

Symbols  for  Words. 

read  therefore,  consequently,  hence, 
\'f  read  because,  since. 

Thus,  '.'  a  =  &,  and  &  =  c  ;  .-.  a  =  c,  is  read  since  a  equals  b,  and  b 
equals  o;  thierrfoTe  a  equals  c. 
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•  the  symbol  of  continuation,  is  read  continued  by  the 
same  law. 

Thus,  1,  2,  3,  4,  •  •  •  means  that  we  are  to  continue  the  numbers  by  the 
same  law ;  Xi,  Xi,  asi,  •  •  • ,  x»  means  Xi,  x^,  xs,  X4,  Xa,  and  so  on  to  x.. 

9.  Signs  of  Operation.  The  principal  operations  of  Algebra 
are  Addition,  Subtraction,  Multiplication,  Division,  Involu- 
tion, Evolution,  and  Logarithmation.  A  mark  used  to  denote 
that  one  of  these  operations  is  to  be  performed  on  a  number 
is  called  a  si^n  of  operation.  These  signs  of  operation  will 
now  be  explained. 

10.  The  sig;n  of  addition  is  +  (lesdplus).  As  in  Arithmetic, 
it  denotes  that  the  number  before  which  it  stands  is  an 
addend. 

Thus,  a  +  &  means  that  &  is  to  be  added  to  a ;  so  that  if  a  represents 
6  and  b  represents  4,  a  +  &  represents  6  +  4,  which  is  10.  a  +  b  +  c 
denotes  that  6  is  to  be  added  to  a,  and  then  c  added  to  their  sum. 

The  sum  of  two  or  Tnore  numJbers  is  expressed  by  vrriting 
them  in  a  row  taith  the  sign  +  before  each  of  them  except  the 
first  number. 

11.  The  sigrn  of  subtraction  is  —  (read  minus).  As  in  Arith- 
metic, placed  before  a  number  it  denotes  that  that  number  is 
a  svhtrahend. 

Thus,  a  —  &  (read  a  minus  6),  indicates  that  the  numbei  represented 
by  &  is  to  be  subtracted  from  the  number  represented  by  a ;  so  that,  if  a 
represents  6  and  b  represents  4,  a  —  6  is  equivalent  to  6  —  4,  which  is  2. 

Hence,  to  indicate  that  a  number  is  to  be  subtracted  from 
another  number,  as  a  from  x,  write  the  subtrahend  after  the 
minuend  unth  the  sign  —  between  them. 

The  expression  a  +  b  —  c  denotes  that  ^  is  to  be  added  to  a, 
and  then  c  subtracted  from  the  sum.  a  —  b  —  c  denotes  that 
6  is  to  be  subtracted  from  a,  and  then  c  subtracted  from  the 
remainder. 
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12.  Ntunbers  to  be  multiplied  together  are  called  factors, 
and  the  resulting  number  is  called  the  product  of  these  factors. 
Multiplication  is  indicated  in  two  ways : 

1.  By  a  sign  of  operation,       2.  By  position. 

The  signs  of  multiplication  are  x  and  •  (read  intoy  times,  or 
multiplied  by). 

Thus,  3-4«6,  or3x4x5  indicates  the  continued  product  of  the  three 
factors  3, 4,  and  5.  In  like  manner,  a  •  or  a  x  &,  indicates  the  product 
of  the  factois  a  and  h. 

If  all  the  factors  or  all  but  one  are  represented  by  letters, 
the  signs  of  operationy  x  and  • ,  are  generally  omitted ;  this 
method  is  called  indicating  multiplication  by  position. 

Thus,  five  times  a  ia  written  6  a  (read^oc  a),  and  \  of  the  product  of 
m  and  z  is  written  \  mz, 

A  number  which  multiplies  another  number  is  called'  a 
coefficient  of  that  number.    A  coefficient  (literally,  co-factor}  is 
therefore  simply  a  multiplier,  numerical  or  literal. 
Thus,  in  the  expression  6amx, 

*    5     is  the  numerical  coefficient  of  amx, 
6  a     **    literal  **       **  m«, 

5am  **       *»  "       **  X. 

If  no  numerical  coefficient  is  unitten,  unity  is  understood  as 
the  actual  num^erical  coefficient, 

13.  The  sign  of  division  is  (read  divided  by),  and  denotes 
that  the  number  immediately  following  it  is  a  divisor. 

Thus,  a  -4-  &  (read  a  divided  by  h)  means  that  a  is  to  be  divided  by  b. 
If  a  represents  12  and  b  represents  4,  a  +  &  represents  12  +  4,  or  3. 

Division  is  also  indicated  by  arranging  the  numbers  in  the 
form  of  a  fraction  with  the  dividend  for  numerator  and  the 
divisor  for  denominator. 

Thus,  a  +  6  may  be  written      ax-i-by  may  be  written 

b  by 

This  method  is  called  indicating  division  by  position. 
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14.  In  an  expression  such  as  lax  +  Scy^  3dz  (read  seven 
ax  plus  Jive  cy  minus  three  dz)  the  multiplications  are  to  he 
performed  before  the  additions  and  subtractions. 

_  ax     by  ez 

In  an  expression  such  as  —  +   the  multiplie^itions 

m      n  q 

and  divisions  are  to  be  performed  before  the  additions  and 
subtractions,  so  that  in  this  expression  the  quotient  of  cue  by 
m  is  to  be  increased  by  the  quotient  of  by  by  and  the  sum 
diminished  by  the  quotient  of  ez  by  q. 

15.  A  power  of  a  number  is  the  product  obtained  by  using 
that  number  a  certain  number  of  times  as  a  multiplier,  starting 
with  unity  as  first  multiplicand.  The  operation  of  forming  a 
power  is  called  inTOlntion ;  the  number  used  as  a  multiplier  is 
called  the  tmae  of  the  power ;  the  number  of  successive  multi- 
plications by  the  base  is  called  the  degree  of  the  power ;  and 
the  number  indicating  the  degree  of  the  power  is  called  the 
exponent  or  index  of  the  power  and  is  written  in  small  char- 
acters to  the  right  and  a  little  above  the  line  of  the  base. 

Thus,  1  X  a  X  a  is  represented  by  a*  (read  a  sgicare);  here  a  is  the 
&cue,  2^  is  the  exponent  (or  index),  and  a*  is  the  second  power  of  a. 

1  •  e  •  e  •  c  is  represented  by  c*  (read  c  cube)\  here  c  is  the  base,  8  is  the 
exponent,  and  the  number  c*  is  the  third  power  of  c. 

In  X*  (read  z  to  the  flfth)^  z  is  the  base,  5  is  the  exponent,  and  the 
number    is  the  fifth  power  of  x. 

Since  the  exponent  denotes  how  many  multiplications  by  the 
base  are  to  be  made,  the  first  to  be  performed  on  unity,  it  fol- 
lows that  a\  the  first  power  of  a,  represents  1  x  a,  or  simply  a. 

Hence,  also,  a^,  the  zero  power  of  a,  denotes  that  no  multi- 
plication by  a  is  to  be  made,  or,  in  other  words,  that  the  unit- 
multiplicand  is  not  to  be  multiplied  by  a.  Therefore  =  1  for 
any  value  of  a  whatsoever. 

16.  In  writing  a  power  at  full  length  as  a  product  it  is 
usual  to  omit  the  unit-multiplicand,  just  as  it  is  usual  to  omit 
a  unit-coefficient  where  such  occurs. 

Thus,  instead  of  writing  x»  =  1  x  x  x  x  x  x,  we  write  x»  =  x  x  x  x  x. 
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In  this  method  of  expressing  the  value  of  a  power  the  expo- 
nent denotes  the  number  of  times  the  base  is  taken  as  a  factor. 

17.  Comparing  powers,  the  second  power  is  said  to  be  higher 
than  the  first,  the  third  higher  tiian  the  second,  etc. 

18.  In  an  expression  such  as  4a%'-9-e^  (read  4  a  square 
b  cube  divided  by  c  square)  the  involutions  are  to  be  performed 
before  the  multiplications  and  divisions. 

19.  InToltttion  is  the  operation  of  forming  a  power  by  taking 
the  same  number  several  times  ias  a  factor. 

Evolution  is  the  inverse  of  Involution,  or  the  operation  of 
finding  one  of  the  equal  factors  of  a  number.  A  root  is  one  of 
the  equal  factors.  If  the  number  is  resolved  into  two  equal 
factorsy  each  factor  is  called  the  square  root;  if  into  three 
equal  &ctors,  each  factor  is  called  the  cube  root ;  if  into  four 
equal  factors,  each  factor  is  called  the  fourth  root ;  and  so  on. 

The  root  sign  is  V*  Except  for  the  square  root,  a  number- 
symbol  is  written  over  the  root  sign  to  show  into  how  many 
equal  factors  the  given  number  is  to  be  resolved.  This  number- 
symbol  is  called  the  index  of  the  root 

Hins,  Vei  means  the  square  root  of  64 ;  \^  means  the  cube  root  of  64. 

20.  LogarithniAtion  is  the  operation  of  determining  the  index 

or  exponent  which  the  given  base  must  have  in  order  that  the 

resulting  root  or  power  may  be  equal  to  a  given  nimiber.  The 

index  or  exponent  is  called  the  logarithm  of  the  given  number 

to  the  given  base. 

Urns,  if  a  and  h  are  given  numbers  and  =  n  is  called  the  loga- 
rithm of  6  to  the  base  a. 

21.  Positive  and  Negative  Numbers.  There  are  quantities 
which  stand  to  each  other  in  such  an  opposite  relation  that, 
when  combined,  they  cancel  each  other  entirely  or  in  part. 

Thus,  six  dollars  gain  and  six  dollars  loss  just  cancel  each  other ;  but 
ten  dollars  gain  and  six  dollars  loss  cancel  each  other  only  in  part  For 
the  six  dollaiB  loss  will  cancel  six  dollars  of  the  gain  and  leave  four  dollars 
gain. 
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An  oppofiition  of  this  kind  exists  in  assets  and  dehts,  in 
motion  forwards  and  motion  backwards,  in  motion  to  the  right 
and  moti(m  to  the  lefty  in  the  rise  ahove  zero  and  the  fall  below 
zero  of  the  mercury  of  a  thermometer. 

From  this  relation  of  quantities  a  question  often  arises 
which  is  not  considered  in  Arithmetic ;  namely,  the  subtract- 
ing of  a  greater  number  from  a  smaller.  This  cannot  be  done 
in  Arithmetic,  for  the  real  nature  of  subtraction  consists  in 
counting  boA^k  wards  along  the  natural  series  of  numbers.  If 
we  wish  to  subtract  4  from  6,  we  start  at  6  in  the  natural 
series,  count  four  units  backwards,  and  arrive  at  two,  the 
difference  sought.  If  we  subtract  6  from  6,  we  start  at  6  in 
the  natural  series,  count  six  units  backwards,  and  arrive  at 
zero.  If  we  try  to  subtract  nine  from  six,  we  cannot  do  it, 
because,  when  we  have  counted  backwards  as  far  as  zero,  the 
natural  series  of  numbers  ha^  come  to  an  end. 

22.  In  order  to  subtract  a  greater  number  from  a  smaller,  it 

is  necessary  to  assume  a  new  series  of  numbers,  beginning  at 

zero  and  extending  backwards.    If  the  natural  series  advances 

from  zero  to  the  right,  by  repetitions  of  the  unit,  the  new 

series  must  recede  from  zero  to  the  left,  by  repetitions  of  the 

unit;  and  the  opposition  between  the  right-hand  series  and 

the  left-hand  series  must  be  clearly  marked.    This  opposition 

is  indicated  by  calling  every  number  in  the  right-hand  series 

a  positive  number,  and  prefixing  to  it,  when  written,  the  sign-|-; 

and  by  calling  every  number  in  the  left-hand  series  a  negative 

number,  and  prefixing  to  it  the  sign  — .    The  two  series  of 

numbers  will  be  written  thus  : 

 4,         _2,  -1,   0.    +1,  +2,  -1-8,  +4.... 

 1  1  I  \  \  I       I       i  I  

and  may  be  considered  as  forming  but  a  single  series  consist- 
ing of  a  positive  portion  or  branch,  a  negative  portion  or 
branch,  and  zero.  The  complete  series  thus  formed  is  called 
the  scalar  series. 
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If,  now,  we  wish  to  subtract  9  from  6,  we  begin  at  6  in 
the  positive  branchy  count  nine  units  in  the  negative  direction 
(to  the  left),  and  arrive  at  —  3  in  the  negative  branch.  That 
is,  6  -  9  =  -  3. 

The  result  obtained  by  subtracting  a  greater  number  from  a 
less,  when  both  are  positive,  is  always  a  negative  number. 
*  If  a  aild  b  represent  any  two  numbers  of  the  positive  branch, 
the  expression  a  —  6  will  denote  a  positive  number  when  a  is 
greater  than  b ;  will  be  equal  to  zero  when  a  is  equal  to  b ;  will 
denote  a  negative  number  when  a  is  less  than  b. 

If  we  wish  to  add  9  to  —  6,  we  begin  at  —  6  in  the  negative 
series,  count  nine  imits  in  the  positive  direction  (to  the  right), 
and  arrive  at  -f  3  in  the  positive  branch. 

We  may  illustrate  the  use  of  positive  and  negative  numbers 
as  follows : 

-5       0  8  20 


Suppose  a  person  starting  at  A  walks  20  feet  to  the  right  of  A^ 
and  then  returns  12  feet,  where  will  he  be  ?  Answer :  at  C,  a  point 
8  feet  to  the  right  of  A.  That  is,  20  feet  -  12  feet  =  8  feet;  or, 
20  -  12  =  8. 

Again,  sappose  he  walks  from  A  to  the  right  20  feet,  and  then  returns 
26  feet,  where  will  he  now  be  ?  Answer :  at  D,  a  point  6  feet  to  the 
left  of  A.  That  is,  if  we  consider  distance  measured  in  feet  to  the  left  of 
A  as  forming  a  negative  series  of  numbers,  beginning  at  ^,  20  —  26  =  —  6. 
Hence,  the  phrase,  6  feet  to  the  left  of  ^,  is  now  expressed  by  the  nega- 
tive number  —  6. 

23.  Numbers  with  the  sign  -f  or  —  are  called  scalar  numbers. 
They  are  unknown  in  elementary  Arithmetic,  but  play  a  very 
important  part  in  Algebra.  Numbers  regarded  without  refer- 
ence to  the  signs  -f  or  —  are  called  absolute  numbers. 

Every  algebraic  number,  as  +  4  or  —  4,  consists  of  a  sign  -|- 
or  —  and  the  absolute  value  of  the  number ;  in  this  case  4. 
The  sign  shows  whether  the  number  belongs  to  the  positive 
or  the  negative  series  of  numbers ;  the  absolute  value  shows 
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what  place  the  number  has  in  the  positiye  or  the  negative 
aeries. 

When  no  sign  stands  before  a  number  the  sign  +  is  always 
understood. 

Tbos,  4  means  the  ssme  as  +  4,  a  meaiu  the  same  as  +  o- 

But  the  9ign  —  is  never  omitted,  • 
Two  numbers  which  have,  one  the  sign  -f  and  the  other  the 

— ,  are  said  to  have  nnlike  signs. 
Two  numbers  which  have  the  same  absolute  values,  bat 
unlike  signs,  always  cancel  each  other  when  combined. 
Thoa,  +  4-  4  =  0,  +  a-  a  =  0. 

24.  Keaning  of  tbe  Signs.    The  use  of  the  signs  +  and 

to  indicate  addition  and  subtraction,  must  be  carefully  distin- 
guifthed  from  their  use  to  indicate  in  which  series,  the  positive 
or  the  negative,  a  given  number  belongs.  In  the  first  sense 
they  are  signs  of  operations  and  are  common  to  both  Arith- 
metic and  Algebra.  In  the  second  sense  they  are  signs  of 
oppositwn  and  are  employed  in  Algebra  alone. 

25.  When  an  expression  is  made  up  of  several  parts  con- 
nected by  the  signs  -h,  — ,  each  of  these  parts  taken  with  the 
sign  immediately  preceding  it  (+  being  understood  if  no 
written  sign  precedes)  is  called  a  term. 

Thug,  a  +  6-  c  +  d  +  e consista  of  the  five  terms  +o,  +6,  -c,  -f-d,  +e. 

A  term  whose  sign  is  +  is  called  a  positiye  term ;  a  term 
whose  sign  is  —  is  called  a  negative  term. 

An  expression  which  consists  of  but  one  term  is  called  a 
monomial  or  simple  expression. 

An  expression  which  consists  of  two  or  more  terms  is  called 
a  polynomial  or  compound  expression. 

A  polynomial  of  two  terms  is  called  a  binomial.  A  poly- 
nomial of  three  terms  is  called  a  trinomiaL  Polynomials  of 
three  or  more  terms  are  sometimes  called  multinomials. 
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S6.  If  two  terms  differ  only  in  one  haying  the  sign  +  and 
the  other  the  sign     they  are  called  complementary  terms. 

Thus,  and  —6  are  complementary  terms  in  the  expression  a+6— 6 ; 
so  —  c  and  +  c  are  complementary  terms  in  a  —  c  +  6  +  c. 

27.  The  degree  of  a  term  is  the  number  of  literal  factors  it 
contains,  and  each  literal  factor  is  called  a  dimension  of  the  term. 

Thus,  3        is  of  seoen  dimensions. 

This  term,  a^6V,  is  said  also  to  be  of  two  dimensions  in  a, 
of  two  dimensions  in  6,  and  of  three  dimensions  in  e. 

The  dimensions  of  a  polynomial  are  determined  by  the 
dimensions  of  its  highest  term. 

Thus,  1  +  +  3  abc  is  of  three  dimensions  because  its  highest  term, 
doftc,  is  of  three  dimensions. 

A  polynomial  is  said  to  be  homogeneous  when  all  its  terms 
have  the  sam^  dimensions. 

Thus,  X*  +  3a^  +  Sx^  +  V*  is  homogeneous. 

28.  Like  terms  are  terms  that  have  the  same  letters,  and 
the  corresponding  letters  have  the  same  exponents. 

Thus,  6a^,  8a^,  -TaH^  m  like  terms;  but  3a%  and  ZaJt^  are 
unlike  terms  because,  though  they  contain  the  same  letters,  the  corre- 
sponding letters  do  not  hare  the  same  exponents. 

29.  If  an  expression  contains  any  like  terms,  these  may  be 
united,  and  the  expression  is  said  to  be  simplified. 

Thus,  as  in  Arithmetic,  2  dozen  +  3  dozen  =  6  dozen  ;  2  times  8 
+  3  times8  =  5time88;  so  in  Algebra,  2a6  +  3a6  =  5a6;  2a^+3aS&s= 

Similarly,  in  the  case  of  negative  terms ;  5a6  —  3a6  =  2a6;  6 oW  — 
da>6>  =  2as&s.  Hence, 

To  reduce  two  or  more  like  terms  to  a  single  equiyalent  term, 

Form  the  eum  of  the  numerical  coefficients  of  the  positive 
terms  and  also  of  the  negative  terms,  then  take  the  difference  of 
these  sums,  affix  the  literal  parts  and  prefix  to  the  result  the  sign 
of  those  terms  whose  numerical  coefficients  give  the  greater  sum. 
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Thu8,  in  the  exprcasion  6a«6-7ac«+3oa6-6ac«-4a%~6crt+16ac*, 
the  sum  of  the  coefficients  of  the  positive  terms  in  is  8,  and  the  sum 
of  the  coefficients  of  the  negative  terms  is  10 ;  the  difference  of  these  is  2, 
to  which  we  affix  the  literal  part  getting  2  cflb ;  and  as  the  sum  (10) 
of  the  coefficients  of  the  negative  terms  is  the  greater,  we  prefix  the 
sign  — ,  getting  —  2  ;  similarly,  combining  the  terms  in  oc*,  we  get 
+  2  oc',  and  the  whole  expression  is  Hmpiyied  to  —  2  a<6  +  2  oc*,  or 
2oc2-2aa6. 

30.  The  reciprocal  of  a  number  is  1  divided  by  that  number. 
Thus,  the  reciprocal  of  a  is  ^ ;  the  reciprocal  of  a*6*  is 

The  product  of  any  number  and  its  reciprocal  is  unity. 
Thus,  6x^  =  1. 

0 

Hence,  a  divisor  may  be  replaced  by  its  fractionally  expressed 
reciprocal  as  a  multiplier.  If,  for  example,  the  product  of  a 
and  6  is  to  be  divided  by  w,  and  the  quotient  divided  by  n, 
this  may  be  represented  by 

ab  -i-m-i-n,  or  by  aft  X  —  X      or  by 

m    n  mn 

31.  Compound  Expressions.  Every  algebraic  expression,  how- 
ever complex,  represents  a  number  and  may  be  treated  in  any 
operation  as  a  single  83nnboL  If  an  expression  is  to  be  so 
treated,  it  is  generally  enclosed  in  brackets  ;  or  a  line  called  a 
vinculum  is  drawn  over  it. 

Thus,  7  +  (8  -  8)  denotes  that  3  is  to  be  subtracted  from  8  and  the 
remainder  added  to  7. 

7  —  (8  —  8)  denotes  that  8  is  to  be  subtracted  from  8  and  the  remainder 
subtracted  from  7.  • 

7  •  (8  —  3)  or  7  •  8  —  8  means  that  8  is  to  be  subtracted  from  8  and  the 
remainder  multiplied  by  7. 

Similarly,  suppose  a  +  &  —  cistobe  operated  on  as  a  single  symbol ; 
then, 

X  +  (a  +  5  ~  c)  denotes  that  the  number  is  to  be  added  to  z, 

X  -  (a  +  6  -  c)     "         "  "        "     subtracted  from «, 

«(a  +  6-c)        ♦*        "         "        *'  mulUpUedby*, 
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(a  +  6  —  c)    X  denotes  that  the  number  is  to  be  divided  by  x, 
(a  +  6-c)»         "         "  **        "  cubed, 

\/{a  +  6  —  c)       "         *'      cube  root  of  the  number  is  to  be 

extracted. 

32.  An  expression  that;  has  a  part  enclosed  in  brackets  may 
itself  be  enclosed  in  brackets  to  form  part  of  a  longer  expres- 
sion ;  this  again  may  be  enclosed  in  brackets  to  form  part  of 
a  still  longer  expression;  and  so  on  to  any  extent.  When 
several  pairs  of  brackets  are  thus  employed  it  is  usual  to  make 
each  pair  different  from  the  others  in  size  or  shape. 

1.  If  it  were  required  to  multiply  a  +  &  into  the  sum  of  a  (x  +  y)  and 
6  (x  —  y),  the  result  would  be  expressed  thus, 

(a  +  6){a(x  +  y)  +  6(x-y)}. 

2.  10a  -  [65  -  {4c  +  2(36  -  a)}]  denotes  that  a  is  to  be  subtracted 
from  35,  that  the  remainder  is  to  be  doubled,  that  the  product  is  to  be 
added  to  4  c,  that  the  sum  is  to  be  subtracted  from  6  6,  that  the  remainder 
is  to  be  subtracted  from  10  a. 

Hence,  if  a  =  16,  6  =  6,  and  c  =  1,  we  have 
10a -[56 -{4c +  2(36 -a)}] 

=  160  -  [30  -  {4  +  2(18  -  15)}] 
=  150  -  [30  -  {4  +  2  X  3}] 
=  150  -  [30  -  {4  +  6}] 
=  150  -  [30  -  10] 
=  150-20 
=  130. 

33.  Substitution.  Two  quantities,  two  nimibers,  or  two  oper- 
ations are  equal  if  either  can  be  substituted  for  the  other  in 
algebraic .  expressions  without  changing  the  values  of  the 
expressions.    From  this  it  follows  at  once  that 

Nurnhers  that  are  equal  to  the  same  number  are  equal  to 
one  another. 

In  symbols :  If  a  =  c  and  6  =     then  a  =  6. 


CHAPTER  II 


THE  BLBMBNTART  0PBRATI0H8 

34.  The  introduction  of  negative  numbers  requires  the  mean- 
ings of  addition,  subtraction,  multiplication,  and  division  to  be 
made  wider  and  more  comprehensive  in  Algebra  than  they  are 
in  Arithmetic,  but  these  enlarged  meanings  must  be  consistent 
with  the  older  arithmetical  meanings,  and  the  elementary 
operations  when  thus  generalized  must  still  conform  to  the 
fundamental  laws  which  govern  these  operations  in  Arithmetic. 
We  now  proceed  to  state  these  fundamental  laws  and  to  explain 
these  wider  meanings. 

ADDITION 

35.  In  Algebra,  as  in  Arithmetic,  numbers  which  are  to  be 
added  are  called  addends,  and  the  result  of  the  addition  is 
termed  the  sum  of  the  addends ;  but  it  must  be  borne  in  mind 
that  in  Algebra  under  the  term  numbers  are  included  not  only 
the  numbers  indicated  by  single  letters  but  also  those  which 
are  the  arithmetical  values  of  compound  algebraic  expressions, 
just  as  in  Arithmetic  numbers  are  expressed  either  by  single 
digits  or  by  combinations  of  digits. 

Addition  is  the  operation  of  combining  two  or  more  numbers 
or  algebraic  expressions  into  a  single  number  or  expression 
according  to  the  following  laws : 

1.  If  equal  numbers  are  added  to  equal  numbers  the  sum>s 
are  equal. 

If  the  sum  of  one  pair  of  addends  is  equal  to  the  sum  of  a 
second  pair,  and  either  addend  in  the  first  pair  is  equal  to  the 
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corresponding  addend  in  the  second  pair,  the  remaining  addend 
in  the  first  pair  is  eqtud  to  the  remaining  a4dend  in  the 
second  pair. 

II.  The  sum  of  two  addends  is  the  same,  whether  the 
second  addend  is  added  to  the  first,  or  the  first  addend  is  added 
to  the  second. 

III.  The  sum  of  three  addends  is  the  same,  whether  the 
sum  of  the  second  and  third  addends  is  added  to  the  first,  or 
the  third  addend  is  added  to  the  sum  of  the  first  and  second. 

lY.  Adding  zero  to  any  nujnber  leaves  the  numher  unchanged. 

36.  These  laws  expressed  in  algebraic  symbols  are : 
Suppose  a,  h,  e,  and  d  have  each  one  and  only  one  value, 
zero  being  a  possible  value  for  any  one  or  more  of  them. 
I.      If  a  =  c  and  h^d,  then  a  +  b^e-^d. 
If  a  =  c  and  a  -f  6  =  c  -f  c?,  then  b  =d. 
It  b  =  d  and  a  '\-b  =  c     d,  then  a  =  c. 
Hence,  Addition  is  completely  uniform. 
II.  a  -f  6  =  ft  +  a. 

Proposition  II  is  expressed  by, 
Addition  is  commutative. 


Hence,  adding  any  number  to  an  addend  adds  an  equal 
number  to  the  sum. 


III.  .  a-f  (ft  +  c)  =  (a-f  ft)-|-c. 
Proposition  III  is  expressed  by. 
Addition  is  associative. 

IV.  a  -f  0  =  a. 
The  modulus  of  addition  is  zero. 


37.  Cor.  1.     (a -f         =  a + 

=  a-f  (ft-hc) 
=  (a-f  ft)-f  c. 


(HI) 

(II) 
(III) 
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Gob.  2.  If  a  -f  6  =  a,  then  6  =  0.        (lY  and  I) 

Zero  is  the  only  addend  whose  addition  to  a  number  leaves 
the  numJber  unchanged. 

38.  An  algebraic  number  which  is  to  be  added  or  subtracted 
is  often  enclosed  in  brackets,  in  order  that  the  signs  -f  and  — 
which  are  used  to  distinguish  positive  and  negative  numbers 
may  not  be  confounded  with  the  +  and  —  signs  that  denote 
the  operations  of  addition  and  subtraction. 

Thus,  +  4  +  (—  3)  expresses  the  sum  of  the  nomberB  +  4  and  —  3 ; 
and  +  4  —  (—  3)  expresses  that  —  3  is  to  be  subtracted  from  +  4. 

39.  Monomials.  In  order  to  add  two  algebraic  numbers,  we 
begin  at  the  place  in  the  scalar  series  which  the  first  number 
occupies  and  count,  in  the  direction  indicated  by  the  sign  of 
the  second  number^  as  many  units  as  there  are  units  in  the 
absolute  value  of  the  second  number. 

 4,-3,-2,-1,    0,    +1,  +2,  +3,  +4,... 

 I  I  I  I  I  I       I  I  » 

Thus,  the  sum  of  +  4  +  (4-  3)  is  found  by  counting  from  +  4  three 
units  in  the  positixje  direction  and  is,  therefore,  +  7 ;  the  sum  of 
+  4  +  (-  3)  is  found  by  counting  from  +  4  three  units  in  the  ^xegaivoe 
direction  and  is,  therefore,  +  1. 

In  like  manner,  the  sum  of  -  4  +  (+  3)  is  —  I,  and  the  sum  of 
-4 +  (-3)  is -7. 

1.  To  add  two  numbers  with  like  signs,  find  the  sum  of 
their  absolute  values,  and  prefix  the  common  sign  to  the  sum. 

2.  To  add  two  numbers  with  unlike  signs,  find  the  differ^ 
ence  between  their  absolute  values,  and  prefix  to  the  difference 
the  sign  of  the  number  that  is  the  greater  in  absolute  value. 

Thus,    (1)  +a  +  (4-6)  =  a  +  6;      (3)  -  a  +  (+ 6)  =- a  +  6; 
(2)  +a  +  (-6)  =  a-6;      (4)  -  o  +  (- 6)  =  -  o  -  6. 

By  successive  application  of  the  above  rules  we  readily  obtain 
rules  for  adding  any  number  of  terms. 
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Thus,  4a  +  5d  +  3a  +  2a=14a; 

-3a-15a-7o  +  14a-2a  =  14a-27a  =  -18a; 
4a-36-9a4-76  =  -5a  +  46. 

40.  Polynomials.  Two  or  more  polynomials  are  added  by 
adding  their  separate  terms. 

It  is  convenient  to  arrange  the  terms  in  columns,  so  that 
like  terms  shall  stand  in  the  same  column. 

Thus,  2a»-8a*6  +  4(rf)«+  6» 

a»  +  4a26-7a6a-26» 

2a8-f  2a«d  +  6a6a-86» 
2a8H-4a»6  -86* 

Addition  in  Algebra  does  not  necessarily  imply  augmenta- 
tiotif  as  it  does  in  Arithmetic. 
Thug,  7  +  (-  5)  =  2. 

The  word  sum,  however,  is  used  to  denote  the  result. 

Such  a  result  is  called  the  algebraic  sum,  when  it  is  necessary 
to  distinguish  it  from  the  arithmetical  sunij  which  would  be 
obtained  by  adding  the  absolute  values  of  the  numbers. 

Ezercise  1 

Add: 

1.  9a»-f  3a-f  4ft,  2a*  — 4a-|-5ft,  5a  — 2ft-6a* 

2.  Ix^  -2xy  -^y\  4a;y-2y^  8 a' -  9 ay -f  12 y*. 

3.  7a«ft-h9aft«-13ft»,  3  a»  +  2  aft«  -  7  aft«-a*6-6a», 

-  7a»  -  ab%  4ft»  -  2a»  -f  a%. 

4.  6aj*  -f  2x*  —  7,  4a;»  -f    —  9,  1  -f  a;  — 

a;*  4.  a;*  -  a;'  -  05*  -  7,  9a;"  -f  9a;»  -  12x  -  4«*  +  10. 

6.  3m*-f  2m'n  +  6mV  — 9n*,  1     —  ^  mn^  -  %  mhi^, 
11       —  4  m'n*  -|-  6  m'w,  6  m*  -f  2       —  15  mn*  —  7  71* 

6.  2a;«  +  3a;*y-4a;V,  2y«  -  3a;y»  +  4xy  -  10 arV, 
6«»y»  -f  4a5V  -  9y^  8a:«y  -  7xy  +  6a;y  -  Sxy. 
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« 

SUBTRACTION 

41.  Snbtraotion  is  the  operation  by  which,  when  the  snm  of 
two  addends  and  one  of  the  addends  are  given,  the  other 
addend  is  determined.  In  symbols :  Subtraction  is  the  opera- 
tion symbolized  by  a  —  5,  such  that 

(a  —  5)  -h  6  =  a ; 

and  by  ft  —  a,  such  that 

a  +  (6  —  a)  =  6. 

With  reference  to  this  operation,  the  sum  is  called  the 
minnend,  the  given  addend  is  called  the  snhtrahend,  and  the 
reqidred  addend  is  called  the  remainder. 

42.  The  laws  of  subtraction  are  not  fundamental  but  are 
derived  from  this  definition  combined  with  the  laws  of 
addition.    They  are: 

i.  If  equals  are  subtracted  from  equals,  the  remainders  are 
equal. 

ii.  Subtra>€tinq  any  number  from  an  addend  subtracts  an 
equal  number  from  the  sum. 

iiL  Adding  any  number  to  the  minuend  adds  an  equal  num- 
ber to  the  remainder. 

iv.  Subtracting  any  number  from  the  minusnd  subtracts  an 
equal  number  from  the  remainder. 

V.  Adding  any  number  to  the  subtrahend  subtracts  an  equal 
number  from  the  remainder. 

vi.  Subtracting  any  number  from  the  subtrahend  adds  an 
equal  number  to  the  remainder. 

43.  These  laws  expressed  in  algebraic  notation  are : 
Suppose  a,  b,  c,  and  d  have  each  one  and  only  one  value,  zero 

included  as  a  possible  value  for  any  one  or  more  of  them. 
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If  a  =  c  and  b  =  d, 

a  —  b^e  —  d.  (i) 
(a  —  c)  -h  ft  =  (a  +  ^)  — 

and                        a  4-  (ft  —  c)  =  (a  4-  ft)  —  c.  (ii) 

(a  -I-  c)  —  ft  =  (a  —  ft)  -h  c.  (iii) 

(flt  —  c)  —  ft  =  (a  —  ft)  —  c.  (iv) 

a  -  (ft  +  c)  =  (a  -  ft)  -  <j.  (v) 

a  —  (ft  —  c)  =  (a  —  ft)  +  c.  (vi) 

44.  By  definition,  (a  —  ft)  -|-  ft  =  a. 
Therefore,  if  ft  =  0, 

(a  -  0)  +  0  =  a. 
That  is,  a  -  0  =  a.  (IV,  p.  15) 

Conversely,  if  a  —  ft  =  a,  then  ft  =  0, 

for  in  this  case         (a  —  ft)  -f  ft  =  (a  —  ft), 

and  therefore  ft  =  0.  (Cor.  2,  p.  16) 

45.  Monomials.  In  order  to  find  the  difference  between  two 
algebraic  numbers,  we  begin  at  the  place  in  the  scalar  series 
which  the  minuend  occupies  and  count  in  the  direction  opposite 
to  that  indicated  by  the  sign  of  the  subtrahend  as  many  units 
as  there  are  units  in  the  absolute  value  of  the  subtrahend. 

Thus,  when  we  subtract  +  3  from  +  4  we  count  from  +  4  three  units 
in  the  negative  direction,  and  arrive  at  +  1 ;  when  we  subtract  —  3  from 
+  4  we  count  from  +  4  three  units  in  the  positive  direction,  and  arrive 
at  +  7.   In  like  manner,  +  3  from  —  4  is  —  7  ;  —  3  from  —  4  Is  —  1. 

Hence, 

1.  Subtracting  a  positive  number  is  equivalent  to  adding 
an  equal  negative  nmnber. 

2.  Subtracting  a  negative  number  is  equivalent  to  adding 
an  equal  positive  number. 
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To  subtract  one  algebraic  number  from  another. 
Change  the  sign  of  the  tubtrahend  and  then  add  the  subtra- 
hend to  the  minuend. 

Thus,   (1)  +a-(+6)  =  a-6;       (8)  -  a  -  (+ 6)  =  -a  -  6? 
(2)  +a-(-6)  =  a  +  6;       (4)  -  a  -  (- 6)  =-a  +  6. 

46.  Polynomials.  When  one  polynomial  is  to  be  subtracted 
from  another  place  its  terms  under  the  like  terms  of  the  other, 
change  the  signs  of  the  subtrahend,  and  add. 

From  4x*  —  3x^y  —  ary*  -f  2y» 

take  2x*  -  x^y  -f  5a;y*  -  Sy*. 

Change  the  signs  of  the  subtrahend  and  add : 

In  practice,  instead  of  actually  changing  the  signs  of  the 
subtrahend  we  only  conceive  them  to  be  changed. 

47.  Parentheses.  Propositions  III,  p.  15,  and  ii,  v,  and  yi, 
p.  19,  may  be  written 

a'\-('\-b  +  c)  =  a  +  b  +  e, 

a—(-^b-\'C)  =  a  —  b  —  Cf 
a  — ('\-b~-c)  =  a-'b'{-e, 
and,  therefore,  by  §  43,  p.  19,  and  IV,  p.  16,  and  Cor.  2,  p.  16, 

a—(—b-{-c)  =  a'{-b  —  c. 

Hence,  when  the  parenthesis  enclosing  a  polynomial  is  pre- 
ceded by  a  plus  sign  the  parenthesis  and  plus  sign  may  be 
removed  or  omitted  without  making  any  change  in  the  signs 
of  the  terms  of  the  enclosed  polynomial  other  than  inserting 
the  sign  +  before  the  first  term  if  that  term  has  no  sign 
expressed. 
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When  a  parenthesis  enclosing  a  polynomial  is  preceded  by 
a  minus  sign  the  parenthesis  and  minus  sign  may  be  removed 
if  the  signs  of  the  terms  of  the  enclosed  polynomial  are  all 
changed, 

48.  Expressions  often  occur  with  more  than  one  parenthesis. 
These  parentheses  may  be  removed  in  succession  by  removing 
first  the  innermost  parenthesis;  next,  the  innermost  of  all 
that  remain,  and  so  on. 

Thus,        a  -  [6  -  {c  +  (d  -  e  -/)}] 

=  a-[6-{c  +  ((i-c+/)}] 
=  a-[6-{c  +  d-c+/}] 
=  a-[6-c-(i  +  c-/] 
=  o-  6  +  c  +  (i-c  +  /. 

49.  The  rules  for  introducing  parentheses  follow  directly 
from  the  rules  for  removing  them : 

1.  Any  number  of  terms  of  an  expression  may  be  put  within 
a  parenthesis,  and  the  sign  +  placed  before  the  whole. 

2.  Any  number  of  terms  of  an  expression  may  be  put  within 
a  parenthesis,  and  the  sign  —  placed  before  the  whole ;  if  the 
eign  of  every  term  within  the  parenthesis  is  changed. 

Thus,  o-|-6-c-(i  =  (a  +  6)--(c  +  d) 

=  a  +  (6  -  c)  -  d 
=  a  +  (6  -  c  -  d). 

50.  By  II,  p.  15,  and  ii  and  iv,  p.  19, 

a  +  ft  =  &  -f  a, 
a  —  <j  +  ft  =  a-fft  —  c, 
a-'C  —  b  =  a  —  b  —  c. 

Hence,  the  terms  of  any  polynomial  may  be  combined  in  any 
order  whatever. 

Thus,  a  +  6-  c  —  d  =  a--d  +  (6  —  c) 

=  a  -  c  -  (d  -  6) 
=  -  (c  -  6)  -  (d  -  a),  etc. 
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BwdM  2 

1.  Prom  Aa-^-Bh  —  Se  take  204-95  — 8c. 

2.  Prom  7a:»-x«  +  4x- 2  take  2x*  +  8a5«-9« +8. 

8.  From  3a»  +  3a^-9a*«-f  3ft» 
take  2a*^5a*b  +  7ai^-9bK 

4.  From  ia*-h4a«-|6«-fja  take  a*  -  xV  ^  +  i 

6.  From  4x'  —  6x*-f8x  —  7  take  the  sum  of 

8x«  +  7~8x«-h7x  and  -  9x«  -  8x«  +  4x -h  4- 

Simplify : 

6.  2-3x-(4-6x)-|7-(9-2x)|. 

7.  3a-(a -ft~c)-2|a-f  c-2(6-o)|. 

8.  4a-[3a-{2a-(a-ft)|  +  6*]. 

9.  [8a-3  Ja-(6-.a)|]-4[a~2{a-2(a-ft)|  +  *]. 

10.  x(y  -h  «)  +  y [aj  - (y  +  «)]  -  « [y  -  «(«  - 

11.  2x»(x-3a)-2[2x*-a«(x«-.a«)] 

MULTIPLICATION 

51.  In  Algebra,  as  in  Arithmetic,  numbers  which  are  to  be 
multiplied  together  are  called  factors^  and  the  result  of  the 
multiplication  is  termed  the  'product  of  the  factors.  Under 
the  term  numbers  we  include  not  only  the  numbers  symbolized 
by  single  letters  but  also  those  which  are  the  arithmetical 
values  of  compound  algebraic  expressions.  In  the  case  of  two 
factors,  the  factor  which  is  to  be  multiplied  by  the  other  is 
called  the  multiplicandy  and  the  factor  by  which  the  multi- 
plicand is  to  be  multiplied  is  called  the  multiplier. 
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Mtdtiplication  is  the  operation  of  combining  two  or  more 
numbeni  or  algebraic  expressions  into  a  single  number  or 
expression  according  to  the  following  laws: 

I.  If  equal  numbers  are  multiplied  by  equal  numbers, 
the  products  are  equal. 

If  the  product  of  one  pair  of  factors  is  equal  to  the  product 
of  a  second  pair,  and  if  either  factor  in  the  first  pair  is  equal 
to  the  corresponding  factor  in  the  second  pair  and  is  not  zero, 
the  remaining  factor  in  the  first  pair  is  equal  to  the  remaining 
factor  in  the  second  pair, 

11,  The  product  of  two  factors  is  the  same  whether  the  first 
factor  is  multiplied  by  the  second  or  the  second  factor  is  multi- 
plied by  the  first, 

111,  The  product  of  three  factors  is  the  sam>e  whether  the 
first  fa/stor  is  multiplied  by  the  product  of  the  second  and  third 
or  the  product  of  the  first  and  second  factors  is  multiplied  by 
the  third, 

lY.  Multiplying  by  unity  leaves  the  multiplicand  unchanged, 
V.  If  the  multiplier  is  zero,  the  product  is  zero, 

52.  These  laws  expressed  in  algebraic  symbols  are : 
Suppose  a,  b,  c,  and  d  have  each  one,  and  only  one,  value, 

zero  included  as  a  possible  value  for  any  one  or  more  of  them 

except  where  noted. 

I.  If      a  =  <J  and  b  =  d,  then  axb  =  cxd. 
If  a  =  e=^0,  and  axb  =  cxd,  then  b:=^d', 

and  if         b  =d^0,  and  axb  =  cxd,  then  a  =  c. 

These  propositions  are  condensed  into  the  single  statement, 
Multiplication  is  completely  uniform  for  actual  or  non-zero 

factors. 

11.  axb  ^bx  a. 

Proposition  II  is  expressed  by, 
Multiplication  is  commutative. 
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IIL  a  X  (b  X  c)^(ax  b)x  e. 

Proposition  III  is  expressed  by, 
MnltipliCAtioii  is  asaocktiye. 

IV.  a  X  1  =  a. 
Tlie  modolat  of  multiplication  is  unity. 

V.  a  X  0  =  0. 
The  annihilator  of  multiplication  is  zero. 

53.  Cor.  1.  Multiplying  a  factor  by  any  number  multiplier 
the  product  by  that  number. 

Cob.  2.  If  the  product  of  two  factors  u  equal  to  one  of  the 
factors^  the  other  factor  is  unity,  the  com  of  the  product  and 
its  eqvAil  factor  both  being  zero  excepted. 

Cob.  3.    ^  the  product  of  two  or  morefaetors  is  zero,  one  at 

least  of  the  factors  is  zero. 

Proofs  of  these  corollaries  are  similar  to  the  proofs  in  §  37, 
p.  15. 

54.  The  fundamental  law  connecting  the  operation  of  multi- 
plication with  the  operations  of  addition  and  subtractioiL  is : 

VI.  Multiplying  the  several  terms  of  a  polynomial  by  any 
number  multiplies  the  polynomial  by  that  number. 

In  symbols  :       ad  +  bd  —  cd  =  (a     b  —  c)d. 
Proposition  VI  is  expressed  by, 

Multiplication  is  distributive,  relative  to  addition  and  sub- 
traction. 

Hence,  (a -h*)(w -f  w)  =  a(m -f  n) -f  ft(m  +  n)  (VI,  p.  24) 
=  (w  +  n)a  -h  (w  -h  n)b  (II,  p.  23) 
s^ma-^na-^-mb  -^nb  (VI,  p,  24) 
f=am  +  an  +  bm  +  in,     (11^  p.  83) 
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Also,  (a  —    (m  —  7i)  =s  a(m  —  n)  —  ft (m  —  n)  (VI,  p.  24) 

=  (m  -  n)a  —  (m  -  n)ft  (II,  p.  23) 

=  ma  --na—  (mb  —  nb)  (VI,  p.  24) 

s=3  7?ia  —  na  —  mft  +  nft  (vi,  p.  19) 

=  am  —  an  —  hm  +  bn,  (II,  p.  23) 

55.  Law  of  Signs.  Let  (-f  a)  and  (-h  c)  denote  positive 
scalar  numbers  whose  product  is  +  ac,  and  (—  b)  and  (—  d) 
denote  negative  scalar  numbers,  a,  b,  e,  and  d  being  the  abso- 
lute values  of  the  numbers  without  reference  to  the  relation 
positive-negative,  then 

(+«)+(-*)=(+«)-(+*), 

and     (4-c)  +  (-i)  =  (+c)-(+d). 

=K+0')-(+h)l\(+c)-(+a)\.  (I,p.23) 
ByS64,  l(+a)  +  (-b)l\i+e)  +  (-d)i 

=  (+a)(+c)  +  (+o)(-<0 

+(-*)(+c)+(-*)(-«0-  [1] 

Since   (+  a)  (+  c)  =  (+  <w), 
|(+a)_(+i)||(+c)-(+i)J 

=  (+ oc)  -  (+ oi)  -  (+ ic)  +  (+ 

=  (+ae)+(-ad)+(-bc)+(+bc[).  [2] 

Compare  the  right-hand  members  of  [1]  and  [2],  term  by 
term. 

Since  (+  a)  x  (+  c)  =  (+  ae), 

then  (+a)x(-<0  =  (-«*0> 

(- 6)  X  (+«)  =  (- 6c), 

(_i)x(-d)  =  (+W). 

Hence,  the  law  of  signs  in  mnltipUcatloii, 

Like  signs  gtvepltu;  unlike  s^s  give  minus. 
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The  product  of  more  than  two  scalar  factors,  each  preceded 
by  the  sign  — ,  will  be  positive  or  negative,  according  as  the 
number  of  such  factors  is  even  or  odd. 

56.  Index  Law.  The  product  of  two  or  more  powers  of  any 
number  is  that  number  with  an  exponent  equal  to  the  sum  of  the 
exponents  of  the  several  factors. 

For,     a'^xa'^  =  (aaa  •  •  •  to  m  factors)  (aaa  •  •  •  to  n  factors) 
=  aa€ui€ta  •  •  •  to  (m  +  n)  factors 

Similarly  for  more  than  two  factors. 

57.  Monomials.  The  product  of  numerical  factors  is  a  new 
number  in  which  no  trace  of  the  original  factors  is  found. 

Thus,  4  X  9  =  36. 

But  the  product  of  literal  factors  is  expressed  by  writing 
them  one  after  the  other. 

Thus,  the  product  of  ab  and  cd  is  expressed  by  abed,  and  generally 
the  product  of  a«»  and  be*  is  a6c«+»,  for  a«*  xftc"  =  ax6x«*x^ 
by  the  commutative  law,  =  ax6xe^+"by  the  index  law. 

Hence,  to  find  the  product  of  two  monomials, 

Multiply  the  coefficients  ;  affix  all  the  literal  parts,  each  with 
an  exponent  which  is  the  sum  of  its  exponents  in  the  separate 
factors  ;  prefix  the  sign  -f-  if  the  signs  of  the  TnonomicUs  are 
alike,  the  sign  —  if  they  are  unlike. 

58.  Polynomials.  To  multiply  a  polynomial  by  a  monomial, 
the  distributive  law,  §  54,  p.  24,  may  be  applied,  giving  as  rule : 

Multiply  every  term  of  the  polynomial  by  the  monomial  mul- 
tiplier, observing  the  law  of  signs,  §  56,  p.  25. 

To  multiply  a  polynomial  by  a  polynomial,  we  apply  the 
distributive  law,  as  in  §  54,  p.  24,  and  obtain  as  rule : 

Multiply  every  term  in  the  multiplicand  by  every  term  in  the 
multiplier,  observing  the  law  of  signs,  §  55,  p.  25. 
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59.  In  multiplying  polynomials  it  is  a  convenient  arrange- 
ment to  write  the  multiplier  imder  the  multiplicand,  and  place 
like  terms  of  the  partial  products  in  columns. 

(1)  Multiply  5a- 66  by  3a -46. 

5a  -  66 

8a  -  46 
16a3-  18a6 

-20a6  +  24y 
16a«-38a6  +  246a 

(2)  Multiply  a*  -f  6'  -h  <j*  —  a6  —  6c  —  ao  by  a  +  6  +  o. 

Arrange  according  to  descending  powers  of  a. 
a2--a6-ac+62-  dc+c* 

g  -f    6+  c  

a«  -  a26  -  a^c  +  a62  -  abc-^ac^ 

+  a^b         -ab^-   aJbc        +6«-6«c  +  6c« 

 +a«c         -  abc-ac^       -{■b^-bc^  +  c^ 

a«  -Sabc         +68  +  c« 

Observe  that,  with  a  view  to  bringing  like  terms  of  the  partial  products 
into  columns,  the  terms  of  the  multiplicand  and  of  the  multiplier  are 
arranged  in  the  same  order, 

60.  Detached  Coefficients.  In  multiplying  two  polynomials 
that  involve  but  one  letter,  or  are  homogeneous  (§  23,  p.  10) 
and  involve  but  two  letters,  we  shall  save  much  labor  if  we 
write  only  the  coefficients. 

(1)  Multiply  2a;»  +  4a;  -f  7  by  a?"  -  3x  -f  4. 
Since  the     term  in  the  first  expression  is  missing,  we  supply  a  zero 
coefficient   The  work  is  as  follows : 

2  +  0+  4+  7 

1-  3+  4 

2  +  0+  4+  7 
_a-  0-12-21 

+  8  +  0  +  16  +  28 

2-  6  +  12-  6-  6  +  28 

Writing  in  the  powers  of  x,  the  product  is 

2x»  -  6!C*  +  12a;»  -  6x«  -  5»  +  28. 
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(2)  Multiply  a«  +  2aaj«-9x«4-4a*e  by  x*-2aa5-a* 

Arranging  by  descending  powers  of  x  we  hare 

-9x«  +  2ax*  +  4o%c-|-a»  and  s^-2az-efl. 

The  work  la  aa  follows : 

-9+  2+4+1 

1-  2-1 
-9+  2  +  4  +  1 
+  18-4-8-2 

 +9-2-4-1 

-9  +  20  +  9-  9-  6-1 
Henoe,  the  product  is  -  9a!*  +  20a«*  +  9a*3c«  -  9aV  -  6crtK  -  a». 

61.  Special  Caaes.  The  following  products  are  of  great 
importance,  and  should  be  carefully  remembered: 

(a-b)«  =  a«-2ab  +  b^; 
(a  +  b)«  =  a«  +  2ab  +  b^; 
(a  +  b)(a-b)=a«-b^; 

(a  +  b  +  c)«  =  a*  +  b^  +  c*  +  2ab  +  2ac  +  2ba 

The  square  of  any  polynomial  may  be  immediately  written 
by  the  following  rule : 

Add  together  the  squares  of  the  several  terms  and  twice  the 
product  of  ea4)h  term  into  each  of  the  terms  thai  follow  it. 

Also,  (a  ±  by  =  a*  ±3a^b  +  3a**±5*. 

The  double  sign  ±  is  read  plus  or  minus,  and  signifies  the  sum 
or  the  difference  of  the  numbers  between  which  it  is  plaoed. 

62.  Again,  consider  the  product 

(x  -f  a)  (aj  +  6)  =  a;*  +  (a  +  J)a;  +  ab. 

The  coefficient  of  x  is  the  algebraic  sum  of  a  and  b\  the 
third  term  is  the  product  of  a  and  b. 

Thus,  (X  +  8)  (X  +  7)  =  x»  +  lOx  +  21 ; 

(X  -  3)  (X  +  7)  =  x»  +  4x  -  21 ; 
(X  +  3)  (X  -  7)  =  x«  -  4x  -  21 ; 
(X  -  3)  (x  -  7)  =  x«  -  lOx  +  21. 
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Exerclfle  3 

Find  the  product  of  : 

1.  3  as  -f  2  y  and  4  sb  —  5  y. 

2.  2a;«-5  and  4aj-h3. 

8.  2a;«  +  4aj-3  and  2a;*  +  3aj-4. 

4.      -f-  2a;*  -h  4  and  a*  -  2a;*  +  4. 

6.  a;*  -f-  2a;y  —  3y*  and      —  hxy  -f  4y'. 

6.  9a;«  +  3a;y +  y*  — 6a;  +  2y +  4  and  3a;  — y +  2. 

7.  lla»-f  46»-4a*(a-4ft)  and        +  3a)- 46«(a -f  ft). 

8.  (a  -f  ft)«  +  (a  -  ft)*  and  (a  +  ft)'  -  (a  -  ft)*. 

9.  X  — 2y-f  3«  and  a;  — 2y +  3«. 

10.  a;*  -h  2x*  —  4a;  -  1  and  a;*  +  2a;*  —  4a;  —  1. 

11.  39rf'+«'-^-54rf'-*''  +  ^-f  60(i'+3,r  and  30  (£«-'+*«'. 

12.  24X-+*— i-42a;«— »»+*  + 26a;*»+»'»-*  and  25a;*— — *». 
18.  a*  -  3a''-*  -f  4a''-*  -  6  a'*"'  -f  5  a''-*  and  2a*  -  a*  +  a. 
14.  a*"+*  -  a»+*  -  a»  -f  a—*  and  a"  +  *  -  a*  -  a  -f- 1. 

16.  a' +  3  a'-*  — 2  a'-*  and  2  aP+*  +  a'  +  *  —  3  a'. 


DIVISION 

63.  Dhrlsion  is  the  operation  by  which,  when  a  product  and 
one  of  its  factors  are  giyen,  the  other  factor  is  determined, 
the  given  factor  not  being  zero.    In  symbols :  Division  is  the 

a 

operation  symbolized  by  a     ft,  or  -,  or  a :  ft  such  that 

a 

(a  -I-  ft)  X  ft  =  a,  or  -  X  ft  =  a,  or  (a :  ft)  X  ft  =  a ; 

and,  as  a  consequence  of  law  II,  p.  23,  such  that 

a 

ft  X  (a     ft)  =  a,  or  ft  X  -  =  a,  or  ft  x  (a  :  ft)  =  a ; 
in  which  a  may  have  any  value,  and  ft  any  value  exceipt  zero. 
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In  this  operation  the  product  is  called  the  dividend;  the 
given  factor  the  divisor ;  and  the  required  factor  the  quotient. 

64.  The  laws  of  division  are  not  fundamental  but  are 
derived  from  this  definition  combined  with  the  laws  of  mul- 
tiplication.   They  are : 

i.  If  eqtuils  are  divided  by  equals,  the  quotients  are  equal. 

ii.  Dividing  a  factor  hy  any  number  divides  the  product 
by  that  number. 

iii.  Multiplying  the  dividend  by  any  number  multiplies  the 
quotient  by  that  number, 

iv.  Dividing  the  dividend  by  any  number  divides  the  quotient 
by  that  number, 

V.  Multiplying  the  divisor  by  any  number  divides  the  quo- 
tient by  that  number. 

vi.  Dividing  the  divisor  by  any  number  multiplies  the  quo- 
tient by  that  number. 

vii.  If  the  quotient  is  equal  to  the  dividend^  the  divisor  is 
unity. 

viii.  Dividing  all  the  term>s  of  a  polynomial  by  any  number 
divides  the  polynomial  by  that  number, 

65.  These  laws  expressed  in  algebraic  notation  are : 
Suppose  a,  b,  c,  m,  and  n  have  each  one  and  only  one  value, 

zero  included  as  a  possible  value  for  a,  b,  and  e  but  not  for 
m  and  n. 

If  a  =  c  and  m  =  n, 

then  a  -h  m  =  c    n.  (i) 


and 


(a     m)  X  c 
a  X  (c  -s-  m) 
(axc)'i-m 
(a     n)  -r-  m 


(a  X  c)  m, 
(axe)-*-  m. 
(a  m)  X  c. 
(a  ^  m)  -H  n. 


(ii) 
(iii) 
(hr) 
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a -i- (m  X  n)  =  (a -i- m) -i- n.  (v) 
a  -h  (m  -t-  n)  =  (a     m)  X  «.  (vi) 
If  a  -I-  m  =  a,  then  m  =  1.  (vii) 

a  ,  b      c     a  +  b  —  e  .  ...^ 

or  — I  =  (viii) 

tn     m     7n  m 

The  fundamental  law  VI^  p.  24,  and  law  viii  of  this  section 
are  both  included  in  the  single  proposition : 

Multiplication  it  completely  distrilmtiYe  relatiye  to  addition. 

66.  Since    a  x  *  =  -f  a*,         (—  a)  x  b  =  —  ab, 

ab  —  aft 

a  X  (-  ft)  =  -  aft,    (-  a)  X  (-  ft)  =  -h  oft, 

—  aft      .  -f  oft 

=  +  •••  —  =  -«. 

Consequently,  the  quotient  is  positive  when  the  dividend 
and  divisor  have  like  signs. 

The  quotient  is  negative  when  the  dividend  and  divisor 
have  unlike  signs. 

67.  Monomials.    To  divide  one  monomial  by  another, 

Write  the  dividend  over  the  divisor  with  a  line  between  them  ; 
if  the  expressions  have  common  factors,  remove  the  common 
factors. 


Thus, 


lOftGC-^ic*  30aftc""5a' 


a"     aa^aaa  , 

Again,  -5  =  =  aaa  =  a*: 

^     ■  a'       aa  ' 

a^       aa  11 


aaaaa     aaa  a* 
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In  general, 


or 

Hence,  if  a  power  of  a  number  is  divided  by  a  lower  power 
of  the  same  number. 

The  quotient  is  that  power  of  the  number  of  which  the  expo- 
nent is  the  exponent  of  the  dividend  diminished  by  that  of  the 
divisor. 

If  any  power  of  a  number  is  divided  by  a  higher  power  of 
the  same  number, 

The  quotient  is  expressed  by  1  divided  by  that  power  of  the 
number  of  which  the  exponent  is  the  exponent  of  the  divisor 
diminished  by  that  of  the  dividend, 

68.  Pol3niomial8  by  Monomials.  When  the  divisor  is  a  mono- 
mial and  the  dividend  a  polynomial, 

Divide  each  term  of  the  dividend  by  the  monomial  divisor; 
the  required  quotient  is  the  sum  of  the  partial  quotients. 

For  since  (a  -^b  —  c)xm  =  ma  -i- mb  —  me, 

,'.  (ma  -f-  ^  —  w*^)  -7-m  =  a-i-b  —  c. 
The  signs  are  determined  by  §  66,  p.  31. 

69.  Division  of  Polynomials  by  Polynomials. 
If  the  divisor  (one  factor)  is  a  -f  &  + 

and  the  quotient  (other  factor)  is       n  +  + 

r     an  -^bn  -{-en 

then  the  dividend  (product)  is  -<     ap     bp cp 

[-^  aq  -{-bq  -\-cq. 

The  first  term  of  the  dividend  is  an,  the  product  of  a,  the 
first  term  of  the  divisor,  by  n,  Ihe  first  term  of  the  quotient 


a*  aaa  -"torn  factors 
a"     aaa  •  •  •  to  n  factors 

==  aaa  •  •  •  to  m  —  n  factors  (if  m  >  n), 

=  7  J— —  (if  n>»t). 

aaa  •  •  •  to  n  —  m  factors  ^  ^ 
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The  first  term  n  of  the  quotient  is  therefore  found  by  dividing 
aUy  the  first  term  of  the  dividend,  by  a,  the  first  term  of  the 
divisor. 

If  the  partial  product  formed  by  multiplying  the  entire  • 
divisor  by  n  is  subtracted  from  the  dividend,  ap,  the  first 
term  of  the  remainder,  is  the  product  of  a,  the  first  term  of 
the  divisor,  by  p,  the  second  term  of  the  quotient.  Hence, 
the  second  term  of  the  quotient  is  obtained  by  dividing  the 
first  term  of  the  remainder  by  the  first  term  of  the  divisor ; 
and  so  on. 

Therefore,  to  divide  one  polynomial  by  another. 

Divide  the  first  term  of  the  dividend  by  the  firtt  term  of  the 
divisor. 

Write  the  result  as  the  first  term  of  the  quotient. 
Multiply  all  the  terms  of  the  divisor  by  the  first  term  of  the 
quotient. 

Subtract  the  product  from  the  dividend. 

If  there  is  a  remainder j  consider  it  as  a  new  dividend  and 
proceed  as  before. 

It  is  of  great  importance  to  arrange  both  dividend  and 
divisor  according  to  the  ascending  or  the  descending  powers 
of  some  common  letter,  and  to  keep  this  order  throughout  the 
operation. 

(1)  Divide 

22aV4-156*-f  3a*-10a»6-22a5»  by  a"-h3*«-2a^. 

Arrange  the  dividend  and  divisor  according  to  the  descending  powers 
of  a  and  divide. 

8a*-10a«6  +  22ag6a~22ay +  15&*|  a«-2a6  +  86a 
8a*-  6a«6-f  Oa'^'   3a«-4a6  +  5&2 

-  4a«6  +  13a262-22a6» 

-  4a«6-f  8a«5»-12a6» 
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The  operation  of  division  may  be  shortened  in  some  cases 
hj  the  use  of  parentheses. 
(2)  Divide 

^^'{-{a'^-b  +  e)x^  -^(ab  -{-ae  +  bejx  +  iibe  by  x  +  b. 

x«  +  (a  +  6  +  c)x«  +  (oft  +  cm;  +  6c)x  +  abc\x_±b  

x»4-(  +6     )x'  :   x»  +  (a  +  c)x  +  ac 

(a  +c)x«  +  (a6  +  ck;  +  6c)x 
(g      +c)ag«-Ka6  4-6c)x 

OCX  +  abc 
OCX  +  abc 

70.  Detached  Coefficients.  In  division,  as  in  multiplication, 
it  is  convenient  to  use  only  the  coefficients  when  the  dividend 
and  divisor  are  expressions  involving  but  one  letter,  or  homo- 
geneous expressions  involving  but  two  letters. 

Thus,  the  work  of  Example  (1),  §  60,  may  be  arranged  as  IoUowb  : 

3  -  10  +  22  -  22  +  1611  -24-3 
3-  6+  9  3-4  +  6 

-  4  +  13-22 

-  4+  8-12 

6-10  +  16 
6-10  +  16 

The  quotient  is  3a'  -  4a&  +  663. 

71.  Special  Cases.  There  are  some  cases  in  division  which 
occur  so  often  in  algebraic  operations  that  they  should  be 
carefully  noticed  and  remembered. 

The  student  may  easily  verify  the  following  results : 

(1)  5lll^  =  a«  +  ab  +  b». 

a  D 

(2)  5^!^=4^  =  a*-f  a«6  +  aV-f  a5»  +  ft*. 
^  ^   a  —  b 

In  general,  the  difference  of  two  like  powers  of  any  two 
numbers  is  divisible  by  the  difference  of  the  numbers. 
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(4)  fi±i!  =  a*-  a*b  +  a*b'  -  oA*  +  b\ 

^  ^  a  +  b 

In  general,  the  sum  of  two  like  odd  powers  of  two  nombers 
is  divisible  by  the  sum  of  the  numbers. 
Compare  (3)  and  (4)  with  (1)  and  (2). 

(6)  ^^=x  +  y.       (7)  ?^L:^  =  x*  +  xh,  +  xy'  +  y'. 

(6)  ^^  =  x-y.        (8)  ^^  =  x*-xh,  +  xy*-y'. 

In  general,  the  difference  of  two  like  even  powers  of  two 
numbers  is  divisible  by  the  difference  and  also  by  the  sum  of 
the  numbers. 

The  sum  of  two  like  even  powers  of  two  numbers  is  not 
divisible  by  either  the  sum  or  the  difference  of  the  numbers. 

But  when  the  exponent  of  each  of  the  two  like  powers  is 
composed  of  an  odd  and  an  even  factor,  the  sum  of  the  given 
powers  is  divisible  by  the  sum  of  the  powers  expressed  by  the 
even  factor. 

Thus,  2^  +  ^  is  not  divisible  by  x  +     or  by  x  —     bat  is  divisible  by 

The  quotient  may  be  found  as  in  (3)  and  (4). 
A  factor  of  x*  —     can  always  be  found ;  and  a  factor  of 
X"  -f     can  always  be  found  unless  n  is  a  power  of  2. 
Thus,  factors  of  ac*  +  y*,  jc*  +  y*,  «®  +  y*j  etc.,  cannot  be  found. 

BxerolBe  4 

Divide : 

1.  (6  aVc  X  36  aW)  by  (21  a»ft«c«  x  2  a«c^. 

2.  39  a»x«  -f  24  a V  -f  42       +  27  a*a;«  by  6  ah>\ 
8.  35x*  +  94aa;«-f  62a«aj-h8a»  by  5aj-h2a. 
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4.  a^  — 6a«*  — a*B-f  14a«  by  «*  — 3a«  — 7a* 
6.  81a;*  +  36a;y +  16y*  by  9«*-6xy  +  4y*. 

6.  ar*  +  ft*  —  a V  +  2  6 V  by  «*  +  ^  +  ««• 

7.  a«-2ft»-3c*  +  aft +  2ac  +  7ftc  by  a  — ft  +  3c 

by  y«  +  2aj*-2  — 3a?y. 
9.  2a"+*--2a-+*-a"+»  +  a«"  by  a"  — 2cL 

10.  625a;*- 81     by  6ar-3y. 

11.  »»"  +  y**  by  + 

27 3a  5 
125  "64*^yT"4- 

18.  (a  +  26)«  +  (6-3<?)«  by  a  +  3(ft-c). 
14.  a*  — a-+*  +  37a"'+«  — 55a-+*  +  60a"^« 

by  1  —  3a  +  10a*. 
16.  4A*+*-30A'  +  19^*-*4-6A'->4-9A— * 

by        -  7  ^'-*  4-  2        -  3 
16.  6«"'~"'*""  +  a:"-"  +  i  —  22a;*-"  +  19 —  4a;»-»-« 

by  3a«-"  -  4  a;"—  + 

72.  Summary.  The  four  elementary  operations  of  Algebra 
are  performed  subject  to  I,  The  Law  of  Unifonnity ;  II,  The 
Associative  Law;  III,  The  Commutative  Law;  and  IV,  The 
Distributive  Law.  The  meanings  of  these  laws  have  been 
explained  as  occasion  arose ;  we  here  sum  up  the  whole  in 
brief  review. 

1.  From  the  number  a  and  the  number  b  there  is  deter- 
mined by  addition  a  definite  number  c  which  is  expressed  thus : 

a  4-  ft  =         or      c  =  a  -h  ft. 

2.  There  is  a  determinate  number  which  we  name  zero  and 
denote  by  0,  such  that  for  every  number  a  we  have  simulta- 
neously 

a  +  0  as  a,     and     0  +  a  s  a« 
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3.  There  is  a  number  which  we  name  infinity  and  denote 
by  00,  such  that  for  every  number  a  we  have  simultaneously 

a  4"  00  =  00,       and       oo  +  a  =  oo. 

4.  If  a  and  b  denote  given  numbers,  a  not  being  infinity, 
there  always  exists  one  and  only  one  number  x  and  also  one 
and  only  one  number  y,  such  that  we  have  respectively 

a  +  «  =  ft,        and      y  -f  a  =  ft. 

6.  From  the  number  a  and  the  number  ft  there  is  determined 
by  multiplication  a  definite  number  c  which  is  expressed  thus : 

oft  =  c,  or        c  =  aft. 

6.  There  is  a  determinate  number  which  we  name  uniti/  and 
denote  by  1,  such  that  for  every  number  a  we  have  simul- 
taneously 

a  X  1  B  a,         and       1  x  a  a  a. 

7.  For  every  finite  number  a  we  have  simultaneously 

a  X  0  =«  0,         and       0  x  a  =  0. 

8.  If  a  and  ft  denote  given  numbers,  a  not  being  zero  and 
ft  not  being  infinity,  there  always  exists  one  and  only  one 
number  x  and  also  one  and  only  one  number  y,  such  that  we 
have  respectively 

ctx=ih,  and       ya  =  ft. 

If  a,  ft,  and  c  denote  any  numbers  whatever,  the  following 
laws  of  calculation  always  hold  true : 

9.  a  -H  (ft  -H  c)  =  (a  -f  ft)  + 

10.  a  -H  ft  =  ft  -H  a. 

11.  a(ftc)  =  (aft)c. 

12.  aft  =  fta. 

13.  a  (ft  -H  c)  =  aft  -H  ae. 
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73.  lUtioiud  Integral  Expressions.  An  expressicm  is  rational 
if  none  of  its  terms  contains  indicated  roots. 

An  expression  is  integral  if  none  of  its  tenns  contains  other 
than  positive  integral  powers. 

74.  Factors  of  Rational  and  Integral  Expressions.  By  factors 
of  a  rational  and  integral  expression  we  mean  rational  and 
integral  expressions  that  will  exactly  divide  the  given  expres- 
sion. 

75.  Factors  of  Monomials.  The  factors  of  a  monomial  may 
be  found  by  inspection. 

76.  Factors  of  Polynomials.  The  form  of  a  polynomial  that 
can  be  resolved  into  factors  often  suggests  the  process  of 
finding  the  factors. 

77.  When  the  terms  have  a  common  monomial  factor. 

Resolve  into  factors  6  a*  +  4  a*  +  8  a. 
Since  2  and  a  are  factors  of  each  term,  we  have 

6a«  +  4a3  +  8a  =  2a(3a»  + 2a +  4). 
Hence,  the  required  factors  are  2,  a,  and  3  a^  +  2  a  +  4. 

78.  When  the  terms  can  be  grouped  so  as  to  show  a  common 
compound  factor. 

Resolve  into  factors  ac  —  a<£  —  ftc  -f  hd, 

a«-ad-6c  +  M  =  (ac-ad)-(6c-W) 
=  a(c-(i)-6(c-d) 
=  (a-6)(c-<l). 
Henoe,  the  required  factors  are  a  -  6  and  c  -  d. 
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79.  Square  Roots.  If  an  expression  can  be  resolved  into 
two  equal  factors,  one  of  the  equal  factors  is  called  the  square 
root  of  the  expression  (§  19,  p.  7). 

Thus,  16aJV  =  *«^  X  4flc^. 

Hence,  4x^  is  the  square  root  of  16  2^^. 

The  square  root  of  a  positive  number  may  be  either  positive 
or  negative ;  for 

a*  =  a  X  a,    and    a*  =  (—  a)  x  (—  a). 

Throughout  this  chapter  the  positive  square  root  only  will 
be  considered.  * 

80.  When  a  Trinomial  is  a  Perfect  Square.  A  trinomial  is  a 
perfect  square  if  the  first  and  last  terms  are  perfect  squares 
and  positive,  and  the  middle  term  is  twice  the  product  of  the 
square  roots  of  the  first  and  last  terms  (§  61,  p.  28). 

ThoB,  lOd'  —  24a&  +  06^i8a  perfect  square. 

To  extract  the  square  root  of  a  trinomial  that  is  a  perfect  square, 

Extract  the  square  root  of  the  first  term  and  of  the  last  term 
and  connect  these  square  roots  by  the  sign  of  the  middle  term. 

Resolve  into  factors  5c*  —  18  a:  -H  81. 

-  18x  +  81  =  (X  -  9)  («  -  9)  =  (z  -  9)« 
Hence,  the  required  factors  are  z  —  Q  and  x  —  9. 

81.  When  a  Binomial  is  the  Difference  of  Two  Squares.  The 

difference  of  two  squares  is  the  product  of  two  factors  which 
may  be  determined  as  follows : 

Extract  the  square  root  of  the  first  number  and  the  square 
root  of  the  second  numJber, 

The  sum  of  these  roots  will  form  the  first  fcuctor. 

The  difference  of  these  roots  will  form  the  second  factor. 

Thus,  (1)  a«  -  6«  =  (a  +  6)(a  -  6); 

(2)  (a-6)«-(c-d)9  =  ((a-6)  +  (c-d)}{(a-6)-(c-d)} 
=  {a  -  6  +  c  -  d}  {a  -  6  -  c  +  d}. 
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The  terms  of  an  expression  may  often  be  arranged  so  as  to 
form  the  difference  of  two  squares,  and  the  expression  can 
then  be  resolved  into  factors. 

Thus,  a^  +  6*-<^-(i>  +  2ab  +  2cd 

=  a«  +  2a6  +  6«-C«  +  2al-<P 

=  (a*  +  2a6  +  6»)  -  (c«  -  2al  +  <P) 

=  (a  +  6)«  -  (c  -  d)* 

=  { (a  +  6)  +  (c  -  d) }  { (a  +  6)  -  (c  -  d) } 

=  {a  +  6  +  c  -  d}  {a  +  6  -  c  +  d}. 

A  trinomial  in  the  form  +  aHI^  +  can  be  written  as  the 
difference  of  two  squares  and  resolved  into  factors. 

Thus,      X*  4-  xV  +  y*  =  (X*  +  2xV  +  y*)  -  asV 
=  (x»  +  y»)»-(xy)« 
=  (x»  +  y"  4-  xy)  (x*  +  y«  -xy) 
=  (x«  +  xy  +     (x«  -  xy  +  y«) . 

A  binomial  in  the  form  a;^  +  4  can  be  written  as  the  dif- 
ference of  two  squares  and  resolved  into  two  factors. 

Thus,   l  +  4y*  =  (l -|-4y«  +  4y<)-4y" 
=  (l+2y«)«-(2y)« 
=  (1  +  2y +  2y«)(l-2y +  2y«). 

Many  expressions  may  be  resolved  into  three  or  more  factors. 

Thus,  x"  -  y"  =  (x8  +  yfi)  (x*  -  y») 

=  (x»+y«)(x*  +  y*)(x*-y*) 

=  (x«  +  y«)  (X*  +  y*)(x»  +  y«)(x«  -  y») 

=  (^8  +  y8)  (X*  +  y*)  (x«  +  y»)  (X  +  y)  (X  -  y). 

82.  A  Trinomial  of  the  Form  +  ax  +  hy  where  a  is  the  alge- 
braic sum  of  two  numbers  and  is  either  positive  or  negative, 
and  h  is  the  product  of  these  two  numbers  and  is  either  posi- 
tive or  negative,  can  be  resolved  into  factors. 

Since  (a;  +  5)  (a;  +  3)  =  a:»  +  8  a;  +  16, 
the  factors  of     +  8  a;  -|-  15  are  a;  -|-  5  and  as  +  3. 

Since  (a; -f  5)  (a  -  3)  =  a;« -h  2  a;  -  15, 
the  factors  of     -h  2  x  —  15  are  a;  4-  5  and  a;  —  3. 
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Hence,  if  a  trinomial  of  the  f  onn  x^'\-ax  +  b  is  such  an 
expression  that  it  can  be  resolved  into  two  binomial  factors, 
the  first  term  of  each  factor  will  be  x ;  the  second  terms  of  the 
factors  will  be  two  numbers  w?io8e  prodtict  is  by  the  last  term 
of  the  trinomial,  and  whose  algebraic  sum  is  a,  the  coefficient 
of  X  in  the  middle  term  of  the  trinomial 

(1)  Eesolve  into  factors  a*  -H  11  a;  -f  30. 

We  are  required  to  find  two  numbers  whose  product  is  80  and  whose 
sum  is  11. 

Two  numbers  whose  product  is  80  are  1  and  80,  2  and  16,  8  and  10, 

6  and  6 ;  and  the  sum  of  the  last  two  numbers  is  11. 

Hence,  +  11 «  +  80  =  («  +  6)  («  +  6). 

(2)  Resolve  into  factors  a*  —  7  x  +  12. 

We  are  required  to  find  two  numbers  whose  product  is  12  and  whose 
algebra&o  sum  is  —  7. 

Since  the  prodnct  is  +  12,  the  two  numbers  are  both  posUive  or  both 
negative;  and  since  their  sum  is  —  7,  they  must  both  be  negative. 

Two  negative  numbers  whose  product  is  12  are  — 12  and  —1,-6  and 
—  2,-4  and  —  8 ;  and  the  sum  of  the  last  two  numbers  is  —  7. 

Hence,  -  7a;  +  12  =  (x  -  4)(x  -  3). 

(3)  Resolve  into  factors  a*  +  2  a:  -  24. 

We  are  required  to  find  two  numbers  whose  product  is  —24  and 
whose  algebraic  sum  is  2. 

Since  the  product  is  —  24,  one  of  the  numbers  is  positive  and  the 
other  negative ;  and  since  their  sum  is  +  2,  the  larger  number  is  positive. 

Two  numbers  whose  product  is  —  24,  and  the  larger  number  positive, 
are  24  and  —  1,  12  and  —  2,  8  and  —  3,  6  and  —  4 ;  and  the  sum  of  the 
last  two  numbers  is  +  2. 

Hence,  x^  +  2x  -  24  =  (x  +  6)  (x  -  4). 

(4)  Resolve  into  factors  x^-Sx  -  IS. 

We  are  required  to  find  two  numbers  whose  product  is  — 18  and 
whose  algebraic  sum  is  —  8. 

Since  the  product  is  —  18,  one  of  the  numbers  is  positive  and  the  other 
negative  ;  and  since  their  sum  is  —  3,  the  larger  number  is  negative. 
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Two  numben  whose  product  is  —  18,  and  the  larger  number  negative, 
are  — 18  and  1,  —  9  and  2,-0  and  3 ;  and  the  mim  of  the  last  two 
numben  is  —  3. 

Henoe,  ±>  -  3a;  -  18  =  j(a;  -  6)(x  -f  3). 

Therefore,  in  general, 

+  (a  -h  ft)  a;  +     =  (a?  -H  a)  («  -h  6) 
whateyer  the  values  of  a  and  b. 

83.  When  a  Trinomial  has  the  Form  ax*  +  to  +  c. 

(1)  Resolve  into  factors  8    -  22  a;  -  21. 

Multiply  by  8,  the  coefficient  of  x*,  and  write  the  result  in  the  follow- 
ing form: 

(8«)a-22  X  8«-168. 
Put  s  for  8x,  X*  -  22z  -  168. 

Resolve  this  expression  into  two  binomial  factors, 

(z-28)(«  +  6).  (§82,  p.  40) 

Sinoe  we  have  multiplied  by  8,  and  put  z  for  8  x,  we  must  reverse  this 
process.   Henoe,  put  8  x  for  z  and  divide  by  8,  and  we  have 
(8X-28)  (8x  +  6) 
8 

As  4  is  a  factor  of  (8x  -  28),  and  2  is  a  factor  of  (8x  +  6),  we  divide 
by  8  by  dividing  the  first  factor  by  4  and  the  second  factor  by  2. 

(8?ji28)^x  +  6)^^2x-7)(4x  +  8). 
4x2 

(2)  Resolve  into  factors  24    —  70  ay  —  76  y*. 

Multiply  by  24,        (24  x)«  -  70  y  x  24  x  -  1800  y*. 
Put  z  for  24x,  -  TOyz  -  1800y«. 

Resolve  into  factors,  (z  -  90 1^)  (z  +  20  y).  (§  82,  p.  40) 

Put  24x  for  z,  (24x  >  00y)(24x  +  20|^). 

Divide  by  6  x  4,      (4x  -  15y)  (6x  +  6y). 

84.  When  a  Binomial  is  the  Sum  or  the  Difference  of  Two  Cnbee. 

From  §  71,  p.  34,  ^1±|!  =  a«- a*  4- 

and  r-  =  a*  +     -H  6* 
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/.  a«  +  5«  =  (a  +  b)  (a^  -  4- 
and  a«  -  6*  =  (a  -  b)  (a^ ab b^. 

In  like  manner  we  can  resolve  into  factors  any  expression 
which  can  be  written  as  the  sum  or  the  difference  of  two  cubes. 
(1)  Eesolye  into  factors  8  a«  -H  27  b\ 

8a«  +  276«  =  (2o)«  +  (86«)« 

=  [2a  +  86«]  [(2a)«  -  (2a)(8  6«)  +  (36«)«] 
=  (2o  +  36«)  (4a«  -  6a6»  +  96*). 

85.  When  a  Polynomialis  the  Product  of  Two  Trinomials.  The 

following  method  is  convenient  for  resolving  a  polynomial  into 
its  trinomial  factors : 

Find  the  factors  of  2x*  -  Bxy  -h  2y*  +  7««  -  Byz  -h  3«* 

1.  Reject  the  terms  that  contain  z. 

2.  Reject  the  terms  that  contain  y. 
8.  Reject  the  terms  that  contain  x. 

Factor  the  expression  that  remains  in  each  case. 

1.  2x^-5xy +  2y«  =  (a;-2y)(2a:-y). 

2.  2x«  + 7a;z  +  32;«  =  (a;  +  8a;)(2x  +  «). 

3.  2y"-6y2  +  8a{»  =  (2y-8z)(y -«). 

Arrange  these  three  pairs  of  factors  in  two  rows  of  three  factors  each, 
80  that  any  two  factors  of  each  row  may  have  a  common  term  including 
the  sign. 

Thus,  1.  «-2y,  x  +  8«,  -2y  +  8«; 

2.  2  3!  —  y,  2  X  +     —  y  +  «. 
From  the  first  row,  select  the  terms  common  to  two  factors  for  one  tri- 
nomial factor : 

x-2y +  32. 

From  the  second  row,  select  the  terms  common  to  two  factors  for  the 
other  trinomial  factor : 

2  X  —  y  +  «. 

Tlien, 

2x^  -  6xy  +  2y«  +  7xz  -  6yz  +  8z3  =  (X  -  2y  +  8z)(2x  -  y  +  «). 

When  a  factor  obtained  from  the  first  three  terms  is  also  a 
factor  of  the  remaining  terms,  the  expression  is  easily  factored. 

Thus,  x«  -  3xy  +  2y«  -  3x  +  6y  =  (x  -  2y)(x  -  y)  -  3(x  -2y) 

=  (x-2y)(x-y-8). 
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THEORY  OF  DmSORS 

86.  Theorem.  The  expression  x—j  is  an  exact  divisor  of 
x"  —  y"  when  n  is  any  positive  integer. 

Since  -  ar— +  x*- =  0,  (1 23,  p.  9) 

Taking  oat  ^  from  the  flist  two  terms  of  the  right  side,  and  y  from 
the  last  two  terms,  we  have 

-  y«  =  x»-i(a;  -  y)  +  y (x»-»  -  y"-*). 

Now  «  —  y  is  an  exact  divisor  of  the  right  side,  if  it  is  an  exact  divisor 
of  x"-^  —  y«-^ ;  and  if  x  —  y  is  an  exact  divisor  of  the  right  side,  it  is 
an  exact  divisor  of  the  left  side ;  that  is,  x  —  y  is  an  exact  divisor  of 
X"  —  y"  <f  it  is  an  exact  divisor  of  x»-^  —  y"-*. 

Therefore,  if  t  —  j  is  an  exact  divisor  of  the  difference  of  any  two  like 
powers  of  T  —  J,  it  is  an  exact  divisor  of  the  difference  of  the  next  higher 
powers  of  x  —  y. 

But  X  —  y  is  an  exact  divisor  of  x*  —  y*  (§  71),  therefore  it  is  an  exact 
divisor  of  x*  —  y< ;  and  since  it  is  an  exact  divisor  of  ~  y*,  it  is  an 
exact  divisor  of  x^  —  y' ;  and  so  on,  indefinitely. 

The  method  employed  in  proving  this  Theorem  is  called 
Proof  by  Mathematical  Induction. 

87.  The  Factor  Theorem.  If  a  rationxil  and  integral  expression 
in  X  vanishes,  that  is,  becomes  equal  to  0,  when  r  is  put  for  x, 
tlien  X  —  T  is  an  exa^t  divisor  of  the  expression. 

Given  ax"  +  6x»-i  +  •  •  •  +  Ax  +  ik.  [1] 

By  supposition,      ar"  +  5r"-i  +  •  •  •  +  Ar  +  ifc  =  0.  [2] 
By  subtracting  [2]  from  [1],  the  given  expression  assumes  the  fonn 
a(x»  -  r")  +  ftCx"-!  -  r"-i)  +  •  •  •  4-  A(x  -  r). 

But  X  —  r  is  an  exact  divisor  of  x»  —  r",  x"-^  —  and  so  on.  (§  86) 
Therefore,  x  —  r  is  an  exact  divisor  of  the  given  expression. 

Note.  If  x  —  r  is  an  exact  divisor  of  the  given  expression,  r  is  an 
exact  divisor  of  k\  for  A:,  the  last  term  of  the  dividend,  is  equal  to  r,  the 
last  term  of  the  divisor,  multiplied  by  the  last  term  of  the  quotient 
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Therefore,  in  searching  for  numerical  values  of  z  that  will  make  the  given 
egression  vanish,  only  exact  divisors  of  the  last  term  of  the  expression 
need  be  tried. 

(1)  Resolve  into  factors  x* -\- Sx*  —  ISx  —  16. 

The  exact  divisors  of  -  16  are  1,  -  1,  3,  -  3,  6,  -  5,  15,  -  16. 
If  we  put  1  for  £  in     +  Sx^  —  IBz  —  15,  the  expression  does  not 
vanish.   If  we  put  —  1  for  x,  the  expression  vanishes. 
Therefore,  x  —  (—  1),  that  is,  x  +  1,  is  a  factor. 
Divide  the  expression  by  x  +  1|  and  we  have 

x»  +  3x«-  13x-16  =  (x+  l)(xa  +  2x-16) 
=  (x  +  l)(x-3)(x  +  5). 

(2)  Resolve  into  factors  x«  —  26  a;  —  6. 

By  trial  we  find  that  the  only  exact  divisor  of  —  5  that  makes  the 
egression  vanish  is  —  5. 

Therefore,  divide  by  x  +  5,  and  we  have 

x«  -  26x  -  6  =  (x  +  5)  (x»  -  6x  -  1). 

As  neither  +  1  nor  —  1,  the  exact  divisors  of  —  1,  will  make  x^  —  5  «  —  1 
vanish,  this  expression  cannot  be  resolved  into  factors. 

Xbceroise  5 

Resolve  into  factors : 

1.  9a;*-H6a;«4-3a;*4-2«. 

2.  2a*-3a«6-14a'»  +  21a*. 

3.  5a;* +  15xV-4a;y«- 12 y». 

4.  aV  -  b^xt/*  -  a^ex^ -\- b^cy\ 

6.  x«-h8a;-H7.  12.  a;^  -  14 x  -  176. 

6.  x*-17x-h60.  13.  81  a:*- 196 xy. 

7.  a;«-H7aj-18.  14.  729a«-a;« 

8.  «*-2a;-24.  16.  64a;'4-a;/. 

9.  9x*-H30aj  +  25.  16.  (a;«  -       -  y*. 

10.  16  a;* -66x4-49.  17.  (a«  +  2      -  aV. 

11.  x«  +  »-72.  18.  (2x-3y)«-(x-2y)* 
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19.  121ar*-286arV  +  ie9y*. 
30.  a«-2aA  +  6*-x*. 

21.  49a*-16aV  +  121ft* 

22.  aV  +  14a^x  +  336* 
28.  «y +  23xy«  +  90«* 
24.  a*+a-132. 

26.  8a*+ 14a6-15^*. 

26.  6a:«+ 19 ay -7y«. 

27.  lla«-23aA  +  26*. 

28.  a* +  64  6*. 

29.  2x«  — 5xy-h2y*  — ar«  — y«-«« 

80.  6a;'- 13ary+ 6y*  +  12ar«-13y«  +  6«* 

81.  2aj»  +  5a-y-3y*-4ar«  +  2y«. 
32.  4a;«-12a;'»  +  9a;-l. 

83.  a;* -f- 9a;' 4- 16a: +  4. 

84.  a;»4-5a:'-f-7a;  +  2. 

86.  2a;'-3a:y-f  4ax  — 6ay. 
Se.  x'^z^  -  8  y^-s'  -  4  x«n'  -f  32 

37.  a;«-y«-(x'-y')-(a;_y)'. 

38.  a;*4-2a:«- 13a:'-38a;~24. 

39.  a;*-2(^'-<j2)a:'4-^*-2W  +  <>* 

40.  15a;' -7x- 2. 

41.  11  a;' -54  a; +  63. 

42.  21  a;' +  26  a; -15. 

43.  70a;' -27a; -9. 

44.  a;*-2a^a;'-a*-a'^'-^* 
46.  5a;*  +  4a;'  — 20a;  — 125. 

46.  2a;*-5a;«-a;»-2. 

47.  6a;*  -  aa;«  -  2 a'a;'  +  3  a«a;  -  2a* 
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HIGHEST  COMMON  FACTOR 

88.  A  common  factor  of  two  or  more  integral  and  rational 
expressions  is  an  expression  that  divides  each  of  them  without 
a  remainder. 

Two  expressions  that  have  no  common  factor  except  1  are 
said  to  be  prime  to  each  other. 

The  highest  common  factor  of  two  or  more  integral  and 
rational  expressions  is  an  integral  and  rational  expression 
of  highest  degree  that  will  divide  each  of  them  without 
remainder. 

For  brevity,  H.C.F.  will  be  used  for  highest  common  factor. 

Find  the  H.C.F.  of 

8aV  -  24a«a;  -h  16a«  and  12axhf  —  12axy  -  24ay. 

Sow  -  24aax  +  16a»  =  8a»(x«  -  8x  +  2) 

=  2«o»(x-l)(a;-2); 
12axSy  -  \2aay  —  24 ai^  =  12 ai^(2<  -  x  -  2) 

=  2«x3ay(x  +  l)(x-2). 
the  H.C.F.  =  2«o(x  -  2)  =  4a(x  -  2). 

Hence,  to  find  the  H.C.F.  of  two  or  more  expressions, 

Reeolve  each  expression  into  its  prime  factors. 

The  product  of  all  the  comm^  factors,  ea^h  factor  being  taken 
the  least  number  oftim^  it  occurs  in  any  of  the  given  expressions^ 
is  the  highest  common  factor  required. 

89.  When  it  is  required  to  find  the  H.C.F.  of  two  or  more 
expressions  that  cannot  readily  be  resolved  into  their  factors, 
the  method  to  be  employed  is  similar  to  that  of  the  corre- 
sponding case  in  Arithmetic.  And  as  that  method  consists  in 
obtaining  pairs  of  continually  decreasing  numbers  which  con- 
tain as  a  factor  the  H.C.F.  required,  so  in  Algebra,  pairs  of 
expressions  of  continually  decreasing  degrees  are  obtained, 
which  contain  as  a  factor  the  H.C.F.  required. 
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90.  This  method  is  needed  only  to  determine  the  compound 
factor  of  the  H.C.F.  Simple  factors  of  the  given  expressions 
should  be  taken  out^  and  the  highest  common  factor  of  these 
factors  reserved  to  be  multiplied  into  the  compound  &ctor 
obtained. 

Modifications  of  this  method  are  sometimes  needed. 

(1)  FindtheH.C.F.  of  4a;*-8x-6  and  12x«-4a;-65. 

4a;a-8a;-6)12a;'«-  4«-66(3 
12x«-24x-16 
20x^60 

The  first  diTision  ends  here,  for  20  x  is  of  lower  degree  than  4  x*.  Bnt 
if  20x  —  50  is  made  the  divisor,  iz^  will  not  contain  20x  an  inUgnU 
number  of  times. 

Now,  it  is  to  be  remembered  that  the  H.C.F.  sought  is  contained  in  the 
remainder  20  x  —  60,  and  that  it  is  a  compound  factor.  Hence,  if  the 
simple  fa/Aor  10  is  removed,  the  H.C.F.  must  still  be  contained  in 
2x  —  5,  and  therefore  the  procesB  may  be  continued  with  2x  —  6  for 
a  divisor. 

2x-6)4x«-  8x-5(2x  +  l 
4x«~10x 

2x-  6 

.-.  the  H.C.F.  is  2  X  -  5.  2x-6 

(2)  Find  the  H.C.F.  of 
21a;»-4a:«-15x-2  and  21  a;«  -  32a^  -  64x  -  7. 

Writing  only  the  coefficients  (§  70,  p.  d4),  the  work  is  as  follows : 

21  -  4  -  16  -  2)21  -  32  -  64  -  7(1 
21  -  4-16-2 
-  28  -  39  -  6 

The  difficulty  here  cannot  be  obviated  by  removing  a  simple  factor 
from  the  remainder,  for  —  28x^  —  39x  —  6  has  no  simple  factor.  In 
this  case,  the  expression  21x'  —  4xs  ~  16x  —  2  must  be  mvUiplied  by 
the  simple  factor  4  to  make  its  first  term  divisible  by  —  28  X*. 

The  introduction  of  such  a  factor  can  In  no  way  affect  the  H.C.F. 
sought;  for  the  H.C.F.  contains  only  factors  common  to  the  remainder 
and  the  last  divisor,  and  4  is  not  a  factor  of  the  remainder. 
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The  signs  of  all  the  tenns  of  the  remainder  may  be  changed ;  for  if  an 
egression  A  is  divisible  by  —     it  is  divisible  by  +  i<^- 

The  process  then  is  continued  by  changing  the  signs  of  the  remainder 
and  multiplying  the  divisor  by  4. 

28  +  39  +  5)84  -  16-60-  8(3 
84  +  117  +  16 


Multiply  by  —  4, 


Divide  by  -  63, 


-133- 
-  4 


76-8 


632  +  300  +  32(19 
632  +  741  +  96 
-  63)  -  441^^ 
7+  1 


7  +  1] 


28  + J 
28  + 


•  +  6(4  +  5 


theH.C.F.  is7«  +  l. 


36  +  6 
35  +  5 


In  practice  the  vrork  is  most  conveniently  arranged  as  foUovrs  : 

1 


21-32  -  54  -7 
21-  4-16-2 
_l),28-39-6 
28  +  39  +  5 
28+4 

36  +  6 
36  +  6 


3  +  19 

4  +  6 


21-  4-16-2 

J  

84-  16  -  60  -8 
84  +  117+  16 

-  133  -  76-  8 

-  4  

632  +  300  +  32 
632  +  741  +  96 

-63) -441  -63 
7+  1 

the  H.C.F.  is7«  +  l. 

91.  In  the  examples  worked  out  we  have  assumed  that  the 
divisor  which  is  contained  in  the  corresponding  dividend 
without  a  remainder  is  the  H.C.F.  required. 

The  proof  may  be  given  as  follows  : 

Let  A  and  B  stand  for  two  expressions  which  have  no 
monomial  factors,  and  which  are  arranged  according  to  the 
descending  powers  of  a  common  letter,  the  degree  of  B  being 
not  higher  than  that  of  A  in  the  common  letter. 
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Let  A  be  divided  by  By  and  let  <2  stand  for  the  quotient, 
and  R  for  the  remainder.  Then,  since  the  dividend  is  equal 
to  the  product  of  the  divisor  and  quotient  plus  the  remainder, 
we  have 

A=BQ-^R.  [1] 

Since  the  renuunder  is  equal  to  the  dividend  minus  the 
product  of  the  divisor  and  quotient,  we  have 

R  =  A-BQ.  [2] 

Now,  a  factor  of  each  of  the  terms  of  an  expression  is  a 
factor  of  the  expression.  Hence,  any  common  factor  of  B 
and  RissL  factor  of  BQ  +  R,  and  by  [1]  a  factor  of  A.  That 
is,  a  common  factor  of  B  and  R  is  also  a  common  factor  of 
A  and  B, 

Also,  any  common  factor  of  A  and  ^  is  a  factor  of  ^  —  BQ, 
and  by  [2]  a  factor  of  R.  That  is,  a  common  factor  of  A  and 
B  is  also  a  common  factor  of  B  and  R. 

Therefore,  the  common  factors  of  A  and  B  are  the  satns  as 
the  common  factors  of  B  and  R ;  and  consequently  the  H.C.F. 
of  A  and  B  is  the  same  as  the  H.C.F.  of  B  and  R. 

The  proof  for  each  succeeding  step  in  the  process  is  pre- 
cisely the  same;  so  that  the  H.C.F.  of  a/iy  divisor  and  the 
corresponding  dividend  is  the  H.C.F.  required. 

If  at  any  step  there  is  no  remainder,  the  divisor  is  a  factor 
of  the  corresponding  dividend,  and  is  therefore  the  H.C.F.  of 
itself  and  the  corresponding  dividend.  Hence,  this  divisor  is 
the  H.C.F.  required. 

92.  The  methods  of  resolving  expressions  into  factors, 
given  in  this  chapter,  often  enable  us  to  shorten  the  work  of 
finding  the  H.C.F.  required. 

(1)  Find  the  H.C.F.  of 

ar*  +  3x«  4-  12x  -  16  and  x*  -  13a;  -f  12. 

BoUi  of  these  expreasions  vanish  when  1  is  put  for  z.  Therefore,  both 
m  dlTidble  by  x  - 1  (S  87). 
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The  fint  quotient  iBX>  +  42^+4x  +  16  =  (2^  +  4)(x  +  4). 
The  second  quotient  is     +  x  —  12  =  (x  —  3)  (x  +  4). 
Therefore,  the  H.C.F.  is  (x  ~  1)  (x  +  4). 

(2)  Find  the  H.C.F.  of 

2«*  +  9x»  +  14«  +  3  and  Sx^ Ux*  +  9x  +  2. 


2x«  +  0x'  +  14x  +  3 


3x*  +  14x»+  Ox +  2 
2 


6x«  +  28x>  +  182  +  4 
6x*  +  27x«  +  42x4-0 


3 


x»-24x-6 

The  remainder,  x*  ~  24  x  -  5,  yanishee  when  5  is  put  for  x. 

The  quotient  of  x»  —  24x  —  6  divided  by  x  —  5  is  x'  +  5x  +  1. 

Since  5  is  not  an  exact  divisor  of  3,  x  —  6  is  not  a  factor  of 
2x*  +  9x>  +  14x  +  3  ;  but  +  5x  +  1  iB  found  by  trial  to  be  a  factor, 
and  is,  therefore,  the  H.C.F.  required. 

(3)  Find  the  H.C.F.  of 

28a;«  +  39«  +  5  and  84a;«  -  16flc»  -  60a;  -  8. 

By  §  83,  p.  42,  the  factors  of  28x>  +  30x  +  6  are  7x  +  1  and  4x  +  5. 
The  factor  7  x  +  1  is  the  H.C.F.  required. 

(4)  Find  the  H.C.F.  of 

2a;*-  6««-«»  +  15aj-10;  4a;*  +  6a;»  -  4a;«  -  15a;  -  16. 


Jx*-6x»-x^  +  16x-10 


4x*+  6x»- 
4x*-12x». 


4x«-16x-16  12 
2x'-f  30X-20  I 


18x»-2x«-46x+  6 
The  remainder  =  2x»(0x  -  1)  -  5(9x  -  1)  =  (2xa  -  6)  (9x  -  1). 
The  factor  2  x>  -  6  is  the  H.C.F.  required. 


LOWEST  COMMON  MULTIPLE 

93.  A  common  multiple  of  two  or  more  integral  and  rational 
expressions  is  an  integral  and  rational  expression  that  is 
exactly  divisible  by  each  of  the  expressions. 

The  lowest  common  multiple  of  two  or  more  integral  and 
rational  expressions  is  an  integral  and  rational  expression  of 
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lowest  degree  and  of  smallest  numerical  coefficient  that  is 
exactly  divisible  by  each  of  the  given  expressions. 

For  brevity,  L.C.M.  will  be  used  for  lowest  common  multiple. 

Find  the  L.C.M.  of  12  a\  14  hc\  36  ab\ 

12a»c  =  2«  X  3a»c, 
146c«  =  2  X  75c«, 
36 063  =  2*  X  3«a6«. 
the  L.C.M.  =  2«  X  8«  X  7  aW  =  252  aW. 

Hence,  to  find  the  L.C.M.  of  two  or  more  expressions, 

Resolve  each  expression  into  its  prime  factors. 
The  product  of  all  the  different  factors,  ea/^h  factor  being 
taken  the  greatest  number  of  times  it  occurs  in  any  of  the  given 
expressions,  is  the  lowest  common  multiple  required. 

94.  When  the  expressions  cannot  be  readily  resolved  into 
their  factors,  the  expressions  may  be  resolved  by  finding  their 
H.C.F. 

Find  the  L.C.M.  of 

6x»-lla;V  +  2y«  and  9 a;»  -  22 ay*  -  8 y*. 


6-11+0  +  2 

9+  0- 

22- 

8 

6-  8-4 

2 

-  3+4+2 

18+0- 

44- 

16 

-  3+4+2 

18-88  + 

0  + 

6 

11)33- 

44- 

22 

3- 

4- 

2 

Hence,   6x«  -  llx«y  +  2y«  =  (2x  -  y)(3x«  -  4xy  -  2y«), 
and  9x»  -  22 xy^  -  Sj^  =  (8x  +  4y)  (3x«  -  4xy  -  2y»). 

.-.  theL.C.M.  =(2x-y)(8x  +  4y)(3x«-4xy-2y«). 

In  this  example  we  find  the  H.C.F.  of  the  given  expressions 
and  divide  each  of  them  by  the  H.C.F. 

Instead  of  dividing  each  expression  by  the  H.C.F.,  we  may 
divide  only  one  expression,  and  multiply  the  quotient  by  the 
other  expression. 
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95.  The  product  of  the  H.  C,F.  and,  the  L,  CM,  of  two  expres- 
sions is  equal  to  the  product  of  the  given  expressions. 

Let  A  and  B  stand  for  any  two  expressions ;  and  let  F  stand 
for  their  H.C.F.  and  M  for  their  L.C.M. 

Let  a  and  h  be  the  quotients  when  A  and  B  respectively  are 
divided  by  F,  Then, 

A  =  aFj 

and  B  =  bF, 

Therefore,  AB==Fx  obF.  [1] 

Since  F  stands  for  the  H.G.F.  of  A  and  B,  F  contains  aM 
the  common  factors  of  A  and  B,  Therefore,  a  and  b  have  no 
common  factor,  and  abF  is  the  L.C.M.  of  A  and  B. 

Put  M  for  its  equal,  a^Fy  in  equation  [1],  and  we  have 
AB  =  FM. 

96.  Since  FM=:AB, 

AB     A  „ 

F      F  ' 

AB     B  , 
M^  —  ^^XA. 

That  is :  The  lowest  common  multiple  of  two  expressions 
may  be  found  by  dividing  their  product  by  their  highest  com- 
mon factor^  or  by  dividing  either  of  them  by  their  highest 
common  factor  and  multiplying  the  quotient  by  the  other. 

97.  The  H.C.F.  of  three  or  more  expressions  is  obtained  by 
findmg  the  H.C.F.  of  two  of  them ;  then  the  H.C.F.  of  this 
result  and  of  the  third  expression ;  and  so  on. 

For,  if  Ay  By  and  C  stand  for  three  expressions, 

and  D  for  the  highest  common  factor  of  A  and  By 
and  E  for  the  highest  common  factor  of  D  and  C, 
then  D  contains  every  factor  common  to  A  and  By 
and  E  contains  every  factor  common  to  D  and  C ; 
that  is,  E  contains  every  factor  common  to  -4,  B,  and  C 
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98.  The  L.C.M.  of  three  or  more  expressions  may  be  obtained 
by  finding  the  L.C.M.  of  two  of  them ;  then  the  L.C.M.  of  this 
result  and  of  the  third  expression ;  and  so  on. 

For,  \i  Ay  B,  and  C  stand  for  three  expressions, 

and  L  for  the  lowest  common  multiple  of  A  and  B, 
and  M  for  the  lowest  common  multiple  of  L  and 
then  L  is  the  expression  of  lowest  degree  that  is  exactly 

divisible  by  A  and  B, 
and  M  is  the  expression  of  lowest  degree  that  is  exactly 
divisible  by  L  and  C. 
That  is^  Af  is  the  expression  of  lowest  degree  that  is  exactly 
divisible  by  A,  B,  and  C. 

fibrarolM  6 

Find  the  H.C.F.  of : 

1.  12a;"  -  17a:  +  6,  9a" -h  6a; -8. 

2.  —  a\  X*  +  3  ax  —        X*  —  5  ax  +  4:  a\ 

3.  a;*-6a;»  +  13a;«-12a;4-4,  a;*-4a;»4-8a;«-16a;  +  16. 

4.  3a;*-a;»-2a;«  +  2a;-8,  6a;*  +  13a;»  +  3a;«  +  20a;. 

5.  96a;*  +  8a;»-2a;,  32a;»-24ar"-8a;-|-3. 

6.  aj*  +  6a*-7a;«-9a;-10,  2a;*  -  4a;»  +  4a;  -  8. 

7.  2a;«-16a;  +  6,  6a;«  +  15aH^  +  6«  +  16. 

8.  2a*  +  3a»a;-9aV,  6 a*a;  -  3 oa;*  ^  17 -f  14 aV. 

9.  2  a* -4  a*  4- 8  a* -12  a* +  6  a, 
3a«  -  3  a*  -  6 a*  -f  9a»  -  3a". 

10.  3a;»  —  7a;V  —  y*  -f  x^y  +  3a;y*  —  3a;*  —  y", 
3  a;*  -h  5  xhf  +  xy^  —  y*. 

11.  36a;'-28a;»-f  32a;*4-8a;»-16a;", 
12a;»  -  14a;*  -  20x»  +  10a;«  -f  4a;. 
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12.  16aj*  +  2x«-76x*-h6cc-|-2, 
36a;*  +     -  176x*  -h  30aj  +  1. 

13.  21«*-4««-16««-2a;,  21 -  32a«  -  64a  -  7. 

14.  9ccV-22x*y*-3ccy*-|-10y*, 
9x*y  —  6xy  +  a^V  —  26a:y*. 

15.  6a:»-4a;*-lla;»-3a;«-3aj-l, 
4a;*  +  2a:«-18a:«-l-3«-6. 

16.  a;*  — ax«-aV  — a'a;  — 2a*,  3a;»  — 7aa*  +  3a*x  — 2a*. 

17.  12(«*  -  y%  10(««  -  2^),  8       +  rcy*). 

18.  X*  +  ajy*,  x^y  -f  4-  a'i^  +  y*. 

19.  2(a^y  — ajy*),  3(x*t/  —  xy^),  ^(x^  —  xy%  B(3C^y  —  xy^). 

Find  the  L.C.M.  of : 

20.  a;*  —  3a;  —  4,  x«  -  X  —  12,  x»  +  6a;  +  4. 

21.  6a;»-13a;  +  6,  6a;«  +  5a;-6,  9a;»-4. 

22.  3x*-a;»-2a;«  +  2a; -8,  6a;»  +  13a;«  +  3a;  +  20. 

23.  16  a»x*  +  10  aV  +  4  a«a;«  +  6  a«a;  -  3  a^ 
12  a;*  +  38  aa;»  -h  16  aV  -  10  a»a;. 

24.  2x*  +  a;»  -  8a;«  -  X  +  6,  4a;*  4-  12a;»  -  a;«  -  27a;  -  18, 
4a;*  +  4a;»  -  17a;»  -  9a;  +  18. 

26.  a;*-2a;*  +  a;',  2a;*  — 4a;»  — 4a; -4. 

26.  a;«  -  6a;«  +  11a;  -  6,  a;«  -  9a;*  4-  26a;  -  24, 
a;*  -  8a;*  +  19a; -12. 

27.  4a;*  — a;"y— 3a;y*,  3x»  — 3a;*y-f      — y*. 

28.  4a;»-12a;*4-9x-l,  a;*-2a;»-f  a;*-8a;  +  8. 

29.  2a;*  -  8a;* +12a;«- 8a;*  +  2a;,  3a;»- 6a;* +  3«. 

80.  a;*-6a;*+6a;-f  12,  a;*-6a;*  +  2a;  +  8, 
a;*  — 4a;* -fa; -f  6. 


CHAPTER  IV 


SYMMXTRT 

99.  Symmetrical  Xs^presBions.  An  algebraic  expression  that 
involves  two  or  more  letters  is  symmetrical  with  respect  to  any 
two  of  them  if  these  letters  can  be  interchanged  without  alter- 
ing the  expression  in  value  or  in  form. 

Thus,  +  a'x  +  oft  +  ^  is  symmetrical  with  respect  to  a  and  6 ;  for 
if  a  is  substituted  for  b  and  h  for  a,  the  expression  becomes 

x«  +  62sc  +  6a  +  a%r, 

which  differs  from  +  a'x  +  a6  +  6^  only  in  the  order  of  its  terms  and 
the  order  of  their  factors. 

Again,  '\' aH  '\'  ah -\' \r  not  symmetrical  with  respect  to  a  and  z ; 
for  if  a  is  substituted  for  x  and  x  for  a,  the  expression  becomes 

a«  +  x»a    x6  +  Wo, 

which  differs  in  form  from  x^  -f      +  a6  + 

In  like  manner  it  may  be  shown  that  x^  +  a%B  +  a6  +  6^  is  not  gym- 
metrical  with  respect  to  x  and  6. 

An  expression  is  symmetrical  with  respect  to  three  or  more 
of  its  letters  if  it  is  symmetrical  with  respect  to  each  and 
every  pair  of  these  letters  that  can  be  selected. 

Thus,  X*  +     +  ^'  —  3  xyz  +  ab  Sr  symmetrical  ¥rith  respect  to  x, 
and  z ;  for  it  remains  the  same  if  x  and  y  are  interchanged,  or  if  y  and  z 
or  X  and  z  are  interchanged. 

An  expression  is  completely  symmetrical  if  it  is  symmetrical 
with  respect  to  each  and  every  pair  of  its  letters  that  can  be 
selected. 

Thus,  X*  +  +  2*  +  Zxyz  is  completely  symmetrical ;  for  it  remains 
the  same  if  x  is  interchanged  with  y  with  z,  or  z  with  x ;  and  these  three 
pairs  are  ail  the  pairs  that  can  be  selected  from  x,  y,  and  «. 
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100.  Cydo-Symmetrical  Expressions.  An  algebraic  expression 
is  cyclo-symmetrical  with  respect  to  certain  letters  in  a  given 
order  when  the  value  and  form  of  the  expression  is  not  altered 
by  substituting  the  second  letter  for  the  first,  the  third  for  the 
second,  and  so  on,  and  the  first  for  the  last. 

Thus,  the  expression  ab  +  be  +  cd  +  da  is  cyclo-symmetrical  ¥rith 
respect  to  the  cycle  (abed)  bat  is  not  completely  symmetrical  with  respect 
to  a,  6,  c,  and  d. 

Every  expression  that  is  symmetrical  with  respect  to  a  set  of 
letters  is  also  cyclo-symmetrical  with  respect  to  these  letters ; 
but  as  is  seen  by  the  last  illustration  an  expression  may  be 
cyclo^ymmetrical  with  respect  to  a  set  of  letters  without 
being  symmetrical  with  respect  to  the  letters. 

lOL  Principle  of  Symmetry.  An  expression  which  in  any 
one  form  is  symmetrical  or  cyclo-symmetrical  with  respect  to 
any  set  of  letters  will  in  every  other  form  be  symmetrical  or 
cyclo-symmetrical,  as  the  case  may  be,  with  respect  to  these 
letters. 

Thus,  a*  +  6«  +  c*  —  3  abc  is  symmetrical  ¥rith  respect  to  a,  6,  and  c. 
Hence,  it  lb  symmetrical  with  respect  to  a,  b,  and  c  when  written  in  any 
other  form,  as  i  (a  +  6  +  c)  [(6  -  c)«  +  (c  -  a)*  +  (a  -  6)2]. 

Again,  (a  —  6)»  +  (&  —  c)*  +  (c  —  a)"  is  cyclo-symmetrical  with  respect 
to  (a,  6,  c),  but  not  completely  symmetrical.  Hence,  it  remains  cyclo- 
symmetrical  with  respect  to  (a,  6,  c),  but  not  completely  symmetrical 
when  written  in  any  other  form,  as  3  (a  —  6)  (6  —  c)  (c  —  a). 

102.  2  Notation.  A  symmetrical  expression  is  often  written 
by  writing  each  type^erm  once,  preceded  by  the  Greek  letter  2, 
where  2  stands  for  the  words  the  sum  of  all  the  terms  of  the 
same  type  as. 

Thus,  2a  =  a-|-6  +  cH-d  +  -" 

Xab  =  a6  +  6c  +  cd+--  +  6c  +  M  +  .-  .  +  cd  +  ..- 
If  the  three  letters,  a,  6,  c,  are  involved, 

Za^fe  =  a«6  -I-  a6»  -I-  a»c  +  ac«  +  6»c  +  6c«. 
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1.  For  a,  b,  e,  write  the  following  in  full : 

S[(a  +  c)«-6»];    Sa(5  +  c)«;    S(a  +    (c  -  a)  (c  -  ft). 

3.  For  a,  b,        write  the  following  in  full : 

Softc;       Sa%;       Sa%c;  S(a-ft); 

Show  that  the  following  expressions  are  symmetrical : 
8.  (a?  +  a)(a  +  ft)  (ft  +  ac)  -f  afta;,  with  respect  to  a  and  ft. 

4.  (a  +  ft)'  +  (a  —  ft)',  with  respect  to  a  and  ft,  and  also 
with  respect  to  a  and  —  ft. 

5.  a'  (ft  —  e)*  +  ft*  (c  —  a)'  +  c'  (a  —  ft)',  with  resi)ect  to  a,  ft,  e. 

6.  (ac  +  bd)*  +  (be  —  a^^)',  with  respect  to  a'  and  ft',  and 
also  with  respect  to  e'  and  d\ 

Select  the  letters  with  respect  to  which  the  following 
expressions  are  symmetrical : 

7.  (a' -c')'4-4ft'(a  +  c)'-|-(2ao-2ft')'. 

8.  a;«-y«4-«*-3(x'-y')(y'-«')(«'4-««). 

9.  a'ft'  +  ft*c'  +  c'a'  -  2  aftc  (a  4-  ft  -  c). 

10.  (a  +  ft)*  +  (a-c)*-h(ft +  c)*  +  (a  +  c)* 

11.  Show  that  (a  -  ft)'(ft  -  c)  (c  -  <£)(a  -  c)(ft  -  df)'(a  -  <i)' 
is  not  symmetrical  with  respect  to  a,  ft,  c,  and  d.  With  respect 
to  which  of  its  letters  is  the  expression  symmetrical  ? 

103.  Rule  of  Symmetry.  The  applications  of  symmetry  and 
of  cyclo-symmetry  are  numerous.  From  the  definitions  given 
in  §§  99  and  100,  we  have  the  following  : 

The  sumy  the  difference^  the  product,  or  the  qtiotient  of  two 
symmetrical  or  cyclo^ymmetrical  expressions  is  also  a  sffmmet- 
rieal  or  a  cyclo-symmetrical  expression. 
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104.  In  reducing  a  symmetrical  expression  from  one  form  to 
another,  advantage  may  be  taken  of  the  principles  of  sym- 
metry; for  it  is  necessary  to  calculate  only  the  type-terms. 
The  other  terms  may  be  written  at  once  from  these. 

(1)  Simplify  (a  +  6  +  c  +  <^  +  e  +  •••)*. 

The  expraalon  is  symmetrioal  with  respect  to  a,  6,  e,  •  •  • ;  henoe,  the 
expansion  also  is  symmetrioal,  and  as  it  is  a  produot  of  two  factors,  it  can 
contain  only  the  sqnares  a*,  e^,  •  •  *,  and  the  products  a&,  oe,  od,  6c, 
bd,  •  •  • ;  so  that  the  type4erma  are  a'  and  ab. 

Now  (a  +  =  a>  +  2  06  +  6* ;  and  the  addition  of  terms  involving 
c,  (i,  e,  •  •  •  does  not  alter  the  terms  +  2  a6,  bat  merely  gives  additional 
terms  of  the  same  type.   Hence,  from  ssrmmetry, 

(a  +  6  +  c  +  d  +  c  +  ...)«  =  c^  +  2a6-f2ac  +  2a(l-f2a«+--- 

+    6«  +  26c  +  26(J  +  26e  +  ..- 
+    c«  +  2cd  +  2ce  +  -.- 
+    d«  +  2dc  +  ..- 
+    ^  +  --- 

This  equation  may  he  compactly  written, 

(Za)s  =  Za>  +  22a6. 

(2)  Simplify  (a  +  b)*. 

The  expression  is  of  three  dimensions,  and  is  symmetrical  with  respect 
to  a  and  6. 

The  type-terms  are  a*,  a%. 

(a  +  6)»  =  a»  +  6>  4-  n{aV>  +  6«a),  where  n  is  numerical. 

To  find  the  yalae  of  n,  substitate  for  a  and  6  any  convenient  valnes 
that  will  not  reduce  either  side  of  the  equation  to  0,  as  for  instance 
put  a  =  6  =  1. 

Then,  (1  +  1)«  =  1»  +  1»  +  n  (1«  x  1  + 1«  x  1). 

Whence,  n  =  8. 

(a4-6)»  =  2o«  +  32a«6. 

(3)  Simplify  (x  +  y  +  zf. 

The  expression  is  of  three  dimensions  and  is  symmetrical  with  respect 
to  X,  y,  and  z.   We  have 

(«  +  y  +  s)»  =  [(X  +  y)  +  «]•  =  (x  +  y)«  +  •••  =  «•  +  3  jcV  +  . 

The  type-terms  are  and  Sa^,  and  the  only  other  possible  type-term 
isxyar. 
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Kow,  iliiM  the  %xpnmkm  oontains  8«V»  ^  must  aI^o  ooDtain  8j;%; 
that  is,  it  mnst  contain  ds^(y  +  c). 

Hanoe,  (x  +  y  +     =    +  3x<(y  + 

+  I^  +  3ya(«  +  x) 
+  «•  +  3«»(x  +  y) 
+  fi(xyc), 

when  Mia  numerical,  and  ia  foond  to  be  equal  to  0  by  pottingx  =  y  s  a  =  1 
in  the  laat  equation. 

.%  (x  +  y +  a)»  =  2:x»  +  8Xx^  +  axy«. 

(4)  Simplify  (a  +  ft  +  c  +  •  •  O*. 
The  type-tenna  are  a>,  aS6,  a6c. 

Simplifying  (a  +  &  +  c)*,  we  obtain  a*  +  80*6  +  6a(c  -f  •  -  • 
Hence,  by  symmetry,  we  have 

(Za)s  =  Za*  +  dZaS&  +  eZoftc 

(5)  Simplify 

(aJ  4-  y  +  «)•  +  (a:  -  y  -  «)•  +  (y  -  X  -  «)•  +  (x  -  a;  -  y)«. 

The  expression  is  symmetrical  with  ngpeei  to  x,  y,  and  a. 

The  type-terms  are  x*,  8x*y,  6xya. 

X*  occurs  in  each  of  the  first  two  cubes,  and  —  x*  in  each  of  the  second 
two  cubes.   Therefore,  in  the  result  there  are  no  terms  of  the  type  x*. 

occurs  in  the  first  and  third  cubes,  and    8xV  in  the  aecond  and 
fourth.    Therefore,  in  the  result  there  are  no  terms  of  the  type  8xV- 

6  xyz  occurs  in  each  of  the  four  cubes. 

Therefore,  the  given  eiq>re8Bion  simplifies  to  24xys. 

Bxeroiae  8 

Simplify : 

1.  (a  +  6  +  c)"  +  (a  +  ft  -  c)»  -f  (ft  +  c  -  a)«  -f  (<J  +  a  -  ft)*. 

2.  (a  +  ft  +  c)*  -  a(ft  +  0  —  a)  -  ft  (a  +  c  -  ft)—  c(a-f  ft— <?). 
«.      +  y  +  X  +  n)«  +  (a;  -  y  -  X  4-  n)« 

+     —  y  +  «  —  n)»+(«  +  y-  x  —  n)». 

4.  (x  -  2y  -  8x)«  +  (y  -  2x  -  Sx)*  +     -  2a:  -  3 y)« 

5.  a(ft +c)(ft«  +  <?«-a«)  +  ft(c4-a)(c'-ha«-^ft«) 
+  c(a  +  ft)(a'  +  ft'-c^. 

6.  (oft  +  ftc  +  cay  —  2abc(a  -f  ft  4-  o). 
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Prove  that  : 

7.  (a     b  +  cy  -\-(b  +  c  -  ay  -^(c  +  a  -  J)*  +  (a -f- *  - 
=  4(a*  +  5*  +  c*) -h  2^(a^^  +  W  +  c'a*). 

8.  (a  +  ^  +  <?)*  =  Sa*-h4Sa«^  +  6SaV  +  12Sa«^c. 

10.  (a  -         -  cy  +     -         -  a)«  +  (c  -  a)*(a  -  6)« 
=      +     +    -  ad  -     -  bey. 

11.  (ar*  +  2  brs  +       (ax*  4-  2  ixy  +  cy*) 

—  [arse  4-  * (ry  +      +         =(ae  —  b*)(ri/  —  sxy, 

12.  (a*  +  a*  +  cd  -\-  d^==(ac     ad  bd)^ 
+  (ac  +  ad  +  bd)(bc-ad)  +  lbe'-  ad)\ 

105.  Factoring^.  The  principles  of  symmetry  can  be  used  in 
resolving  expressions  into  factors. 

(1)  Find  the  factors  of 

(a  +  ^  +  c)  (ad  +  dc  +  ca)  -  (a  +  d)  (d  +  <J)  (o  +  a). 

The  expreasion  is  symmetrical  with  respect  to  a,  6,  and  e. 

If  there  is  a  mofwmxaX  factor,  a  must  be  one.  If  we  put  0  for  a,  the 
expression  vanishes.  Hence,  a  is  a  factor,  §  87,  p.  44,  and  by  symmetry 
h  and  c  are  also  factors.   Therefore,  abc  is  a  factor. 

There  can  be  no  other  Wleral  factor,  for  the  given  expression  is  of 
only  three  dimensions  and  a6c  is  of  three  dimensions. 

There  may  be  a  numerical  factor,  however.  Let  m  be  a  numerical 
factor  of  the  given  expression. 

Then  (o  +  6  +  c)  (oft  +  6c  +  ca)  -  (a  4-  6)  (6  +  c)  (c  +  a)  =  moftc. 

To  find  m,  put  a  =  6=:c  =  lin  this  equation,  and  m  =  1. 

Therefore,  the  given  expression  is  equal  to  a6c. 

(2)  Find  the  factors  of 

-  (?)  +  d»(o  -  a)+  <5*(a  -  b). 

If  we  put  a  =  0,  the  expression  does  not  vanish.  Hence,  a  is  not  a 
factor,  and  by  symmetry  neither  h  nor  c  is  a  factor. 

If  we  put  a  =  &  in  the  expression,  the  expression  vanishes.  Hence, 
r-  &  is  a  factor,  \  87,  p.  44,  and  by  sy^mmetrj  &  «  c  and  c  —  a  are  factors, 
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Now  the  given  ezpreasion  is  of  four  dimeoBioiiB.  Hence,  in  additioD 
to  the  three  factors  already  found  there  must  be  one  other  factor  of  one 
dimension ;  and  as  this  factor  must  be  symmetrical  with  respect  to  a,  &, 
and  e,  it  must  be  a  +  &  +  c. 

There  may  be  a  numerical  factor. 

Let  m  be  a  numerical  factor  of  the  given  expression.  Then, 
a*(h  -  c)  +  6>(c  -  a)  +  c»(a  -  6)  =  m(a  -       -  c)(c  -  a)(a  +  6  +  c). 
To  find  m,  put  a  =  0,  6  =  1,  c  =  2. 

Then,  m  =  -  1. 

Hence,     the  given  expression  =  —  (a  —  6)  (6  —  c)  (c  —  a)  (a  +  6  +  c). 

(3)  Prove  that  a*  +  +  S{a b)  (b  -\- e)  (c  -\-  a)  is 

exactly  divisible  by  a  +  &  +    and  find  all  the  factors. 

Let  a  4-  &  +  c  =  0,  or  a  =  —  (&  +  c),  and  substitute  this  value  of  a. 
Then  the  given  expression  becomes  —  (6  +  c)"  +    +    +  3  6c  (jb  +  c) 
or  -  (6  +  c)«  +  (6  +  c)",  or  0. 
Hence,  a  +  &  +  c  is  a  factor. 

If  we  put  a  =  0,  the  expression  does  not  vanish.  Hence,  a  is  not  a 
factor,  and  by  symmetry  h  and  e  are  not  factors. 

Since  a  +  6  +  c,  the  factor  already  obtained,  is  of  one  dimension,  the 
other  factor  must  be  of  tmo  dimensions,  and  since  it  must  be  symmetrical 
with  respect  to  a,  &,  and  c,  it  must  be  of  the  form 

m(a«  +  6»  +  c«)  +  n(ab  +  6c  +  co), 
in  which  m  and  n  are  independent  of  each  other,  and  of  a,  6,  and  c 
To  determine  the  values  of  m  and  n,  put  c  =  0  in  the  equation 
a«  +  6>  +  C  +  8(a  +  6)  (6  +  c)  (c  +  a) 

=  (a  +  6  +  c)  [m  (a«  4-  6»  4-  c«)  +  n(ab  +  6c  +  ca)]. 
Then,    a«  +  6«  +  3a6(a  +  6)  =  (a  4-  6)  [i?i(a«  4-  6»)  4-  na6]. 
But       o«  4-  6»  4-  3a6(a  4-  6)  =  (a  4-  6)». 
Therefore,  (a  4-  6)«  =  (a  4-  6)  [m  (a«  4-  62)  4-  na6]. 

Therefore,  (a  4-  6)a  =  m  (a»  4-  62)  4-  na6. 

That  is,         (a»  4-  6«)  4-  2a6  =  m(a«  4-  6^)  4-  na6. 
Now,  this  equation  is  true  for  aU  values  of  a  and  6. 
Therefore,  m  =  1,  and  n  =  2. 

.-.  a»  4-  6»  4-  C  4-  3(a  4-  6)  (6  4-  c)  (c  4-  a) 

=  (a  +  6  4-  c)  [a«  4-  6»  4-  c«  4-  2(a6  4-  6c  4-  ca)] 
=  (a  4-  6  4-  c)  (a  4-  6  4-  c)« 
=  (a  4-  6  4-  c)» 
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(4)  Show  that  aj^  -f  1  is  a  factor  of      -h  2 x*"  -f  3fic"  +  2. 

Let  flc"  +  1  =  0,  or  a»  =  —  1,  and  substitute. 

Then,  x*"  +  2x»»  +  3x"  +  2=  -l+2-3  +  2  =  0. 

Therefore,  x"  +  1  is  a  factor  of  the  given  expression. 

(6)  Show  that  a«  +  ^'  is  a  factor  of  2  a*  +      +  2  a«*»  +  a** 

Let  a>  +  ft^  =  0,  or  a>  =  -  b^,  and  substitute. 

Then,  2a*  +  a«6  +  2o«6«  +  a6»  =  2&*  -  a6»  -  2&*  +  a6»  =  0. 

Therefore,  a*  +  ^  ib  a  factor  of  the  given  expression. 

EzerolM  9 

Resolve  into  factors : 

1.  (aJ +y  +  «)»-(a;»  +  y'-h«'). 

2.  he (h  —  e)  —  ca{a  —  c)  —  ab Q>  —  a). 
8.  (a«  -       +      -  cy  +  (c*  -  ay. 

4.  a(y  +  «)*  +  y(«  +  «)'  +  «(a;  +  y)*--4ficy«. 

5.  (a  +  +  0*  +  - 

6.  a(5  -  <?)•  +  *  ((J  -  a)»  +  (5(a  -  h)\ 

7.  (a  -f  6  +  c)  (od  +     +  ca)  —  ahc, 

8.  a»(c  -  5*)  +  ^'(a  -  c^)  +       ~  a«)  +  ahc{abo  -  1). 

9.  a«(*-hc)+ft'(c  +  a)+c«(a  +  ft)-f  2a*c. 

10.  ay  +  ficy  +  x^z^  +       -h  y*^*  +  y V  +  2  xVV. 

11.  (a-5)»  +  (ft-c)*-h(c-a/. 

12.  a^(a  +    +       +    -h        +  a)  +  (a«  +  ^«  -f 

13.  a*  (c  -      +    (a  -  c»)  -h    (ft  -  a»)  -h  aftc  (a*ft«c*  -  1). 

14.  a;*(y"  -  «*)  +         -      -h         -  y*). 

15.  a:*  +  y*  +  «*-2a;y-2yV-2«V. 

16.  (a  +  ft)»+(ft  +  c)«  +  (c  +  a)» 

+  3(a  +  25  +  c)  (ft  +  2(J  +  a)  (c  +  2a  +  ft). 

17.  a*(ft  -  c)  +  ft*(o  -  a)  -h  o*(a  -  ft). 

18.  Show  that  a*  +  a^ft*  —  aft^  —  ft*  has  a«  —  ft  for  a  factor. 
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FRACTIONS 

106.  An  algebraic  expression  is  integral  when  it  consists  of 
a  number  of  terms  connected  by  4-  and  —  signs,  and  each  term 
is  the  product  of  a  coefficient  into  positive  integral  powers  of 
the  letters  involved. 

In  an  integral  algebraic  expression  the  coefficients  may  be 
fractional. 

Thus,  X*  —  I  ox'  +  }  a  is  an  integral  algebraic  expression. 

107.  An  algebraic  fraction  is  the  indicated  quotient  of  two 

algebraic  expressions,  and  is  generally  written  in  the  form  ^- 

The  dividend,  a,  is  called  the  numerator ;  the  divisor,  b,  the 
denominator. 

The  numerator  and  denominator  are  called  the  terms  of  the 
fraction. 

108.  Since  the  quotient  is  ulichanged  if  the  dividend  and 
divisor  are  both  multiplied  (or  divided)  by  the  same  factor, 
the  value  of  a  fraction  is  unchanged  if  the  niunerator  and 
denominator  are  multiplied  (or  divided)  by  the  same  factor. 

109.  To  reduce  a  fraction  to  lower  terms, 

Divide  the  numerator  and  the  denominator  by  any  common 
factor, 

A  fraction  is  expressed  in  its  lowest  terms  when  both  numer- 
ator and  denominator  are  divided  by  their  H.C.F. 

6     —  6  a;  —  6 


(1)  Reduce  to  lowest  terms 


By583D42  gg'-5x-6  ^  (2a  -  3)  (3x -f  2)  ^  8z  +  2 
•8a!^-2x-15     (2x-3)(4x  +  6)    4x  +  6' 
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(2)  Reduce  to  lowest  terms    ^  , — 5-; — ,  ,   

^  ^  3  a*  —  14  a"  +  16  a 

Since  no  common  factor  can  be  determined  by  inspection,  it  is  neces- 
sary to  find  the  H.C.F.  of  the  numerator  and  denominator  by  the  method 
of  division. 

We  find  the  H.C.F.  to  be  o  -  2. 

Now,  if  as-'^a>+16a-12  is  dividM  by  a~2,  the  lesolt  is  a«-6a+6 ; 
Mid  if  3as  -  Uofi  +  16a  is  dirided  by  a  -  2,  the  result  is  So^  -  8a. 

g*  -  7a«  +  16a  -  12  _  a«  -  6a  +  6 
3a«-14a2  4-16g  "  3g«-8g 

110.  Mixed  ExprMsions.  If  the  degree  of  the  numerator 
of  a  fraction  equals  or  exceeds  that  of  the  denominator^  the 
fraction  may  be  changed  to  the  form  of  an  integral  or  a  mixed 
expression  by  dividing  the  numerator  by  the  denominator. 

The  quotient  is  the  integral  expression;  the  remainder  (if 

any)  is  the  numerator,  and  the  divisor  the  denominator,  of  the 

fractional  expression. 

To  reduce  a  mixed  expression  to  a  fractional  form, 

Multiply  the  integral  expression  by  the  denominator,  to  the 

product  add  the  numerator^  and  under  the  result  urrite  the 

denominator. 

The  dividing  line  has  the  force  of  a  vinculum  or  parenthesis 
affecting  the  numerator;  therefore,  if  a  minus  sign  precedes 
the  dividing  line,  and  this  line  is  removed,  the  sign  of  every 
term  of  the  numerator  must  be  changed, 

^  g  —  6    cn  —  (g  —  6)    on  —  a  +  b 

Thus,  n  =   =  — 

'  c  c  c 

111.  To  reduce  fractions  to  equivalent  fractions  hsLfing  the 
lowest  common  denominator, 

Find  the  L,  CM,  of  the  denominators. 
Divide  the  L,  CM.  by  the  denominator  of  each  fraetion. 
Multiply  the  first  numerator  by  the  first  quotient,  the  second 
numerator  by  the  second  quotient,  and  so  on. 
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His  products  are  the  numerators  of  the  equivalent  fractions. 
The  L.C.M.  of  the  given  denominators  is  the  denominator  of 
each  of  the  equivalent  fractions, 

^      8x2v6  9  ax    8a*v     10  .  , 

Thus,  r:T»  are  equal  to  reepecUvely. 

4a^  3a  6o«  12a«   12a^  12a^ 

* 

The  multipliers  3  a,  4a^  and  2  are  obtained  by  dividing  12  a*,  the 
L.C.M.  of  the  denominators,  by  the  respective  denominators  of  the  given 
fractions. 

112.  To  add  fnctions, 

Eeduee  the  fractions  to  equivalent  fractions  having  the  lowest 
common  denominator. 

Add  the  numerators  of  the  equivalent  fractions. 
Write  the  result  over  the  lowest  common  denominator. 

To  subtract  one  fraction  from  another  we  proceed  as  in 
addition,  except  that  we  subtract  the  numerator  of  the  subtra- 
hend from  that  of  the  minuend. 

(1)  Simplify—^.  3  

The  L.C.D.  is  84. 

The  multipliers  are  12,  28,  and  7  respectively. 

36  a  —  48  6         =  1st  numerator, 
-  66a  +  286  -  28c  =  2d  numerator, 

91a  —28c  =  3d  numerator. 

71a  —  20&  —  66c:=  sum  of  numerators. 

3a-46    2a-6  +  c    13a  -  4c  _  71a  -  206  -  66c 
■'7  3  12      "  84 

Since  the  minus  sign  precedes  the  second  fraction,  the  signs  of  all 
the  terms  of  the  numerator  of  this  fraction  are  changed  after  being 
multiplied  by  28. 

(2)  Simplify  +  + 
The  L.C.D.  is  (x  +  y)  (x  -  y)  (x^  + 
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The  mnltiplieTB  are 
respectiyely. 

«V  +  y*  =  Ist  nmnerator, 

-  at*  +  2jB«y  -  2x^*  +  2 acy*  -  y*  =  2d  numerator, 
22^  -2a^       =  ad  numerator, 

ag*  —  y*  =  4th  numerator. 

4«"y—  —    =  sum  of  numerators. 

sum  of  fractions  = 

113.  Since  t  =     and  — —  =  a,  it  is  evident  that  if  the 
0  —  0 

signs  of  both  numerator  and  denominator  are  changed,  the 

value  of  the  fraction  is  not  altered. 

Since  changing  the  sign  before  the  fraction  is  equivalent 
to  changing  the  sign  before  every  term  of  the  numerator  or 
denominator,  therefore  the  sign  before  every  term  of  the 
cUoT  or  denominator  may  he  changed,  provided  the  sign  before 
the  fraction  is  changed. 

Since,  also,  the  product  of  +  «  multiplied  by  -f  *  is  a^,  and 
the  product  of  —  a  multiplied  by  —  ft  is  o^,  the  signs  of  two 
factors,  or  of  any  even  number  of  fa/stors,  of  the  numerator  or 
denominator  of  a  fraction  may  be  changed  without  altering 
the  value  of  the  fraction. 

By  the  application  of  these  principles,  fractions  may  often 
be  changed  to  a  form  more  convenient  for  addition  or  sub- 
traction. 

Change  the  signs  before  the  terms  of  the  denominator  of  the  third 

fraction,  and  change  the  sign  before  the  fraction. 

2        3         2  X  —  3 

The  result  is  >  in  which  the  several  denomlna* 

«  •  2x-l  4x«-l 

tors  are  written  in  similar  form. 
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The  L.C.D.  is  x(2z  -  1)  (2z  +  1). 

82*        ^  2  =  1st  nnmmftor, 

—  6x*  —  3z      =2d  numentor, 

—  2x*  +  8g      =  3d  niuneralor. 

—  2  =  sum  of  namermtozB. 

-2 


.  sum  of  the  fractiona  = 


z(2x-l)(2x  +  l) 


114.  Moltiplication  of  Fractions.    Let  it  be  required  to  find 

a      .  c 

the  product  of  the  two  fractions  ^  and  3- 

o  a 

If  we  multiply  the  dividend  a  by  c,  we  multiply  the  quotient 
^  by  c;  if  we  multiply  the  divisor  b  by  d,  we  divide  the 
quotient  ^  by  d.    Hence,  the  product  of  ^  and  ^  is 

Therefore,  to  find  the  product  of  two  fractions, 

Find  the  product  of  the  numerators  for  the  numerator  of  the 
product,  and  tlie  product  of  the  denominators  for  the  denonUr 
nator  of  the  product, 

115.  Division  of  Ftactions.  Multiplying  by  the  reciprocal  of 
a  number  is  equivalent  to  dividing  by  the  number. 

The  reciprocal  of  a  fraction  is  the  fraction  with  its  terms 
interchanged.    Therefore,  to  divide  by  a  fivction, 

Interchange  the  terms  of  the  fraction  and  multiply  by  the 
resulting  fraction. 

If  the  divisor  is  an  integral  expression,  it  may  be  changed 
to  the  fractional  form. 

116.  A  complex  fraction  is  a  fraction  which  has  a  fraction  in 
the  numerator,  or  in  the  denominator,  or  in  both  terms. 

To  simplify  a  complex  fraction, 

Divide  the  numerator  by  the  denominator. 

Or  we  may  multiply  both  terms  of  the  fraction  by  the  L.C.D. 
of  the  fractions  contained  in  the  numerator  and  denominator. 
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BxaroiM  10 

Reduce  to  lowest  terms : 

42tt«-30a^  6  aV-2a^-f  18  g'-6a* 

Simplify  : 

3g--2y     4y4- 2g  22y-9ag 
3  5  16  ' 

^  1      2a  +  3      1  3a-2^ 

3a     26       6a*    ■^2a;«"^  6a6 

3     .      4a  5a« 
8.   -f 


05  —  a     (x  —  a)*     (a;  —  a)* 

a  +  6       ^        6  +  c  a  —  c 


10. 


(6  —  c)  (c  —  a)     (c  —  a)(a--  b)     (a  —  6)  (6  —  c) 
1.1.1 


a(a  — 6)(a  — c)     6(6  — c)(6  — a)  — a)(c  — 6) 

16g'-17a;  +  12     27a;'  +  18a;-24  25a;«-25x  +  6 

12aj*-26aj  +  12"^  12a;«  +  7x-12  20a;*-.23a;  +  6' 

2aV     5a*6*     15  6  V  25a*x 


36«      4cV     4a»x  18a6V 

13.  f5;zj^-H4±i^Vf^^-^-^^^^ 
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6a«-a-2      Sa'-lOa-f  3     12  a*  4-17  a  4- 6 
8a«-2a-3^  12a«  +  a-6  ^  6a«-fa-2 


17.  — ii±y.  19. 


+ 


X  +  ff       X  a  +  b     a  —  b 

14-x     l  +  it*  64  o*  -  96      + 36  aa^ 

i+x*   48a*-27x*  


21. 


22. 


!  +  «•     l+a;«  8  a* -72  ax  +  162  se' 

—  x*y  +  x*y*  —  x*!^  +  xy*  —     _  a;*  — 2ay  +  y* 


28. 


2(,i-x)  (1-xy 

1+x  ^(l+x)«^^ 
l  —  x  \l—x/ 

\X'{-aJ  \x^aj 

(^\\0Lk±)\2 
\x  +  aj      \x  —  aj 


24.      2     ^     2     ^     2     ^  (x-yy+(y-zr  +  (z~x)* 
x  —  y    y  —  z     z  —  x  —  y)  (y  —        ~  35) 

g  +  1      g-1       l--3g  g  1 

2«-l    2*4-1    a:(l-2x)  a;(4a;«-l)"^a;(16«*-l)' 

^       ^    ,     y  5_ 


26. 


96.   J  J  


(a-y)(a-a;)«  (a-a:)(a-y)« 


CHAPTER  VI 


8IMPLS  EQUATIONS 

117.  Two  different  expressions  that  involve  the  same  sym- 
bols will  generally  have  different  values  for  different  assumed 
values  of  the  several  symbols ;  for  certain  values  of  the  symbols 
involved  the  two  expressions  may  have  the  same  value. 

118.  An  equation  is  a  statement  that  two  expressions  have 
the  same  value;  that  is,  a  statement  that  two  expressions 
represent  the  same  number. 

Every  equation  consists  of  two  expressions  connected  by 
the  sign  of  equality ;  the  two  expressions  are  called  the  sidea 
or  members  of  the  equation. 

An  equation  will,  in  general,  not  hold  true  for  all  values  of 
the  symbols  involved ;  it  will  hold  true  for  only  those  values 
that  give  to  the  two  members  the  sajne  value. 

Thus,  the  equation 

4x«  -  3x  +  6  =  8aJ«  +  4x  -  6 

holds  trae  when  for  x  we  put  2,  since  each  member  then  has  the  Tslue 
16 ;  also  when  for  x  we  put  5,  since  each  member  then  has  the  value  00. 
If  we  give  to  x  any  other  value,  the  two  members  will  be  found  to  have 
different  values,  and  the  equation  will  not  hold  true. 

119.  An  equation  of  condition  is  an  equation  that  holds  true 
for  only  certain  particular  values  of  the  symbols  involved. 

An  identical  equation,  or  an  identity,  is  an  equation  that 
holds  true  for  all  values  of  the  symbols  involved. 

The  two  members  of  an  identical  equation  are  identical 
ezpTMsions. 

In  identical  equations  it  is  customary  to  use  the  sign 
called  the  sign  of  identity,  instead  of  the  sign  of  equality. 
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Thus,  the  two  expresaions  (x  +  y)^  and  x>  +  2  +  haye  the  same 
value  for  all  values  of  z  and     and  we  accordingly  write  the  identity, 

(x  +  y)«  =  x«  +  2xy + 

This  is  read    (x  +  y)^  is  identioaUy  equal  to  x*  +  2xy  +  y* ; 
or  (x  +  y)2  is  identical  with  x*  +  2xy  +  y«. 

Wherever  the  term  equation  is  used,  it  is  to  be  understood 
that  an  equation  of  condition  is  meant,  unless  the  contrary  is 
expressly  stated. 

In  any  particular  problem  we  have  two  kinds  of  numbers. 

1.  Niunbers  that  are  either  given,  or  supposed  to  be  given, 
in  the  problem  under  consideration.  Such  numbers  are  called 
known  numbers;  if  given,  they  are  generally  represented  by 
figures ;  if  only  supposed  to  be  given,  by  the  first  letters  of 
the  alphabet. 

2.  Numbers  that  are  not  given  in  the  problem  under 
consideration,  but  are  to  be  found  from  certain  given  relar 
tions  to  the  given  numbers.  Such  numbers  are  called  unknown 
numbers,  and  are  generally  represented  by  the  last  letters  of 
the  alphabet. 

The  relations  between  the  known  and  unknown  numbers 
are  generally  expressed  by  means  of  equations. 

120.  Simultaneous  equations  are  equations  in  which  the  cor«- 
responding  unknowns  have  the  same  values. 

In  order  to  find  all  the  unknown  numbers  in  a  system  of 
simultaneous  equations,  we  must  have  as  many  equations  as 
there  are  unknown  numbers. 

12L  To  solve  an  equation,  or  a  system  of  simultaneous 
equations,  is  to  find  the  xmknown  numbers  involved. 

122.  The  degree  of  an  equation  is  the  sum  of  the  exponents 
,  of  the  several  unknown  numbers  in  that  term  in  which  the 
sum  of  the  exponents  is  greatest. 

If  the  equation  involves  but  one  \mknown  number,  the 
degree  is  the  same  as  the  exponent  of  the  highest  power  of 
the  unknown  number  involved  in  the  equation. 
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EquatioDB  of  the  firBt;  second,  third,  and  fourth  degrees  are 
called  respectiyelj  simple  eqtuUions,  qtiadratio  eqwUiona,  ottbie 
eqtuUionSy  and  biqtuzdratic  equcUions, 

123.  Literal  egnations  are  equations  in  which  some  or  all  of 
the  given  numbers  are  represented  by  letters. 

124.  An  equation  that  involves  but  one  unknown  number, 
represented  for  example  by  x,  will  hold  true  for  those  values 
of  X  which  give  to  the  two  members  the  same  value  (§  118), 
and  for  no  other  values  of  x.  The  values  of  x  for  which  the 
equation  holds  true  are  called  the  roots  of  the  equation. 

Thus,  the  roots  of  the  equation  iz^  *  Sx  +  5  =  Sx^  +  4x  —  5  are  2 
and  6. 

To  solve  an  equation  that  involves  one  unknown  number  is, 
therefore,  to  find  the  roots  of  the  equation. 

125.  The  various  methods  of  solving  equations  are  based 
mainly  upon  the  following  general  pnnciple  : 

If  similar  operations  are  performed  upon  equal  numbers,  the 
results  are  equal  numbers. 

Thus,  the  two  members  of  a  given  equation  are  equal  numbers.  If 
the  two  members  are  increased  by,  diminished  by,  multiplied  by,  or 
divided  by  equal  numbers,  the  results  are  equal  numbers.  Similarly,  if 
the  two  members  are  raised  to  like  powers,  or  if  like  roots  of  the  two 
members  are  taken,  the  results  are  equal  numbers. 

126.  Any  term  may  he  transposed  from  one  side  of  an  equa- 
tion  to  the  other,  provided  its  sign  is  changed. 

Suppose   X  +  a  =  b.  Suppose   x  —  a  =  b. 

Now,  a  =  a.  Now,  a  =  a. 

Subtract,  x       =  ^  —  a.       Add,       x       ^a  +  b. 

To  transpose  a  negative  number  we  add  that  number  to  both 
sides  of  the  equation ;  to  transpose  a  positive  number  we  sub- 
tract that  number  from  both  sides. 

127.  The  signs  of  all  the  terms  on  each  side  of  an  equation 
may  be  ohanged ;  for  this  is  in  effect  transposing  every  term. 
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128.  To  aolye  a  simple  egnation  with  one  unknown  number. 

Transpose  all  the  terms  involving  the  unknovm  number  to 
the  left  side,  and  all  the  other  terms  to  the  right  side :  combine 
the  like  terms,  and  divide  both  sides  by  the  coefficient  of  the 
unknown  number. 

To  verify  the  reeulti  substitute  the  value  of  the  unknown 
number  in  the  original  equation. 

Solve  (»-2)(»  +  4)  =  (aj  +  l)(aj  +  2). 


Bxpand,  +  22  -  8  =  sc'  +  Sx  +  2, 

or  2x-8  =  dx  +  2. 

Tranipoie,  2x-Sx=r2  +  8. 

Combine,  —  x  =  10. 

X  =  -  10. 


189.  To  clear  an  equation  of  fractions, 

Multiply  ea^h  term  by  the  L.  CM.  of  the  denominators. 

If  a  fraction  is  preceded  by  a  minus  sign,  the  sign  of  every 
term  of  the  numerator  must  be  changed  when  the  denominator 
is  removed. 

(1)  Solve  |-^  =  *-9. 

Multiply  by  33,  the  L.C.M.  of  the  denominaton. 
Then,  llx-3x  +  3  =  33x  -  297. 

TranspoBe  and  combine,    —  26  x  =  -  SCO. 

/.  X  =  12. 

Since  the  minus  sign  precedes  the  second  fraction,  in  remoYing  the 
denominator,  the  +  (onderstood)  before  x,  the  first  term  of  the  numerator, 
is  changed  to  — ;  and  the  —  before  1,  the  second  term  of  the  numerator, 
is  changed  to  +. 

If  the  denominators  contain  both  simple  and  compound 
expressions,  it  is  generally  best  to  remove  the  simple  expres- 
sions first,  and  then  each  compoimd  expression  in  turn. 
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(2)  Solve  +   —. 

Multiply  by  14,   8x  +  6  +  ^5|^^ — ^  =  8x  +  12. 

Transpoee  and  combine,  ^  ^  =  7. 

Multiply  by  3x  +  1,  49x  -  21  =  21  x  +  7. 

Transpose  and  combine,  28  x  =  28. 

.-.  X  =  1. 


Bzeroiao  U 

Solve : 

1.  8(10-a;)=5(a;  +  3). 

2.  2x-3(2x-3)=l-4(a;-2). 

3.  (a:-6)(a;-h6)  =  (a;-l)(x-2). 

4.  (2a;  +  3)(3a:-2)  =  x«  +  x(5x-f  3). 
6.  (x-3)(x-h5)  =  (x-f  l)(2x-3)-x«. 

6.  (x  +  4)(x  -  2)  =  (x  +  3)(3x  -h  4)  -(2x  +        -  6). 

7.  (x-3)(2x-f  5)=x(x  +  4)  +  (x  +  l)(x  +  3). 

8.  (x  +  2)»-h3x=(x-2)«-h6(16-x). 

9.  (x-3)«-h(a;-4)«  =  (x-2)«  +  (x  +  3)* 

3x_x_26  5x-6  3x^x-9 

5      6  ""15'  5         4  "    10  * 

x-2      6                 _    12-3x     3x-ll  . 
11.  ;i  =  =  T7:-  16.   i  s  =1. 


3x-6     19  4  3 

3x-5  ^2  '4x  +  17  3x-l( 

2x4-10     3'  x  +  3  x-4 


3(5x^3)^6  0,-3  20^-1^. 

•  2(4x4-3)     5  2x  +  1^4x-3 
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18. 


4g  +  3     3a;-4^  7 
3a;  +  4     4x-3  12* 


20.   — r-  H  =  5. 

a  +  1  a 

ax  —  b  bx'-k-o 

21.  =  cUh;. 

c  a 


22. 


24. 


3(x  +  6)  2(x4-o)  6 
x-2a  13a«-2x* 


a;  -f  3  a  -  9  a* 


3. 


a  ^  X  ^  a(x  —  a)     a;  (x  4-  fl)  _ 

a;     a     a;  (x  -f-  a)     a  (x  —  a)     a*  —  x* 


130.  Problems.  In  the  statement  of  problems  it  is  to  be 
remembered  that  the  unit  of  the  quantity  sought  is  always 
given^  and  it  is  only  the  number  of  such  units  that  is  to  be 
found.  We  have  nothing  to  do  with  the  quantities  them- 
selves ;  it  is  only  numbers  with  which  we  have  to  deal. 

Thus,  z  moBt  never  be  put  for  a  distancei  time,  weight,  etc.,  but  for  a 
number  of  miles,  days,  pounds,  etc. 

(1)  A  and  B  had  equal  sums  of  money ;  B  gave  A  $5,  and 
then  3  times  A's  money  was  equal  to  11  times  B's  money. 
What  had  each  at  first  ? 

Let  X  =  the  number  of  dollars  each  had. 

Then  x  +  b  =  the  number  of  dollars  A  had  after  receiving  f6, 
and  z  —  6  =  the  number  of  dollars  6  had  after  giving  A  f5. 

.•.8(x  +  6)  =  ll(x-5), 
3x  +  15  =  llx-55, 
-8x  =  -70, 
x  =  8J. 

Therefore,  each  had  at  first  $8.76. 
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(2)  A  can  do  a  piece  of  work  in  5  days,  and  B  can  do  it 
in  4  days.  How  long  will  it  take  A  and  B  to  do  the  work 
together  ? 

Jjet  X  =  the  number  of  days  it  will  take  A  and  B  together. 

Then  -  =  the  part  they  can  do  together  in  one  day. 

Now,  i  =  the  part  A  can  do  in  one  day, 

and  \  =  the  part  B  can  do  in  one  day. 

.'.  i  +  ^  =  the  part  A  and  B  can  do  together  in  one  day. 

4z  +  6x  =  20, 
9x  =  20, 
x  =  2|. 

Therefore,  they  can  do  the  work  together  in  2}  daya 


Bzorciae  12 

1.  The  difference  between  two  numbers  is  3;  and  three 
times  the  greater  number  exceeds  twice  the  less  by  18.  Find 
the  numbers. 

2.  If  a  certain  number  is  increased  by  16,  the  result  is 
seven-thirds  of  the  number.    Find  the  given  number. 

3.  A  boy  was  asked  how  many  marbles  he  had.  He 
replied,  "  If  you  take  away  8  from  twice  the  number  I  have, 
and  divide  the  remainder  by  3,  the  result  is  just  one-half  the 
number.^'    How  many  marbles  had  he  ? 

4.  The  sum  of  the  denominator  and  twice  the  numerator  of 
a  certain  fraction  is  26.  If  3  is  added  to  both  numerator  and 
denominator,  the  resulting  fraction  is  f .    Find  the  fraction. 

6.  A  courier  sent  away  with  a  despatch  travels  uniformly 
at  the  rate  of  12  miles  per  hour ;  2  hours  after  his  departure 
a  second  courier  starts  to  overtake  the  first,  traveling 
uniformly  at  the  rate  of  13^  miles  per  hour.  In  how  many 
hours  will  the  second  courier  overtake  the  first? 
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6.  Solve  Example  5  when  the  respective  rates  of  the  first 
and  seocRid  couriers  are  a  and  b  miles  per  hour,  and  the  inter- 
val between  their  departures  is  e  hours. 

7.  A  certain  railroad  train  travels  at  a  uniform  rate.  If 
the  rate  were  6  miles  per  hour  faster,  the  distance  traveled  in 
8  hours  would  exceed  by  50  miles  the  distance  traveled  in 
11  hours  at  a  rate  7  miles  per  hour  less  than  the  actual  rate. 
Find  the  actual  rate  of  the  train. 

8.  A  can  do  a  piece  of  work  in  10  days ;  A  and  B  together 
can  do  it  in  7  days.  In  how  many  days  can  B  do  it  alone  ? 

9.  A  can  do  a  piece  of  work  in  a  days ;  A  and  B  together 
can  do  it  in  6  days.   In  how  many  days  can  B  do  it  alone  ? 

10.  If  A  can  do  a  piece  of  work  in  2  m  days,  B  and  A 
together  in  n  days,  and  A  and  C  in  m  -h  g  days,  how  long  will 
it  take  them  to  do  the  work  together  ? 

11.  A  boatman  moves  5  miles  in  f  of  an  hour,  rowing  with 
the  tide ;  to  return  it  takes  him  1^  hours,  rowing  against  a  tide 
one-half  as  strong.   What  is  the  velocity  of  the  stronger  tide  ? 

12.  A  boatman,  rowing  with  the  tide,  moves  a  miles  in 
b  hours.  Returning,  it  takes  him  c  hours  to  accomplish  the 
same  distance,  rowing  against  a  tide  m  times  as  strong  as  the 
first    What  is  the  velocity  of  the  stronger  tide  ? 

13.  If  A,  who  is  traveling,  makes  ^  of  a  mile  more  per 
hour,  he  will  be  on  the  road  only  |  of  the  time ;  but  if  he 
makes  ^  of  a  mile  less  per  hour,  he  will  be  on  the  road  2^^ 
hours  more.    Find  the  distance  and  the  rate. 

14.  The  circumference  of  a  fore  wheel  of  a  carriage  is 
a  feet ;  that  of  a  hind  wheel,  b  feet.  What  distance  will 
the  carriage  have  passed  over  when  a  fore  wheel  has  made 
n  more  revolutions  than  a  hind  wheel  ? 

16.  A  is  72  years  old,  and  B  is  two-thirds  as  old  as  A. 
How  many  years  ago  was  A  five  times  as  old  as  B  ? 
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16.  If  three  pipes  can  fill  a  cistern  in  a,  b,  and  e  minutes 
respectively/ in  how  many  minutes  will  the  cistern  be  filled 
by  the  three  pipes  together  ? 

17.  Find  the  time  between  2  and  3  o'clock  when  the  hands 
of  a  clock  are  together. 

18.  Find  the  time  between  3  and  4  o'clock  when  the  hands 
of  a  clock  make  a  right  angle. 

19.  A  merchant  maintained  himself  for  three  years  at  an 
expense  of  $1500  a  year,  and  each  year  increased  that  part 
of  his  stock  that  was  not  so  expended  by  one-third  of  it  At 
the  end  of  the  third  year  his  original  stock  was  doubled. 
What  was  his  original  stock  ? 

20.  When  a  body  of  troops  was  formed  into  a  solid  square 
there  were  60  men  over ;  but  when  formed  in  a  column  with 
5  men  more  in  front  than  before  and  3  men  less  in  depth, 
1  man  more  was  needed  to  complete  the  column.  Find  the 
number  of  troops. 

21.  A  man  engaged  to  work  a  days  on  these  conditions : 
for  each  day  he  worked  he  was  to  receive  b  cents,  and  for 
each  day  he  was  idle  he  was  to  forfeit  c  cents.  At  the  end 
of  a  days  he  received  d  cents.    How  many  days  was  he  idle  ? 

22.  A  banker  has  two  kinds  of  coins.  It  takes  a  pieces  of  the 
first  kind  to  make  a  dollar,  and  b  pieces  of  the  second  to  make 
a  dollar.  A  person  wishes  to  obtain  c  pieces  for  a  dollar. 
How  many  pieces  of  each  kind  must  the  banker  give  him  ? 

23.  A  wine  merchant  has  two  kinds  of  wine  which  cost  him, 
one  a  dollars,  and  the  other  b  dollars,  per  gallon.  He  wishes 
to  make  a  mixture  of  I  gallons,  which  shall  cost  him  on  the 
average  m  dollars  a  gallon.  How  many  gallons  must  he  take 
of  each? 

Discuss  the  question  (i)  when  a  =  6 ;  (ii)  when  a  or  b  =  m; 
(iii)  when  a  =  6  =  m ;  (iv)  when  a>b  and  <  m  ;  (v)  when 
a>  b  and  b>in. 
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131.  Equations  that  express  different  relations  between  the 
unknown  numbers  are  called  independent  equations. 

Thus,  X  +  y  =  10  and  z  —  y  =  2  are  independent  equations ;  they 
express-  different  relations  between  x  and  y.  But  x  +  y  =  10  and 
3x  +  3y  =  30  are  not  independent  equations ;  both  express  the  same 
relation  between  the  unknown  numbers. 

132.  An  equation  is  said  to  be  satisfied  by  a  number,  if  we 
can  substitute  that  number  for  one  of  the  unknowns  in  the 
equation  without  destroying  the  equality. 

133.  Simultaneous  equations  are  solved  by  combining  the 
equations  so  as  to  obtain  a  single  equation  with  one  unknown 
number ;  this  process  is  called  elimination. 

There  are  three  methods  of  elimination  in  general  use : 


I.  By  Addition  or  Subtraction. 
II.  By  Substitution. 
III.  By  Comparison. 


We  shall  give  one  example  of  each  method. 


(1)  Solve 


[1] 
[2] 


Multiply  [1]  by  2,  4  x  -  6  y  =  8 

Multiply  [2]  by  3,  9x  +  6y=  96 

Add  [3]  and  [4],  13  x  =104 


[3] 
[4] 


.-.  X  =  8. 

Substitute  the  value  of  x  in  [2],  24  +  2  y  =  82. 

y  =  4. 

In  this  solution  y  is  eliminated  by  addition. 
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(2)  Solve  f-^'^'^V 

^  ^  3x  +  7y  =  7 }  [2] 

Transpose  3 y  in  [1],  2x  =  8  — 3]/. 

Divide  by  coeflacient  of  x,  x  =  [3] 

Substitute  the  value  of  z  in  [2], 

2 

24  -9y  +  14y  =  14. 

5y  =  -10. 
.•.y  =  -2. 
Substitute  the  value  of  y  in  [3],  .*.  x  =  7. 
In  this  solution  y  is  eliminated  by  9iU>stilution. 


(3)  Solve  ^        .  ^  ^> 


2a:~9y  =  ll\  [1] 

[2] 


TransposeOy  m  [1],  2x  =  ll4-9y.  [3] 

Transpose  4 1/ in  [2],  3«  =  7  +  4y.  [4] 

Divide  [3]  by 2,  ^^11  +9y  ^.^^ 

2 

Divide  [4]  by  3,  x  =  l±iJ? .  [6] 

3 

Equate  the  values  of  x,       lill^  =  TjMy  j..^, 

^  2  3  *■ 

Beduce  [7],  33  4-  27y  =  14  +  8y. 

19y=-19. 

.•.y  =  -l. 
Substitute  the  value  of  y  in  [6],     x  =  1. 

In  this  solution  x  is  eliminated  by  comparison. 

Each  equation  must  be  simplified,  if  necessary,  before  the 
elimination  is  performed. 
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(X  -  l)(y  +  2)  =  (a!  -  3)(y  -  1)  +  8 
(4)  Solve    2x-l  _  3(y-2)  _ 
6  4  ~^ 


[1] 
[2] 


Simplify  [1],  xy  +  2«--y-2  =  xy--x-8y  +  3  +  8. 

Tnuispoae  and  combine,  3  x  +  2  y  =  13.  [3] 

Simplify  [2],  8x  -  4  -  15y  +  30  =  20. 

Transpofle  and  combine,  8x  — 16y=— 6.  [4] 
MulUply  [3]  by  8,  24  x  -f  16  y  =  104.  [5] 

Multiply  [4]  by  3,  24  x  -  46  y  =  -  18.  [6] 

Subtnust  [6]  from  [6],  61  y  =  122. 

.•.y  =  2. 

SabsUtate  the  value  of  y  in  [3],  3x  +  4  =  13. 

.-.  X  =  3. 

Fractional  simultaneous  equations,  with  denominators  which 
are  simple  expressions  containing  the  unknown  numbers,  may 
be  solved  as  follows : 


(6)  Solve 

MulUply  [2]  by  4, 
Add  [1]  and  [3], 
Divide  by  19, 


3a  6y 


_7_ 

ex 


1 


10  y 

3x  6]/' 
19 

3x  ' 

J_ 

.-.  Z  : 


Substitute  the  value  of  x  in  [1], 


6  +  —  : 
6y 


Transpoee, 

Divide  by  2, 


6y 


=  3 

=  12. 

=  19. 

=  1. 
=  i. 

=  7. 
=  2. 
=  1. 


[1] 
[2] 
[3] 
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134.  Literal  Simultaneous  Equations.  The  method  of  solv- 
ing literal  simultaneous  equations  is  as  follows : 

Solve  «x  +  *y  =  ml  [1] 


-I-      =  m  1 


cx  -{-dj/  =  n  J  [2] 

Multiply  [1]  by  c,  acx  +  bcy  z=  cm,  [3] 
Multiply  [2]  by  a,  acx  +  ady  =  an.  [4] 
Subtract  [4]  from  [3],  (6c  -  ad)y  =cm  —  an. 

Divide  by  coeflScient  of  y,        y  =  ^ — • 

be  —  ad 

Multiply  [1]  by  d,  odx  +  bdy  =  dm.  [5] 
Multiply  [2]  by  6,  bcx  +  bdy  =  bn.  [6] 
Subtract  [6]  from  [5],  {ad  -  be)  x    dm  -  bn. 

Divide  by  coefficicDt  of  x,         x  =  — — — -  • 

ad  —  be 

135.  If  three  simultaneous  equations  are  given,  involving 
three  unknown  numbers,  one  of  the  unknown  numbers  must 
be  eliminated  between  two  pairs  of  the  equations;  then  a 
second  between  the  resulting  equations. 

Solve  3x-h5y-7«  =  12[-  [2] 

5a;-    y-8«=  5}  [3] 

Eliminate  z  between  two  pairs  of  these  equations. 

Multiply  [1]  by  2,  4x-6y-f82:=  8. 

[3]  is  6x-   y-Sz=  6. 

Add,  Ox-7y         =13.  [4] 

Multiply  [1]  by  7,  14  x  -  21  y  +  28  z  =  28. 

MulUply  [2]  by  4,  12x -f  20y  -  28z  =  48. 

Add,  26  X-     y  =76.  [6] 

Multiply  [5]  by  7,  182  x  -  7  y  =  532.  [6] 

[4]  la  9x-7y=  13. 

Subtract  [4]  from  [6],  173  x         =  619. 

.-.  X  =  3. 

Substitute  the  value  of  x  in  [6],  78  -  y  =  76. 

.-.  y  =  2. 

Substitute  the  values  of  x  and  y  in  [1],  6  -  6  +  4  z  =  4. 

.-.  2  =  1. 
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Likewise,  if  four  or  more  equations  are  given,  inTolying 
four  or  more  iinknown  numbers,  we  must  eliminate  one  of  the 
unknown  numbers  from  three  or  more  pairs  of  the  equations, 
using  every  equation  at  least  once;  then  a  second  unknown 
number  from  pairs  of  the  resulting  equations ;  and  so  on. 


BzeroiM  13 

Solve  the  following  sets  of  equations : 


6x 
10  X 


+  6y  =  46l 
+  3y  =  66j  ' 

2a:-f7y  =  62l 

4x-h  9y  =  79| 

•  7«-17y  =  40 )' 

•  4y-9a;  =  19  J 

a;  =  16  —  4  y  1 

•  y  =  34-4a;  J 

6x  =  2y-f78l 
'  3y  =  a:  +  104  J  ' 

y     5x  —  7 
4"  19 


4  +  y  = 


Sx 


:-8  =  iy 


10. 


11. 


3 


+  y=  6 


2x 


+ 


5 


12. 


x  y 

^--  =  4 
X  y 


13. 


14. 


6x^  %y  15 


4.x 


j4_ 
5y 


11 

^20 


x-2  lO-ac^y-lO 
6  3  4 

2y  +  4^4a;  +  y +  13 
3  8 


a«  +  aa-fy  =  Ol  (a  +  c)aj +(a  — c)y  =  2a*l 
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23-05 
-3 


a; -18 


20  + 
=  30- 


2aj  — 3y  =  5a  — 6l 
3a;-2y  =  5a  +  *  J 


18. 


19. 


20. 


a  b 

=  1-5 
c 

x  +  - 

0  a 

x  +  y 

a 

h-c 

y-\-h 

a  +  c 

X  —  a 

a  —  6 

y  —  a 

a  +  ^ 

X  a' 

y  a* 

8a;  +  4y  —  3«  =  6 
21.     a;  +  3y—    «  =  7 
4x  —  5y-f4«  =  8 


22.  ^.  +  1-5  =  6 


a  h 


2a; -59 
2 

73-3y 
3 


23. 


3a5-|  +  «  =7i 

2a;-|  +  4«  =  ll 

3y-  2x^1 
3«-7  ~2 


24. 


26. 


26. 


2y-3z 


=  1 


y-2z 


=  1 


3y-2x 

?  +  U^  =  3 
«    y  « 

5+^-^=1 

X     y  z 

2a  _  ^  c 
X      y  z 


xy 
x-f  y 

a;  -f- « 

yg 


=  5 


=  c 


(a  +  6)a;  +(6  +  c)y  +(c  +  a)«  =     +  6c  -f  ca' 
27.  (a  +  c)x  -f(a  +  6)y  +(6  +  c)«  =  a6  +  ac  +  6c 
(6  +  c)a;  +(a  +  c)y  +  (a  +  6)«  =  a«  +  6*  +  c« 
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136.  Problems.  It  is  often  necessary  in  the  solution  of 
problems  to  employ  two  or  more  letters  to  represent  the  num- 
bers to  be  found.  In  all  cases  the  conditions  must  be  sufficient 
to  give  just  as  many  equations  as  there  are  unknown  numbers. 

If  there  are  more  equations  than  imknown  numbers,  some 
are  superfluous  or  inconsistent ;  if  there  are  fewer  equations 
than  unknown  numbers,  the  problem  is  indeterminate. 

If  A  gives  B  $10,  B  will  have  three  times  as  much  money 
as  A.  If  B  gives  A  $10,  A  will  have  twice  as  much  money 
as  B.    How  much  has  each  ? 

Let  .      z  =  the  number  of  dollars  A  has, 

and  y  =  the  number  of  dollars  B  has. 

Then        y  +  10  =  the  number  of  dollars  B  has  after  receiving  f  10, 
2  —  10  =  the  number  of  dollars  A  has  after  giving  f  10, 
X  +  10  =  the  number  of  dollars  A  has  after  receiving  f  10, 
and  y  —  10  =  the  number  of  dollars  B  has  after  giving  |10. 

y+ 10  =  3(x-10), 
and  X  4- 10  =  2(1/ -10). 

From  the  solution  of  these  equations,  z  =  22  and  y  =  20. 
Therefore,  A  has  |22  and  B  has  ^6. 


EzerdM  14 

1.  Three  times  the  greater  of  two  numbers  exceeds  twice 
the  less  by  27 ;  and  the  sum  of  twice  the  greater  and  five  times 
the  less  is  94.    Find  the  numbers. 

2.  A  fraction  is  such  that  if  3  is  added  to  each  of  its  terms, 
the  resulting  fraction  is  equal  to  J ;  and  if  3  is  subtracted 
from  each  of  its  terms,  the  result  is  equal  to  \,  Find  the 
fraction. 

3.  Two  women  buy  velvet  and  silk.  One  buys  3^  yards  of 
velvet  and  12f  yards  of  silk ;  the  other  buys  4^  yards  of  vel- 
vet and  6  yards  of  silk.  Each  woman  pays  $63.80.  Find  the 
price  per  yard  of  the  velvet  and  of  the  silk. 
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4.  Each  of  two  persons  owes  $1200.  The  first  said  to  the 
second,  "If  you  give  me  f  of  what  you  have,  I  shall  have 
enough  to  pay  my  debt."  The  second  replied,  "  If  you  give 
me  I  of  what  your  purse  contains,  I  can  pay  my  debt."  How 
much  does  each  have  ? 

5.  Two  passengers  have  together  400  pounds  of  baggage. 
One  pays  $1.20,  the  other  $1.80,  for  excess  above  the  weight 
allowed.  If  all  the  baggage  had  belonged  to  one  person  he 
would  have  paid  $4.50.   How  much  baggage  is  allowed  free  ? 

6.  A  number  is  formed  by  two  digits.  The  sum  of  the 
digits  is  6  times  their  difference.  The  number  itself  exceeds 
6  times  the  sum  of  its  digits  by  3.    Find  the  number. 

7.  A  number  is  formed  by  two  digits  of  which  the  sum 
is  8.  If  the  digits  are  interchanged,  4  times  the  new  number 
exceeds  the  original  nimiber  by  2  more  than  5  times  the  sum 
of  the  digits.    Find  the  original  number. 

8.  Three  brothers,  A,  B,  C,  have  together  bought  a  house 
for  $32,000.  A  could  pay  the  whole  sum  if ^  B  would  give  him 
f  of  what  he  has ;  B  could  pay  it  if  C  would  give  him  {  of 
what  he  has  ;  and  C  could  pay  the  whole  sum  if  he  had  ^  of 
what  A  has  together  with  ^  of  what  B  has.  How  much 
does  each  have? 

9.  A  and  B  entered  into  partnership  with  a  joint  capital 
of  $3400.  A  put  in  his  money  for  12  months ;  B  put  in  his 
money  for  16  months.  In  closing  the  business,  B^s  shai*e  of 
the  profits  was  greater  than  A's  by  3^  of  the  total  profit.  Find 
the  sum  put  in  by  each. 

10.  A  capitalist  makes  two  investments ;  the  first  at  3  per 
cent,  the  second  at  3^  per  cent.  His  total  income  from  the 
two  investments  is  $427.  If  $1400  was  taken  from  the  sec- 
ond investment  and  added  to  the  first,  the  incomes  from  the 
two  investments  would  be  equal.  Find  the  amount  of  each 
investment. 
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11.  A  cask  contains  12  gallons  of  wine  and  18  gallons  of 
water ;  a  second  cask  contains  9  gallons  of  wine  and  3  gallons 
of  water.  How  many  gallons  must  be  taken  from  each  cask, 
so  that|  when  mixed,  there  may  be  14  gallons  consisting  half 
of  water  and  half  of  wine  ? 

12.  A  and  B  ran  a  race  to  a  post  and  back.  A  returning 
meets  B  30  yards  from  the  post  and  beats  him  by  1  minnte. 
If  on  arriving  at  the  starting  place  A  had  immediately 
returned  to  meet  B,  he  would  have  run  ^  the  distance  to  the 
post  before  meeting  him.  Find  the  distance  run,  and  the  time 
A  and  B  each  makes. 

13.  A  and  B  together  can  do  a  piece  of  work  in  16  days. 
After  working  together  for  6  days,  A  leaves  off  and  B  finishes 
the  work  in  30  days  more.  In  how  many  days  can  each  do 
the  work  ? 

14.  A  and  B  together  can  do  a  piece  of  work  in  12  days. 
After  working  together  9  days,  however,  they  call  in  C  to  aid 
them,  and  the  three  finish  the  work  in  2  days.  G  finds  that 
he  can  do  as  much  work  in  5  days  as  A  does  in  6  days.  In 
how  many  days  can  each  do  the  work  ? 

16.  A  pedestrian  has  a  certain  distance  to  walk.  After 
having  passed  over  20  miles,  he  increases  his  speed  by  1  mile 
per  hour.  If  he  had  walked  the  entire  journey  with  this 
speed,  he  would  have  accomplished  his  walk  in  40  minutes 
less  time;  but,  by  keeping  his  first  place,  he  would  have 
arrived  20  minutes  later  than  he  did.  What  distance  had  he 
to  walk  ? 

16.  A  person  invests  $10,000  in  three  per  cent  bonds, 
$16,500  in  three  and  one-half  per  cents,  and  has  an  income 
from  both  investments  of  $1056.25.  If  his  investments  had 
been  $2750  more  in  the  three  per  cents,  and  less  in  the  three 
and  one-half  per  cents,  his  income  would  have  beeu  cents 
greater.    Find  the  price  of  each  kind  of  bonds. 


CHAPTER  VIII 


nrvoLUTioN  and  evolution 

137.  Inyolntioii  is  the  operation  of  raising  an  expression  to 
any  Teqmred  potoer.    (See  §  15.) 

Every  case  of  involution  is  merely  an  example  of  multiplir 
cation^  in  whicli  the  factors  are  equal. 

138.  Index  Law.    If  m  is  a  positive  integer,  by  definition 

a»z=axaxa---tom  factors.  (§  16) 

Consequently,  if  m  and  n  are  both  positive  integers, 
(a»)»  =  a*  X  a"  X  a"  •  •  •  to  w  factors 

ss  (a  X  a  •  •  •  to  7»  factors)(a  x  a  •  •  •  to  »  factors) 

•  •  •  taken  m  times 
=  a  X  a  X  a  •  •  •  to  mn  factors 

The  above  is  the  index  law  for  involution. 
Similarly, 

(a*)"  =  a"*  =  (a»)*. 
Also,  (aby  =5     X  aft  •  •  •  to  n  factors 

s=s  (a  X  a  •  •  •  to  91  factors)  (ft  x  A  •  •  •  to  n  factors) 

139.  If  the  exponent  of  the  required  power  is  a  composite 
number,  the  exponent  may  be  resolved  into  prime  factors,  the 
power  denoted  by  one  of  these  factors  found,  and  the  result 
raised  to  a  power  denoted  by  another  factor ;  and  so  on. 

Thus,  the  fourth  power  may  be  obtained  by  taking  the  second  power 
of  the  second  power ;  the  sixth  by  taking  the  second  power  of  the  third 
power;  and  so  on. 


90 


COLLEGE  ALGEBRA 


140.  From  the  Law  of  Signs  in  multiplication  it  is  evident 
that  all  even  powers  of  a  scalar  number  are  positive  ;  all  odd 
powers  of  a  scalar  number  have  the  same  sign  as  the  number 


The  even  powers  of  two  compound  expressions  which  have 
the  same  terms  with  opposite  signs  are  identical. 


14L  Binomials.    By  actual  multiplication  we  obtain 

(a  +      =  a«  +  3      +  3      +  6«; 

(a  -h  by  =  a*  +  4a«ft  -f  6  aV  -f  4a*«  +  h\ 

In  these  results  it  will  be  observed  that : 

1.  The  number  of  terms  is  greater  by  one  than  the  expo- 
nent of  the  power  to  which  tlie  binomial  is  raised. 

2.  In  the  first  term  the  exponent  of  a  is  the  same  as  the 
exponent  of  the  power  to  which  the  binomial  is  raised,  and 
it  decreases  by  one  in  each  succeeding  term. 

3.  b  appears  in  the  second  term  with  1  for  an  exponent, 
and  its  exponent  increases  by  1  in  each  succeeding  term. 

4.  The  coefficient  of  the  first  term  is  1. 

6.  The  coefficient  of  the  second  term  is  the  same  as  the 
exponent  of  the  power  to  which  the  binomial  is  raised. 

6.  The  coefficient  of  each  succeeding  term  is  found  from 
the  next  preceding  term  by  multiplying  the  coefficient  of 
that  term  by  the  exponent  of  a,  and  dividing  the  product  by 
a  number  greater  by  1  than  the  exponent  of  b. 

If  b  is  negative,  the  terms  in  which  the  odd  powers  of  b 
occur  are  negative. 

Thus,         (a  -  6)*  =  a*  -  4a«6  4-  6a«6a  -  4o6«  +  &*. 

By  the  above  rules  any  power  of  a  binomial  of  the  form 
a  -\-b  or  a  —  i  may  be  written  at  once. 


itself. 


(§55) 


Thiis, 


(6  -  a)«  =  {  -  (a  -      =  (a  - 
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142.  The  same  method  may  be  employed  when  the  terms 
of  a  binomial  hare  coefficients  or  exponents. 

(1)  (a  -  6)«  =  a«  -  3a26  +  3a6a  -  6». 

(2)  (6  aJ»  -  2      =  (6  x*)'  -  3  (5  x^^(2  y«)  +  3  (6  x^)  (2  y«)«  -  (2 

=  126aj8  -  160arV  +  OOxV  -  Sy*. 

In  like  manner,  a  polynomial  of  three  or  more  terms  may  be 
raised  to  any  power  by  enclosing  its  terms  in  parentheses,  so 
as  to  give  the  expression  the  form  of  a  binomial 

(3)  (x»-2x«4-3x  +  4)« 

=  {(x»-2x«)  +  (3x-f  4)}9 

=  {x»  -  2x»)«  +  2(x«  -  2x2) {3x  +  4)  +  (3x  +  4)« 

=  X«  -  4x*  +  4x*  +  6x*  -  4x«  -  16x«  +  9x»  +  24x  +  16 

=  X^  -  4x6  +  lOx*  -  4x»  -  7x«  +  24x  +  16. 


EaEerdae  15 

Perform  the  indicated  operations : 

1.  (2  ay.      ^        4.  (-46«c)«  7.  (-6aW)«. 

2.  (3aV)».            6.  (-a»6»c)«.  8,  (6aW)«. 

\3c»**y"               (9a»i»)»'  (6a»to»)»  ■ 

(3aV)»(46'a;)«  (4ai«.v)»  .  (»V)« 

(66V)«(a«6)»  (9xy)«  '  (2y)» 

12.  (a,  +  3)«.           16.  (l-4x)«.  18.  (j^-yJ- 

18.  (l-2a!)*         16.  19.  (l  +  3xy. 
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23.  (1 +3a;  — 

143.  Eyolntioii  is  the  operation  of  resolving  a  number  into 
factors  all  equal  to  one  another.  If  a  number  is  resolved  into 
two  equal  factors,  either  factor  is  called  a  square  root  of  the 
number ;  if  into  three  equal  factors,  each  factor  is  called  a  cube 
root ;  if  into  four  equal  factors,  each  factor  is  called  a  fourth 
root;  and  generally  if  a  number  is  resolved  into  n  equal 
factors,  n  being  any  positive  integer,  each  of  these  factors 
is  called  an  nth  root  of  the  number. 

Under  the  term  number  is  included  any  algebraic  expression 
(§  7),  whether  monomial  or  polynomial^  integral  or  froA^ionaL 

The  symbol  which  denotes  that  a  square  root  is  to  be 
extracted  is  V ;  and  for  other  roots  the  same  symbol  is  used, 
but  with  a  figure  written  above  to  indica^  the  root;  thus, 
^^-i  signify  the  third  root,  f mirth  root,  etc. 

144.  If  ky  m,  and  n  are  positive  integers,  we  have 

=  (§138) 
Therefore,  a"*  is  an  nth  root  of  a"*. 
That  is,  a*  =  one  value  of  -y/a^. 

Also,  §  138,  (a*6")-  =  a*»6'«. 

Consequently,  a^ft*  =  one  value  of  -y/a^lr^. 

Hence,  a  root  of  a  monomial  is  found  by  dividing  the  expo- 
nent of  each  factor  by  the  index  of  the  root  and  taking  the 
product  of  the  resulting  factors,  first  expressing  the  numerical 
coefficient,  if  other  than  1,  as  a  product  of  its  prime  factors. 
The  root  thus  obtained  is  called  the  principal  root  of  the  mono- 
mial for  the  given  index. 

Thus,  3  a*  is  the  principal  fourth  root  of  81  a**  (=  3*  a"). 


21. 
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By  the  Law  of  Signs  for  Multiplication,  §  55, 
(4-  «)X(+  a)  =  +a», 
and  (—  a)  X  (—  a)  =  +  a\ 

Therefore,     V-f  a*  may  be  either  +  a  or  —  a, 
but  V-a«  can  be  neither  -|-  a  nor  —  a. 

Hence, 

I.  Every  positive  number  has  two  square  roots,  equal  in 
absolute  value  but  opposite  in  sign,  one  being  positive,  the 
other  negative.  This  is  indicated  by  writing  the  double  sign 
±  before  the  root,  which  sign  is  read  plus  or  minus. 

Hence,  also,  any  even-indexed  root  of  a  positive  number  -will 
have  the  double  sign  ±. 

IL  No  scalar  number  can  be  the  square  root  of  a  negative 
number. 

III.  An  odd-indexed  root  of  a  scalar  number  has  the  same 
sign  as  the  number  itself. 

145.  The  indicated  even  root  of  a  negative  number  is  called 
an  imaginary  or  orthotomic  number. 

146.  Square  Roots  of  Compound  Expressions.   Since  the  square 
of  a-\'h  is  a*  -h  2     -f      the  square  root  of  a'  -f  2  + 
is  a  +  6. 

It  is  required  to  devise  a  method  for  extracting  the  square 
root  a  +  6  when  a*  -h  2     -f  ft*  is  given. 

The  first  term  a  of  the  root  is  obviously  the  square  root  of  the  first 
term     of  the  expression. 
a*  +  2a6  +  6^(a-|-6      Ifa^is  subtracted  from  the  given  expres- 
  sion,  the  remainder  is  2  a6  -f  6".  There- 


2a +  h     2a&  +  ^  fore,  the  second  term  h  of  the  root  is 

2a&  4-  6'  obtained  by  dividing  the  first  term  of  this 

remainder  by  2  a,  that  is,  by  double  Vie 
part  of  the  root  already  found.  Also,  since  2 ah  +  =z  {2 a  -\-  b)b,  the 
divisor  is  completed  by  adding  to  the  trial-diviaor  the  new  term  of  the  root. 

The  same  method  applies  to  longer  expressions,  if  care  is 
taken  to  obtain  the  trialrdivisar  at  each  stage  of  the  process 
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by  doubling  the  part  of  the  root  already  found,  and  to  obtam 
the  complete  divisor  by  annexing  the  new  term  of  the  root  to  the 
trialdivisor. 

Find  the  square  root  of 

1  +  10x«  -f  25x*  +  16x«  -  24x*  -  20a:»  -  4x. 

Arrange  according  to  ascending  or  descending  powen  of  x.  Thus, 

16a*  ~24x«  + 25x4 -20x«+  10x«  -  4x  +  1  (4x«  -  3««  +  2a;  -  1 
16  a* 


-24x6  +  26x* 
-24x«+  9x* 


8x»-6x2  4-2x 


16x*  -20x»+  10x« 
16x*-12x»4-  4x« 


8x»-6x»  +  4x-  1 


-  8x3+  0xa-4x+l 

-  8x'-f  6xa-4x+l 


It  will  be  noticed  that  each  succeesive  trial-divisor  may  be  obtained 
by  taking  the  preceding  complete  divisor  with  its  last  term  doiMed, 

147.  Square  Roots  of  Arithmetical  Numbers.  In  extracting 
the  square  root  of  a  number  expressed  by  figures,  the  first  step 
is  to  separate  the  figures  into  groups. 

Since  1  =  1^,  100  =  102,  io,oOO  =  1002,  and  so  on,  it  is  evident  that  the 
square  root  of  any  integral  square  number  between  1  and  100  lies  between 
1  and  10 ;  the  square  root  of  any  integral  square  number  between  100  and 
10,000  lies  between  10  and  100  ;  and  so  on.  In  other  words,  the  square 
root  of  any  integral  square  number  expressed  by  one  or  two  figures  is  a 
number  of  one  figure ;  the  square  root  of  any  integral  square  number 
expressed  by  three  or  four  figures  is  a  number  of  two  figures ;  and  so  on. 

If,  therefore,  an  integral  square  number  is  divided  into  groups  of  two 
figures  each,  from  the  right  to  the  left,  the  number  of  figures  in  the  root 
is  equal  to  the  number  of  groups  of  figures.  The  last  group  to  the  left 
may  consist  of  only  one  figure. 

Find  the  square  root  of  3249. 

82  49  ( 67     In  this  case,  a  in  the  typical  form     +  2  oft  +  ^  represents 

25   5  tens,  that  is,  60,  and  6  represents  7.    The  25  subtracted  is 

107)7  49      really  2600,  that  is,  a^,  and  the  complete  divisor  2a  +  6  is 
7  49      2x60  +  7  =  107. 
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The  same  method  applies  to  niimbers  of  more  than  two 
groups  by  considering  that  a  in  the  typical  form  represents 
at  each  step  the  part  of  the  root  already  found,  and  that  a  rep- 
resents tens  with  reference  to  the  next  figure  of  the  root. 

148.  If  the  square  root  of  a  number  has  decimal  places^  the 
number  itself  has  twice  as  many. 

Thus,  if  0.21  is  the  square  root  of  some  number,  this  number  is 


Hence,  if  the  given  square  number  contains  a  decimal,  we  divide  it 
into  groups  of  two  figures  each,  by  beginning  at  the  decimal  point  and 
proceeding  toward  the  left  for  the  integral  number  and  toward  the  right 
for  the  decimal.  We  must  be  careful  to  have  the  last  group  on  the  right 
of  the  decimal  point  contain  tvoo  figures,  annexing  a  cipher  when  neces- 
sary. 


148.  If  a  number  contains  an  odd  number  of  decimal  places, 
or  gives  a  remainder  when  as  many  figures  in  the  root  have 
been  obtained  as  the  given  number  has  groups,  then  its  exact 
square  root  cannot  be  foimd.  We  may,  however,  approximate 
to  the  root  as  near  as  we  please  by  annexing  ciphers  and  con- 
tinuing the  operation. 

Find  the  square  root  of  3,  and  of  367.357. 


(0.21)«  =  0.21  X  0.21  =  0.0441. 


Find  the  square  root  of  41.2164,  and  of  965.9664. 


41.21  64  (6.42  9  66.96  64  (31.08 

36  9 


1282  5  26  64  6208)496  64 

26  64  496  64 


3(1.782.. 


3  67.36  70(18.903  .  .. 


1 


1 


27)2  00 
1  89 
84871100 
10  29 
8462)71  00 
69  24 


28)2  67 


224 


369)33  36 
33  21 
37803)  14  70  00 
11  34  09 
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16 

Simplify : 

1.  ^16  a*b\  3.  -^81  a«6".  5.  ^1024  a"6». 

tf.  — »  4,  ■  ■  ft,  * 

Extract  the  square  root  of : 

7.  l+4a:-hl0x*H-12x«-(-9a:*. 

8.  9-24a:-68ar«  +  112x«  +  196ar*. 

9.  4-12x  +  r)x«  +  26a:»-29«*-10x»  +  25x« 

10.  36x»  -  120a*x  -  12a*a:  +  100a*  +  20a«  +  a\ 

11.  4H-9y2_20xH-25ar«-(-30a:y-12y. 

12.  4x*  +  9/- 12a:y  +  16x*+ 16-24y». 

4      9      4       3      16  6 
Extract  to  four  places  of  decimals  the  square  root  of : 

14.  326.        15.  1020.        16.  3.666.        17.  1.31213. 

150.  Cube  Roots  of  Compound  Expressions.  Since  the  cube  of 
a  +  6  is  a*  -f  3  aV>  -f  3  ab^  -f  b%  the  cube  root  of 

rt»  -f  3      +  3  ab*  -i-b^iaa  +  b. 

It  is  required  to  devise  a  method  for  extracting  the  cube 
root  a  +  6  when  a'  +  3      -f  3  ab^  -|-  b^  is  given. 

Find  the  cube  root  of  a'  +  3  a^b  -f  3      -f  ^. 


3a2 


The  first  term  of  the  root  is  a  the  cube  root  of  a*. 
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If  a*  is  subtracted,  the  xemainder  is  S  +  S  ab^  Ij^  ;  therefore,  the 
second  term  b  of  the  root  is  obtained  by  dividing  the  first  term  of  this 
remainder  by  three  times  the  square  of  a. 

Also,  since  3aS&  +  3a6>  +  =  (3a^  +  3a5  +  the  complete  divisor 
is  obtained  by  adding  3  a5  +  ^  to  the  trial-divisor  3  a^. 

The  same  method  may  be  applied  to  longer  expressions  by 
considering  a  in  the  typical  form  3  a*  +  3  -f  to  represent 
at  each  stage  of  the  process  the  part  of  the  root  already  found. 

Find  the  cube  root  of     —  3a*  +  6a:»  —  3a  —  1. 

7fi  -3x6  +  6x»-3x-  1 


3x* 

7fi 

(3x«-x)(-x)=  - 

3x«+  x« 

-3x»-|-6x» 

3x*- 

3x«+  x^ 

-3x6 

+  3x*-  x» 

-3x*  +  6x«-3x- 

1 

8(x«-x)«  =  3x*- 

6x«  +  3x« 

(3x«-3x-l)(-  1)  = 

-3x2  +  3x-|- 1 

3x*- 

6x« 

+  3x  +  1 

-3x*  +  6x«-3x- 

1 

The  first  trial-divisor  is 

3x*,  and 

the  first 

complete  divisor 

is 

3x*  -  Sx*  +  x2.  The  second  trial-divisor  is  3(x2-x)2,  or  3x*-6x«-H3x«. 
The  second  term  of  the  root  is  found  by  dividing  -  3  x^,  the  first  term 
of  the  remainder,  by  3x*,  the  first  term  of  the  first  trial-divisor.  The 
second  complete  divisor  is3x*  —  6x*  +  3x  +  l> 

15L  Cube  Roots  of  Arithmetical  Numbers.  In  extracting  the 
cube  root  of  a  number  expressed  by  figures,  the  first  step  is  to 
separate  the  figures  into  groups. 

Since  1  =  1»,  1000  =  10«,  1,000,000  =  100«,  and  so  on,  it  follows  that 
the  cube  root  of  any  integral  cube  number  betv^een  1  and  1000,  that  is, 
of  any  integral  cube  number  that  has  one,  ttoo,  or  three  figures,  is  a  num- 
ber of  one  figure ;  and  that  the  cube  root  of  any  integral  cube  number 
between  1000  and  1,000,000,  that  is,  of  any  integral  cube  number  that 
has  /our,  jive,  or  six  figures,  is  a  number  of  two  figures ;  and  so  on. 

If,  therefore,  an  Integral  cube  number  is  divided  into  groups  of  three 
figures  each,  from  right  to  left,  the  number  of  figures  in  the  root  is  equal 
to  the  number  of  groups.  The  last  group  to  the  left  may  consist  of  one, 
two,  or  three  figures. 
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If  the  cube  root  of  a  number  has  decimal  places,  the  number 
itself  contains  three  times  as  many. 

Hence,  if  a  given  number  contains  a  decimal,  we  divide  the  figures 
into  groups  of  three  figures  each,  beginning  at  the  decimal  point  and  pro- 
ceeding toward  the  left  for  the  integral  number,  and  toward  the  right  for 
the  decimal.  We  must  annex  ciphers  if  necessary,  so  that  the  last  group 
on  the  right  shall  contain  three  figures. 

If  the  given  number  is  not  a  perfect  cube,  zeros  may  be 
annexed  and  an  approximate  value  of  the  root  found. 
152.  In  the  typical  form,  the  first  complete  divisor  is, 

3  a»  4-  3  a*  +  ^« 

and  the  second  triaJrdivisor  is  3  (a  -f  hy,  that  is, 

3a«+6a*-h36«, 

which  may  be  obtained  from  the  preceding  complete  divisor 
by  adding  to  it  its  second  term  and  twice  its  third  term. 
Extract  the  cube  root  of  5  to  five  places  of  decimals. 


6.000(1.70997 
1 


3  X  lOa  =  300 
8(10  X  7)  =  210 
7«  =  _49 
659 
259 


} 


4000 


3913 


3  X  1700«  =  8670000 
3(1700  x  9)=  45900 
9»  = 


-1 
181  V 


8715981 
45981  J 
3  X  17092  -  8762043 


87000000 


78443829 


85661710 
78858387 


67033230 
61334301 


After  the  first  two  figures  of  the  root  are  found,  the  next  trial-divisor 
is  obtained  by  bringing  down  the  sum  of  the  210  and  49  obtained  in  com- 
pleting the  preceding  divisor ;  then  adding  the  three  lines  connected  by 
the  brace,  and  annexing  two  ciphers  to  the  result. 
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The  last  two  figures  of  the  root  are  found  by  division.  The  rule  in 
sach  cases  is,  that  two  less  than  the  number  of  figures  already  obtained 
may  be  found  without  error  by  division,  the  divisor  to  be  employed  being 
three  times  the  square  of  the  part  of  the  root  already  found. 

153.  Since  the  fourth  power  is  the  square  of  the  square,  and 
the  sixth  power  the  square  of  the  cube,  the  fourth  root  is  the 
square  root  of  the  square  root,  and  the  sixth  root  is  the  cube 
root  of  the  square  root.  In  similar  manner,  the  eighth,  ninth, 
twelfth,  •  •  •  roots  may  be  found. 
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Extract  the  cube  root  of : 

1.  27-108x  +  144a;*-64x». 

2.  a5«-3a:*  +  6a«-3a-l. 

4.  l-6a:  +  21a;«-44x»  +  63ar*-64a:*4-27a?*. 

6.  27  +  296x»  -  126a;«  -  108a;  -f  9««  -  16a;*  -  300a:*. 

6.  64x«  +  192x»  +  144x*  -  32a;»  -  36  a;«  +  12a;  -  1. 

7.  1  -  3a;  +  6x«  -  10x»  +  12a;*  -  12a;*  -f  10  x*  -  6a;' 
+  3a;*-a;* 

8.  a*  -  12a*6 -f  60a*6» - WOaV + 240a*6* -  192a** -f  646*. 

9.  8a*-h48a*6-h60a*6«-80a»*»-90a»6*  +  108aA*-276* 

10.  l2x«-i?^-64a;-69  +  i^  +  8x»-h^. 

as*  X  X* 

11.  8js»-36aa;»  +  -.  +  — +  66a»«-^-63a» 

X*  X  X* 

Extract  to  three  places  of  decimals  the  cube  root  of : 
13.  517.        13.  1637.        14.  3.26.        15.  20.911. 


CHAPTER  IX 
sxpoirsnxs 

154.  Positive  Integz«l  Exponents.  If  a  is  any  definite  num- 
ber or  any  algebraic  expression  having  one  and  only  one  value, 
and  m  and  n  are  positive  integers,  we  have,  by  the  definitions 
of  involution  and  evolution,  §§15  and  19, 

a*  =  axaxa-*ton  f actors, 
and  (-Va)*  =  a. 

We  also  know  that         a"  =  a"-*  x  a,  (§  56) 

and  a«  =  1.  (§  15) 

We  now  easily  deduce  the  following  Laws  of  Calculation : 
If  a  is  any  definite  number  or  a  single-valued  algebraic 
expression  and  m  and  n  are  positive  integers,  ' 

I.  a" a*  =  a"~*,  if  n<m,  or  if  n  =  m; 
IL  a"-5-a*  =  --^>  if  n>m; 

III.  (a-)*  =  a"; 

IV.  (v^)*  =  a- 

155.  To  obtain  an  interpretation  of  negative  exponents  we 
extend  law  I  to  include  the  case  n>m;  that  is,  we  assume 
that  law  I  holds  true  for  all  integral  values  of  m  —  «,  negative 
as  well  as  positive,  and  interpret  the  result  so  that  it  shall  be 
consistent  with  law  II. 

To  obtain  an  interpretation  of  fractional  exponents  we 
extend  law  III  to  include  all  cases  in  which  mn  is  integral ; 
that  is,  we  assume  that  law  III  holds  true  for  all  integral 
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▼allies  of  n  and  mn,  negative  as  well  as  positive,  and  so  inter- 
pret the  results  that  they  shall  be  consistent  with  laws  II 
and  IV. 

156.  Negative  Integral  Exponents.  If  we  divide  a*  succes- 
sively by  a  in  the  ordinary  manner,  we  have  the  series 

a»,    a«,    a,    1,    h         ~  [1] 

If  we  divide  again  by  a  by  subtracting  1  from  the  exponent 
of  the  dividend,  we  have,  since  law  II  holds  true,  the  series 

a»,  a\  a-\    a"',  [2] 

If  we  compare  [1]  and  [2],  we  see  that 

0      i        -1      1  1  1 

a  a'  a' 

From  the  preceding  we  see  at  once  that  we  may  interpret 

a""  as  equivalent  to  ^  consistently  with  law  II. 

Hence,         a*  =  ax  ax  a- • -to  n  factors ; 

and  or"  =  -X-X---ton  factors. 

a     a  a 

157.  Positive  Fractional  Exponents.  If  n  is  a  positive  integer, 
^  is  a  positive  fraction. 

We  have,  by  the  extended  interpretation  of  law  III, 

(a")"  =  a"'**  =  a*  =  a. 
Taking  the  nth  root  of  each  side,  we  obtain 

a»  =  -C^;  (§144) 

that  is,  a*  may  be  taken  as  denoting  any  number  which  when 
raised  to  the  nth  power  produces  a,  and  this  is  exactly  what 
^/a  denotes.    For  example,  4*  =  Vi  =  ±  2. 
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Again,  if  m  and  n  are  both  positive  integers^  by  the  extended 
interpretation  of  law  III, 

in  in 

(a")"  =  a"     =  a*" ; 

but  (Vo*)"  =  a"*.    .*.  a"  =  Vi". 

Hence,  in  a  fractional  exponent,  the  numerator  indicates  a 
power,  and  the  denominator  a  root. 

158.  Negatiye  Fractional  Exponents.   If  n  is  a  positive  integer, 

 is  a  negative  fraction,  and  we  have,  by  the  extended  inter- 

71" 

pretations  of  laws  I  and  III, 

I  1  1 

(a  ")  =a  "     =«-»  =  -. 
^     ^  a 

Taking  the  nth  root  of  each  side,  we  obtain 

a-i  =  -^  =  l.  (§144) 

Again,  if  m  and  n  are  both  positive  integers,  by  the  extended 
interpretations  of  laws  I  and  III, 

,  .    -.=  xn        _^  1 

^      ^  a*" 

Taking  the  nth  root  of  each  side,  we  obtain 

-=11 
a  •  =  ■ 


Hence,  whether  the  exponent  is  integral  or  fractional,  we 
have  always  a""""  =  ^ ' 

It  is  worthy  of  notice  that  while  we  have  by  definition 
1 

=  a, 

it  does  not  necessarily  follow  that 
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An  example  will  make  this  plain. 

(4V  =  (±2)«  =  4; 
but  (4^*  =  16*  =±4. 

Hence,  if  a"  =  ft",  it  does  not  necessarily  follow  that  a  =  ft ; 
all  we  are  entitled  to  say  is  that  if  ft  takes  in  succession  all 
possible  values,  one  of  these  values  must  be  a. 

159.  Index  Laws.  We  shall  reserve  further  discussion  of 
this  subject  and  the  full  and  complete  statement  of  the  Index 
Laws  to  Chapter  XXXIII.  Meanwhile,  if  we  take  into  consid- 
eration only  the  principal  valnes  of  all  roots  indicated,  we  may 
enunciate  the  Index  Laws  as  follows : 

If  a  and  ft  are  single-valued  expressions  or  numbers  and  TItf  fly 
8  are  any  scalar  integers,  excluding  zero  values  of  m  and  n, 

L    a»xa»=a^»  »A 

r  ■  n 

11.      (a-)»  =  a-». 
IIL      (ab)^  =  a-l>^. 

160.  Compound  expressions  are  multiplied  and  divided  as 
follows : 

(1)  Multiply     +       -h  y*  by  x*  -  x*y*  -h  y*. 

g*  —  zh^  +  y* 
X  +  x^y^  +  x*y* 

—  x^^  —  x*y*  —  x^y^ 

 4-  x*y*  4-  x^^  +  y 

X  +  x*y*  +  y 

(2)  Divide  "V^^ -1^-12  by  ^-3. 

xl+  zl-i2|x*-8 

x»~3x>        x*  +  4 

+  4x*-12 
-f-4x*-  12 
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1.  Express  with  radical  signs  and  positive  exponents : 
a*;    6';    c"*;    x'*;  (j,*)-'- 

3.  Express  with  fractional  exponents : 

^5  yj\;  ~ 

8.  Express  with  positive  exponents : 
(«-•)•;  (V^)-*; 

4.  Express  without  denominators : 

a*  a*       4  a!-*     2  Va^ 

(4*)*'  VF^*'    3y-«'    3^  • 

Simplify : 

6.  a'  X  a*  X        ;  ft         (ex)* ;    (a*  -v^)* 

,.  <3.,.vae^.  (jI^.)-.  (^)- 

Multiply : 

8.  X*  -     -fl  by  x'  -(-  1. 

9.  a^P x^ijP y^P  by  x*' —  x'^y'' +  y*^ 

10.  8a'  +  4a'6-»-|-5a*6-»  +  9r»  by  2 a* -ft"*. 

Divide  : 

11.  x*"-f  y^*  by  x'  +  y*. 

12.  X  — y~*  by  x*  —  x*y~* -f  y^y"*  —  y~* 

13.  a'  -(-  ft  -f  c"*  -  3  a*ft*c"*  by  a*  -h  ft*  + 
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161.  An  indicated  root  that  can  be  obtained  approximately 
but  not  exactly  is  called  a  snxd. 

The  index  of  the  required  root  shows  the  otter  of  a  surd ; 
and  surds  are  named  quadratic,  cubic,  biquadratic,  according 
as  the  second,  third,  or  fourth  roots  are  required. 

The  product  of  a  rational  factor  and  a  surd  factor  is  called 
a  mixed  surd ;  as,  3  V2,  b  Va. 

When  there  is  no  rational  factor  outside  of  the  radical  sign, 
the  surd  is  said  to  be  entire ;  as,  V2,  Va. 

162.  Since  Va  x  X  =  y/abcy  the  product  of  two  or 
more  surds  of  the  same  order  will  be  a  radical  expression  of 
the  same  order,  the  number  under  the  radical  sign  being  the 
product  of  the  numbers  under  the  several  radical  signs. 

In  like  manner,  Va^  =  Va*  x       =  a  V^.    That  is, 

A  factor  under  the  radical  sign  the  root  of  which  can  be  taken 
mayy  by  having  the  root  taken,  be  removed  from  under  the  radical 
sign. 

Conversely,  since  a 

A  factor  outside  the  radical  sign  may  be  raised  to  the  corre 
sponding  power  and  placed  under  the  radical  sign. 

By  'Va,  where  a  is  positive,  is  meant  hereafter  in  this 
chapter  the  positive  number  which  taken  n  times  as  a  factor 
gives  a  for  the  product 

163.  A  surd  is  in  its  simplest  form  when  the  expression 
under  the  radical  sign  is  integral  and  as  small  as  possible. 

Surds  which,  when  reduced  to  the  simplest  form,  have  the 
same  surd  factor  are  said  to  be  similar. 

Simplify  y/lM',  ^1  x^y\ 
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164.  The  product  or  quotient  of  two  surds  of  the 

may  be  obtained  by  taking  the  product  or  quotient  of  the 
rational  factors  and  of  the  surd  factors  separately. 

Thus,  2V6x6V7  =  10V36. 

Surds  of  the  same  order  may  be  compared  by  expressing 
them  as  entire  surds. 

Compare  |  Vz  and  }  VlO. 

}V7  =  VV; 

|Vio  =  Viji. 
=         and  = 
As         is  greater  than  V^,  {  Vfo  is  greater  than  |  V?. 

165.  The  order  of  a  surd  may  be  changed  by  changing  the 
power  of  the  expression  under  the  radical  sign. 

Thus,  VSzrV^;       V^  =  V5. 

Conversely,  V25  =  VS ;  V^=Vc. 

In  this  way,  surds  of  different  orders  may  be  reduced  to  the 
same  order  and  may  then  be  compared,  multiplied,  or  divided 

(1)  Compare  V2  and 

V2  =  2*  =  2>  =        =  V^; 
\/3  =  3*  =  3*  =       =  >/9. 
.-.  Vs  is  greater  than  V^. 

(2)  Multiply  vTa  by  VGx. 

vTa  =  (4a)*  =  (4a)'  =  \^(4a)«  =  ■^i6a«; 
Vox  =  (6  x)*  =  (6  z)*  =  V(6z)*  =  v^iex*. 
^/4a  X  VOa  =  \^16a2  x  216x8  =  2 \^64a*c». 

(3)  Divide  y/Sa  by  Veb. 

y/Sa  =  (8a)*  =  (8a)>  =  ^^(Sa)^  =  v^; 
V66  =  (6  6)*  =  (6  6)«  =  V(fib^  =  V'2166«. 

\/8a  +  v^  =  \/-!^==4-"v^lW4oW 
\2166«  66 
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Sxpress  as  entire  surds : 

1.  3V5;  5V32;  a%^c)  3y«V^;  a»^v^. 


xy 


Express  as  mixed  surds : 

3.  y/UOxY;  ^54a:y;  V^64x»/;  "4^1372  a"6". 
Simplify : 

4.  2^80aW;  7V396^;  Vi^;  VS^;  V^^" 

<-"'^<«^'- 

6.  Show  that  V20,  V45,  Vf^  are  similar  surds. 

7.  Show  that  2  v'a'P,  ^J^,  are  similar  surds 

8.  Arrange  in  order  of  magnitude  9  Vs,  6  V7,  5  VlO. 

9.  Arrange  in  order  of  magnitude  4  -v^,  3        6  "v^. 

10.  Multiply  3V2  by  4V6;  by  2y/2. 

11.  Divide  2V5  by  3Vi5;   |  V2I  by 

2Vl0     7V48  4Vi6 

12.  Simplify   7=  X  ■=  -f-  7=- 

^  .  3V27    5Vi4  I6V21 

Arrange  in  order  of  magnitude : 

13.  2-1^,  3V2,  14.  3Vi9,  6^,  3V^. 
Simplify : 

16.  -y/a^y^xy/ahij/',  3  ^4aA«M-V2a»6. 
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166.  In  the  addition  or  the  subtraction  of  surds  each  smd 
must  be  reduced  to  its  simplest  form;  then,  if  the  resulting 
surds  are  similar, 

Add  the  rational  faetcrs,  and  to  their  eum  annex  the  eoimmon 
surd  factor. 

If  the  resulting  surds  are  not  similar. 
Connect  them  with  their  proper  eigns, 

167.  Operations  with  surds  will  be  more  easily  performed 
if  the  arithmetical  numbers  contained  in  the  surds  are  expressed 
in  their  prime  factors,  and  if  fractional  exponents  are  used 
instead  of  radical  signs. 

(1)  Simplify  V27  +  ViS  -f  Vi47. 

=  (3»)*  =  3  X  3*  =  3  Va ; 
Vis  =  (2*  X  3)*  =  2«  X  3*  =  4  X  3*  =  4  VS ; 
VU7  =  (7«  X  3)*  =  7  X  3*  =  7  VS. 
.-.  V27  4-  Vis  +  Vli7  =  (3  +  4  +  7)  Vs  =  14  Vs. 

(2)  Simplify  2^320  -  3-1^. 

2'V320  =  2(2«  X  6)*  =  2  X  2«x  6*  =  8V^; 
3>/i0  =  3(2»  X  6)*  =  3  X  2  X  5*  =  6V^ 
.-.  2         -  3\/40  =  8V'6-6-V6  =  2-V6. 

3 

168.  If  we  wish  to  find  the  approximate  value  of  it 

will  save  labor  if  we  multiply  both  numerator  and  denomi- 
nator by  a  factor  that  will  render  the  denominator  rational; 
in  this  case  by  V2. 
Thus  ^  -  ^sVi 

vi""  \^  X  V2  2 

169.  It  is  easy  to  rationalize  the  denominator  of  a  fraction 
when  that  denominator  is  a  binomial  involving  only  quadratic 
surds.  The  factor  required  will  consist  of  the  terms  of  the 
given  denominator,  connected  by  a  different  sign. 
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Thus,   7^  will  have  its  denominator  rationalized  if  we  multiply 

6  +  2  V6 

both  terms  of  the  fraction  by  6  —  2  v6. 

Por    ^  =  (7-3V6) (6-2  V6)  ^  72  -  82  Vs  ^  ?  _  g  Vs 

6  +  2V6"(6  +  2V6)(6-2V6)""       16  ""2 

170.  By  two  operations  the  denominator  of  a  fraction  may 
be  rationalized  when  that  denominator  consists  of  three  quad- 
ratic surds. 

Thns,  if  the  denominator  is  Ve  +  Vs  -  v^,  both  terms  of  the  frac- 
tion may  be  multiplied  by  VS  —  V3  H-  V2.  The  resulting  denominator 
wUl  be6-5  +  2V6  =  l  +  2V6;  and  if  both  terms  of  the  resulting  frac- 
tion are  multiplied  by  1— 2  V6,  the  denominator  becomes  1—24  or«— 23. 
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Simplify : 

1.  V27-f  2V48-I-3  Vl08;  7 -f  3        -h  ^^432. 

2.  2V3  +  3Vli- V6J;  2      -|- V60  -  VIS  -  Vf . 


4.  2v^-h3-V^+ V^-^J^-2v'i37^ 

6.  (V^)*;  {^Yl  (^)»;  (^y. 

6.  (aV^)-»;  (a;^)"*;  (j^^Vp)*;  (a-'v'F^-* 


Extract  the  square  root  of : 

8.  l-h4a;-*-2«-'-4a;-i4-26a;-*-24x-«-hl6ar« 

10.  Extract  the  cube  root  of 

8x» -h  12 30a;  -  35  +  46 ar-i  4- 27 x-»  -  27 x-* 
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Simplify : 
11 


17.  3  (a*  +      -  4  (a*  +  5»)  (a*  -  6*)  +  (a*  -  2 


16  • 


Find  equivalent  fractions  with  rational  denominators  for 
the  following,  and  find  their  approximate  values: 


18. 

3 

24. 

7  V5 

V7  +  V3" 

19. 

7 

25. 

7-_2V34-3^ 

34-3V3-2^^ 

20. 

4- V2 

26. 

3V5-4V2 

1  + V2 

2V54-3V2 

21. 

6 

27. 

5-2  V6 

2V6-V6 

22. 

2 

VS' 

28. 

1 

V6-I- V3  + V7 

23. 

1 

29. 

2 

V5-3V2  +  V7 

30. 

Extract  the  cube  root  of 

CHAPTER  X 


QUADRATIC  EQUATIONS 

We  now  resume  the  subject  of  equations  where  we  left  it 
at  the  end  of  Chapter  VII.  Having  considered  equations  of 
the  first  degree  with  one  or  more  unknowns,  we  come  next  to 
the  consideration  of  quadratic  equations. 

171.  A  quadratic  equation  that  inyolves  but  one  unknown 
number  can  contain  only  : 

1.  Terms  inyolving  the  square  of  the  unknown  number. 

2.  Terms  involving  the  first  power  of  the  unknown  number. 

3.  Terms  which  do  not  involve  the  unknown  number. 

If  the  similar  terms  are  combined,  every  quadratic  equation 
can  be  made  to  assume  the  form 

oa;*  -h  5a;  -f  c  =  0, 

where  a,  b,  and  e  are  known  numbers,  and  x  the  unknown 
number. 

If  a,  b,  e  are  given  numbers,  the  equation  is  a  numerical 
quadratic  If  a,  b,  c  are  numbers  represented  wholly  or  in 
part  by  letters,  the  equation  is  a  literal  quadratic. 

Thus,  x^  —  6x  +  5  =  0i8a  numerical  quadratic, 

and         ax3  +  2&z  +  3c  —  a&  =  0i8a  literal  quadratic. 

172.  In  the  equation  ax*  -f  5a;  -f  c  =  0,  the  numbers  a,  b, 
and  e  are  called  the  coefficients  of  the  equation.  The  third 
term  c  is  called  the  constant  term. 

If  the  first  power  of  x  is  wanting,  the  equation  is  a  pure 
quadratic ;  in  this  case,  5  =  0. 

If  the  first  power  of  x  is  present,  the  equation  is  an  affected 
or  complete  quadratic. 

Ill 
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173.  Solution  of  Pore  Quadratic  Equations. 

(1)  Solve  the  equation  5x*-4S  =  2a^. 

We  have  5«a-48  =  2x^. 

Collect  the  terms,  8  z<  =  48. 

Divide  by  3,  ±»  =  16. 

Extract  the  root,  x  =  d:  4. 

Obaerve  that  the  roots  are  numerically  equal,  but  one  is  positive  and 
the  other  negative.  There  are  but  two  roots,  since  there  are  but  two 
square  roots  of  any  number. 

It  may  seem  as  though  we  ought  to  write  the  sign  ±  before  the  x  as 
well  as  before  the  4.   If  we  do  this,  we  have 

+  x=  +4,  — x  =  —  4,       =  —  4,  — x  =  +  4. 

From  the  first  and  second,  x  =  4  ;  from  the  third  and  fourth,  x  =  —  4  ; 
these  values  of  x  are  both  given  by  x  =  4.  Hence,  it  is  unnecesaary, 
although  perfectly  correct,  to  write  the  ±  sign  on  both  sides  of  the  reduced 
equation. 

(2)  Solve  the  equation  3  x*  -  16  =  0. 

We  have  3x«=16, 
or  X*  =  5. 

Extract  the  root. 

The  roots  cannot  be  found  exactly,  since  the  square  root  of  5  cannot 
be  found  exactly ;  it  can,  however,  be  found  as  accurately  as  we  please ; 
for  example,  it  lies  between  2.23606  and  2.23607. 

(3)  Solve  the  equation  3    -f  15  =  0. 

We  have  3x2  =  - 15, 

or  x2  =  -  5. 

Extract  the  root. 

There  is  no  scalar  square  root  of  a  negative  number,  since  any  scalar 
number,  positive  or  negative,  multiplied  by  itself,  gives  a  positive  result. 

174.  A  root  that  can  be  found  exactly  is  called  an  exact 
root  or  rational  root.  Such  roots  are  either  whole  numbers 
or  fractions. 
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A  root  that  is  indicated  but  can  be  found  only  approxi- 
nxately  is  called  a  surd  root  Such  roots  involve  the  roots 
of  imperfect  powers. 

£xact  and  surd  roots  are  together  called  real  roots. 

A  root  that  is  indicated  but  cannot  be  found  as  a  number 
in  the  arithmetical  scale,  either  positive  or  negative,  is  called 
SLTk  imaginary  root  Such  roots  involve  the  even  roots  of  nega- 
tive numbers. 


Eacercifle  21 

Solve : 

•      3  6         2'  4:x^     6x^  3' 

2.  -A- +  7-^  =  8.  4.  5a;« -9  =  2a;«-f  24. 

1  -fa;     1  —  x 

6        15  25  ' 

^   3g«-27  .  90-f  4a;^  ^ 

10  15  20  ' 

lOg^  -f  17     12 a;'  -f  2  ^  5a;«  -  4 
18  lla;»-8  9 

9.  x^ '\- bx a  =s  bx(l  —  bx). 

10.  ax*  -f  ft  =  c. 

11.  x^  —  ax  +  b  =  ax(x  —  1). 
aJ)  —  X     b  —  cx 


12. 


5  —  aa;     be  —  x 


3(a;  +  a)     2a;-|-a  . 

13.    -j^^  ^  —  ;  =«  1. 

4a;  —  a      2a  +  x 
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X  —  5a     a;  +  3a     (a;  —  5  a)  (x +  3  a) 

2(a  +  2b)     a-2x  ^   

•     a  +  2x        a  +  *      (a  +  *)(a  +  2a;)' 

175.  Solation  of  Afiected  Quadimtic  EquAtioiis. 

Since  (x  ±  6)*  is  identical  with  x'  ±  2  +  6*,  it  is  evident 
that  the  expression  x*  ±  2  6x  lacks  only  the  third  term  of 
being  a  perfect  square. 

This  third  term  is  the  square  of  half  the  coefficient  of  x. 

Eyery  affected  quadratic  may  be  made  to  assume  the  form 
X*  ±  2  6x  =  c  by  dividing  the  equation  through  by  the  coeflB- 
cient  of  x«  (§  171). 

To  solve  such  an  equation : 

The  first  step  is  to  add  to  both  members  the  square  of  half 
the  coefficient  of  x.    This  is  called  completing  the  square. 

The  second  step  is  to  extract  the  square  root  of  each  member 
of  the  resulting  equation. 

The  third  step  is  to  solve  the  two  resulting  simple  equa- 
tions. 

(1)  Solve  the  equation  x'  —  8  x  =  20. 

We  have  x«~8x  =  20. 

Complete  the  square,      —  8x  +  16  =  36. 
Extract  the  root,  x  —  4  =  i:  6. 

Solve,  X  =  4  +  6  =  10, 

or  x  =  4-  6  =  -2. 

The  roots  are  10  and  —  2. 

We  write  the  ±  sign  on  only  one  side  of  the  equation,  for  the  reason 
given  after  the  first  example  of  §  173. 

Verify  by  putting  these  numbers  for  x  in  the  given  equation : 


x  =  10. 
10«-8(10)  =  20, 
100  -  80  =  20. 


x  =  -2. 
(_2)a-8(-2)  =  20, 
4  +  16  =  20. 
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(2)  Solve  the  equation  ^       =  ^- 
^  ^  ^  x  —  l  054-9 

Free  from  fractioiis,      (x  +  1)  (x  +  9)  =  (x  -  l)(4x  -  8). 

Simplify,  8aJ»-17x  =  6. 

Divide  by  3,  x»-V«  =  2. 

Complete  the  square,  x^  -  ^x  +  {^)^  = 

Extract  the  root,  x  .  Y  =  ±  V* 

Solve,  x  =  V  +  V  =  V  =  «. 

or  x  =  V-V  =  -|  =  -f 

The  roots  are  6  and  —  |. 

Verify  by  patting  these  nombers  for  x  in  the  original  equation : 
X  =  6.  X  =  —  J. 

1     6  +  9'  -i  +  9' 

-J  V 
-f  =  -H 

176.  When  the  coefficient  of  is  not  unity,  we  may  pro- 
ceed as  in  the  preceding  section,  or  we  may  complete  the 
square  by  another  method. 

Since  (ox  ±  by  is  identical  with  a V  ±  2  cibx  4-  it  is 
evident  that  the  expression  aV  ±  2  abx  lacks  only  the  third 
term     of  being  a  perfect  square. 

This  third  term  is  the  square  of  the  quotient  obtained  by 
dividing  the  second  term  by  twice  the  square  root  of  the  first 
term. 

Every  affected  quadratic  may  be  made  to  assume  the  form 
aV±2abx  =  e{^  171). 
To  solve  such  an  equation : 

The  first  step  is  to  complete  the  square  ;  to  do  this,  we  divide 
the  second  term  by  twice  the  square  root  of  the  first  term,  sqttare 
the  quotient,  and  add  the  result  to  each  member  of  the  equation. 

The  second  step  is  to  extract  the  square  root  of  each  member 
of  the  resulting  equation. 

The  third  step  is  to  reduce  the  two  resulting  simple  equations. 


116 


COLLEGE  ALGEBRA 


177.  VamericAl  qiiadsmtkt  are  solved  as  follows : 

(1)  Solve  the  equation  16ar«  -h  6x  —  3  =  7 x*  —  x  +  45. 

162J«  +  6x  -  8  =  72J«  - X  +  46. 
Simplify,  0  X*  +  6  z  =  48. 

Complete  tiie  sqaare,  0x^  +  6x4-1=  40. 
Extract  the  root,  Sx  +  1  =  i:  7. 

Solve,  8x  =  -H-7  or -1-7. 

3x  =  6  or  -8. 
X  =  2  or  -  2f . 

Verify  by  substituting  2  for  x  in  the  equation 

162J«  +  6x-3=:7x^-x  +  46. 
16{2)«  +  6(2)  -  8  =  7 (2)«  -  (2)  +  46, 
64  +  10  -  8  =  28  -  2  +  46, 
71  =  71. 

Verify  by  substituting  —  2|  for  x  in  the  equation 

16x«  +  5x  -  8  =  7x^  -  X  +  46. 
16(-j)»  +  6(-})-3  =  7(-.f)«-(-  f)  +  46, 
^V*- V-3  =  A}t  +  }  +  46, 
1024  -  120  -  27  =  448  +  24  +  406, 
877  =  877. 

(2)  Solve  the  equation  3  x*  —  4  x  =  32. 

Since  the  exact  root  of  3,  the  coefficient  of  x>,  cannot  be  found,  it  is 
necessary  to  multiply  or  divide  each  term  of  the  equation  by  3  to  make 
the  coefficient  of  x^  a  square  number. 

Multiply  by  3,  9  x^  -  12  x  =  96. 

Complete  the  square,  9x^-12x  +  4  =  100. 

Extract  the  root,  3  x  -  2  =  ±  10. 

Solve,  3x  =  2  +  10  or  2  -  10. 

.-.  3x  =  12  or  -8. 
X  =  4  or  -  2f. 

Or,  divide  by  8,  x*-  — = 

3  3 

rx      1  *  *u  ,     4x  .  4     82  .  4  100 

Complete  the  square,    x2-y  +  -  =  —  +  -  =  — . 

2  10 

Extract  the  root,  x  —  =  ±  —  • 

3  8 
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2il0 
=  4  or  -  2f 

Verity  by  sabBtitntiiig  4  for  z  in  the  original  equation, 

48  -  16  =  32, 
32  =  32. 

Verify  by  subetituting  —  2f  for  2  in  the  original  equation, 
21}  +  10}  =  32, 
82  =  32. 

(3)  Solve  the  equation  — 3a;*  +  6a;  =  —  2. 

Since  the  even  root  of  a  negative  number  is  impoasible,  it  is  necessary 
to  change  the  sign  of  each  term.   The  resulting  equation  is 

3xa-5x  =  2. 

Multiply  by  8,  9aJ»  -  16a;  =  6. 

Complete  the  square,  9**  —  15sb  +  y  = 
Extract  the  root,  3x  -  {  =  db  }• 

Solve,  *  3x: 


6±7 


=  2  or  -  f 


2 

8sB  =  6  or  -1. 
«  =  2  or  -  }. 

Or,  divide  by  3,  x«-^  =  ?. 

3  8 

1  *  *v                   ,    6x  .26  49 
Complete  the  square,   *"  ^  ~  m  ' 

Extract  the  root,  x  —  {  =  d:  }. 

If  the  equation  3x^  —  6x=:2is  multiplied  four  times  the  co^fflcient 
'  o/x>,  fractions  will  be  avoided. 

36x«--60x  =  24. 
Complete  the  square,  36 x*  -  60x  +  26  =  49. 
Extract  the  root,  6x  —  6  =  ±  7. 

Solve,  6x  =  6±7. 

6x  =  12  or  -  2. 
X  =  2  or  -  J. 

It  will  be  observed  tiiat  the  number  added  to  complete  the  square  by 
this  last  method  is  the  square  of  the  co^cient  of  x  in  the  original  equa- 
tion 3x«-6x=  2. 
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(4)  Solve  the  equation  z  =  2. 

^  5  —  X     2x  —  o 

^plify,  4a:»-23«  =  -30. 

Multiply  by  four  times  the  coefficient  of  z>,  and  add  to  each  side  the 
■qnaie  of  tlie  coefficient  of  z, 

64x9  -  ()  +  (23)«  =  629  -  480  =  49. 
Extract  the  root,  Sx-2S  =  ±7. 

Solve,  8z  =  23i:7. 

8z  =  d0  or  16. 
.-.  z  =  8f  or  2. 

If  a  trinomial  is  a  perfect  square,  its  root  is  found  by  taking  the  roots 
of  the  jlrrt  and  third  terms  and  connecting  them  by  the  sign  of  the  middle 
term.  It  is  not  necessary,  therefore,  in  completing  the  square,  to  write 
the  middle  term,  but  its  place  may  be  indicated  as  in  this  example. 

(6)  Solve  the  equation  72    -  30  x  =  -  7. 

Since  72  =  2*  x  8>,  if  the  equation  is  multiplied  by  2,  the  coefficient  of 
z>  in  the  resulting  equation,  144z*  -  60z  =  -  14,  is  a  square  number, 
and  the  term  required  to  complete  the  square  is  ({})*  =  (})*  =  y. 

Hence,  if  the  original  equation  is  multiplied  by  4  x  2,  the  coefficient 
of  z^  in  the  result  is  a  square  number,  and  fractions  are  avoided  m  the 
work. 

Multiply  the  given  equation  by  8, 

576z«-240z  =  -66. 

Complete  the  square,  676  z«  -  ( )  +  25  =  -  3L  

Extract  the  root,  24  z  —  5  =  ±  V--31. 

Solve,  24  z  =  5  ±  V-31. 

.•.z  =  ^(5zfcV^). 

Note.  In  solving  the  following  equations  care  must  be  taken  to  select  ^ 
the  method  best  adapted  to  the  example  under  consideration. 


Eacercise  22 

Solve : 

1.  a;«-2a;  =  16.  6.  x»  -  13a; -f  42  =  0. 

2.  a«-14a;  =  -48.  6.  x«  -  21 «  +  108  =  0. 
8.  a;«-a;  =  12.                   7.  2     -f  a;  =  6. 

4.  ««-3aj  =  28.  8.  4a;«-|-7a;  =  15. 
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9.  3a5«-19aj  +  28  =  0.      11.  6a;* -a  =  12. 
10.  4x*  + 17a; -16  =  0.      12.  6a;«  -  y  «  +  4  =  0. 

13.  6a;*-7a;  +  |  =  0. 

14.  5!±i+(x  +  l)(a;  +  2)=0. 

15.  (x--S)^  +  x^-^5  =  16(x  +  3). 

X*     3a; -19  ^11  -ha;  6      .  ^ 

6"^      3  3  2a; -6  "^3 -a;  a;' 

2a;«  — ll^a;-H  a; -h  2     4  -  a;  7 

2a;  +  3         2    '  a;  - 1       2a;  "3" 

a;    ^6"2a;  a;-2^2x  +  l" 

a;«-4,2x        ,l-2a;  a;  -  3  ,    a;  -  4  1 

3a;       o  6  a;  +  42(x  — 1)2 

.  if +  6  a;-fl  .  1—x  2 

*+^36  =  2(a=-2).       25.  _+_  =  ^^. 

^    z-8^_80_  1 

1  7  14  «-4 

a;-3     a;  +  3     a;»-9     x  +  S' 


x  +  3      z  —  3 

29   jg  +  l  I  x+2  _2x  +  13 
x—1     x—2  x+1 

1  —  oa;     l-foa;        26  a;*  —  1 


120 


COLLEGE  ALGEBRA 


32  1-^^  ^ 

*  9~4x«    2aj-f3  2a;-3' 

178.  Literal  quadntics  are  solved  as  follows : 

(1)  Solve  the  equation  aa*  -f     +  c  =  0. 

Transpose,  ox'  +  6x  =  —  c. 

Multiply  the  equation  by  4  a  and  add  the  square  of  6, 

4 a«x>  +  ( )  +  6«  =  6« -  4ac. 

Extract  the  root,  2ax-}-6  =  j:  Vy--4ac. 

Solve,  2 ax  =  -  6  db  V6g-4ac. 

-.fti  V6»-4ac 

X  =  =  . 

2a 

(2)  Solve  the  equation  adx  —  acx*  =  hex  —  54. 

Transpose  6cx  and  change  the  signs, 

acx^  -\-  hex  —  adx  =  bd. 
Express  the  left  member  in  two  terms, 

acai^  -{-(be  —  a(I)x  =  M. 

Multiply  by  4  oc, 

4  aVx'  +  4ac(&c  —  ad)x  =  4  abed. 
Complete  the  square, 

4a«cW  +  ( )  +  (6c  -  ad)«  =  ftsca  +  2a6ccl  +  aW 
Extract  the  root,    2  acz {be  —  ad^  =  ±  {be ad). 
Solve,  2acx  =  -  (6c  -  ad)  db  (&c  +  aei). 

.'.  2acx  =  2 ad  or  ~  2 6c. 

d  6 

.\  X  =  -  or  

c  a 

(3)  Solve  the  equation  px*  —  joa;  -f  qx^  -^qx^  — 
Express  the  left  member  in  two  terms, 

(p  +  g)x«-(p-g)x  =  ^^. 

Multiply  by  4  times  the  coefficient  of  x^, 

4(p  +  3)W  -        -  ^)z  =  4pq. 
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Complete  the  Bquare, 

4(p  +  3)«aJ«  -  { )  +  (P  -  g)«  =  P*  +  2p«  +  g«. 
Extract  the  root,  2  (p  +g)a;-  (p  ~  ?)  =  ±  (P  +  g). 
Solve,  2(p  +  g)«  =  (p  -  g)  ±  (p  +  g). 

2(p  +  g)x  =  2p  or  -  2g. 

P  Q 

X  =  -^T—  or  ^ — 


p+g  p+g 

Ofwcrrc  «A<rt  member  of  the  simplified  equation  must  he  expressed 

in  tvto  terms,  simple  or  compound,  the  first  term  involving  x«,  the  second 
involving  x. 

Thrwrotwt  23 

Solve : 

1.  x^^2ax  =  Sa^.  +  ^  =  (a  + 

2.  x*  +  7a*^Sax. 

3.  4x(a5-a)  +  a»  =  ft«.  12.  («-hm)«  +  («-w)*=57iw;. 

4.  ^-^  =  2a(aj  +  2a).       13.  a**  +  5 a*x  +       =  0. 

5.  a^  =  aa;  +  ft.  14,  ft  (a  -      =  (ft  -  1)  aj». 

a*  (r  15.  1  =  • 

a  —  x        X        a  — « 


16. 


a;-6  2 
a-l-ft    .  2a-{-b  x 


8.  a^  — (a-f  ft)»  =  — 

9.  a?  ^^a:-fl  =  0.  a;-2a 

2x(a  —  x)     a                 ,^   oa?  .  o  +  x  5a-|-a? 
3a-2x  =4-  "•■^  +  ■1;  2b-' 

19.  — s=sa'\-b^(a  —  b)x, 
ax —  ox 

Bab  —  Sb^  —  ax  2a-fa 

20.   s  =  Q  

2a  — X  o 


122  COLLEGE  ALGEBRA 

IL  x«-«x  =  i^^±M*  .  3^^±^. 
•m     3«         2a       4a  .  a 

«.   -f-  — —  =  -A-  . 

«  +  a     3t  +  2a      X      x  +  3a 

a  +  6  +  x     3t-h*  a-h*  a;-ha 

14.  f±l*-?J=i*-.l*  (4a«~9y)(^4-l)  « 

17.  (3a«  +  ^(z*-x  +  l)  =  (a«  +  36«)(;c»4-x  +  l). 
4a«  4a«-^ 


SS. 


S9. 


SO. 


x  +  2    x-2  x(A-x^' 

a-h26^  a*  4y 
a-26     (a-2i)x      x*  ' 

x-hl     2      x  +  2 


e       ex     ax  —  bx 

it 

SI 


x—a     a  ^  c     (a  —  c) (x  —  a) 

SS.  x(x  +  6«-6)  =  ax(a  +  l)-(a  +  *)»(a-A). 

X     (4m»~n*)mn  _  4m«^-n* 
2"^         X         "  2 

m4-»     \      mn/       m  n 

2ab       (3x-l)y^(2x  +  l)a' 
3x  +  l'^    2x  +  l         3x  +  l 

x-h2a~4&     85  — 7a  x-4a 

2bx  ax-2te"^2(a*-2^""^' 

1  X  x-5b  _x-fl95-2o 

a  +  26     a«-46«"^(a4-2ft)x  25x-ax 
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a^2b     2(x^4.a  +  Sb)_ 


89. 


x  +  3b     ,       Sb  a-hSb 


8a«-12a6     4a«-9^     (2a +  Sb)(x -3b) 


40  1         ,  1  _      a  2bx-hb 

2a5«  +  a!-l"^2aj»-3a5  +  l     2te-i     a-oa^ ' 

1  4a^+35i2-£^^ 
«^  2aaj«  +  2a  +  36 

gg  — g       2(a6~ojg4-2y)  _  1 
26(«  +  a)"^       a(a;  +  a)«  ""a' 

2«g-h^  I  2aa;~6^9W-h(4a'-6y)g-(a«-hy) 

179.  Solutions  by  a  Formula.  Eveiy  affected  quadratic  may 
be  reduced  to  the  form  a;*  -f  ^a;  +  =  0,  in  which  p  and  q  rep- 
resent numbers,  positive  or  negatiye,  integral  or  fractional. 

Solve  aj*  -h  JM5  +    =  0. 

Complete  the  square,  4a^  +  ()  +  J)*=J)*-45. 

Extraet  the  root,  2«+p  =  ±  Vp*  — 4g. 

By  this  formula  the  values  of  a;  in  an  equation  of  the  form 
-\-px-\-q^O  msj  be  written  at  once. 

Thus,  take  the  equation 

3a5»-6x  +  2  =  0. 
Divide  by  8,  x«-{x  +  }  =  0. 
Here,  p  =  — f ,  and  9  =  |. 

=  »±* 
=  1  or  f 
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180.  Solutions  by  Factorings  A  (^Ufuli^tld  whi6h  Ms  been 
reduced  to  its  simplest  form,  ftiid  hAt  all  its  teMS  written 
on  one  side,  magr  often  have  that  0ide  resolyed  Into  factors  by 
inspectiatit 

In  this  case  the  roots  are  seen  at  once  without  completing 
the  squlkrex 

(1)  Solve  x»  +  7aj-60  =  0. 

Since  7  S  -  iO  =  (I  +  ll)  (2  -  6), 

the  equaUon  x«  +  7x-ft)  =  6 

may  be  written  (i  4  18)  («  ^  6)  =  0. 

It  will  be  obeerved  iliat  if  eithet  4l  iha  factons  i^lidri-SkO, 
the  product  of  ikt  twofactom  is  0,  and  the  equation  is  satisfied. 

beneef  0  +  li  =  0)  or  8  -  6  =  $: 

.-.  X  =  -  12,  or  i  =  6. 

(2)  Solvea;*  +  7a;  =  0. 

The  equation  x'  +  7  x  =  0 

becomes  x  (x  +  7)  =  0, 

Hild  \A  Sftltefled  If    =  0,  Or  if  «  4  7  =  0. 

Th«r«f^,  tbd  /boy  ftrd  0  And  ^  7. 

li  wiU  \m  observM  tbdt  this  metiiod  Is  MflUf  SippUed  io  an  eqwuiot 

aXL  the  terms  of  which  contain  x. 

(3)  Solve  25c«-ir«-6a5  =  Q, 

The  equation  2f*-9e*  — 6x  =  0 

becomes  x  (2  x^  —  x  -  6)  =  0, 

and  is  satisfied  if   ai  =  6,  orifax*-x-6  =  0. 

By  solving  2  x^  —  X  —  6  =  0  the  two  roots  2  and  ~  }  are  found. 
Therefore,  the  equation  has  three  roots,  6,  2,  —  |. 

(4)  Solve  a:»  +  «^-4a;-4  =  0. 

The  equation  x«  +  x«-4x-4  =  0 

becomes  x«{x  +  1)  -  4(x  +  1)  =  0, 

or  (x9-4)(«  +  l)  =  0. 

Therefore,  the  rooti  of  ihe  equiktion  al«  —  1,  2,  —  2. 

(6)  Solve  x«~2aj»-ll«  +  12  =  0. 

By  trial  we  find  that  x  —  1  Is  ft  factor  of  the  left  member  (§  87). 
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The  given  e<|qat4pn  pBfiy  |)ei  wntten 

(a;-l)(xa-x-12)  =  0, 
OP  (sB~l)(x  +  8)(«-4)  =  0. 

Therefore,  the  roots      1,  ft  —  3- 

(6)  Solve  the  equation  (c     —  9)  =  a  (e*  -r  9). 

If  we  put  a  for  x,  the  equatjop  is  fatUs^ed }  th^fore  a  ii;  a  root  (§  87). 
Transpose  all  the  terms  to  the  left  member  and  divide  by  x  —  a. 
The  giy^  e<^aat}on  may  be  'Vfrit^en 

(X  -  a)  (x8  +  <»  +  aa  -r  9)  =  Q, 
and  is  satisfied  if  x  -  a  =  0,  or  if  x«  +  cwc  +  a«  -  9  =  0. 
The  roots  are  found  to  be 


Bz«rclM  24 

1.  (a;-l)(a;-2)(a^-4aj  +  8)  =  0. 

2.  (a:«-2a;  +  2)(x»-6a;  +  T)  =  0, 

3.  ip«  +  2T  =  0. 

4.  »^-.gl  =  0. 

6.  a^-27  +  4(aj«-9)  =  0. 
fi.  8^-h9a:»-16(g?«-f  9)  =  0. 

7.  2a:»-f 3a:«-2a-3  =  0. 

8.  $c*-^4a:»  +  8x*-32a;==0. 

11.  aj*-3««-8a*-f 6a  +  4  =  0. 
;2.  a:»-f il!"-14a;-J?4  =  0. 

»*^6««  +  9»?  +  4i5^^  =  0t 
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14.  x(a;-3)(aj  +  l)  =  a(a-3)(a  +  l). 

15.  «(a;-3)(a;  +  l)  =  20. 

16.  (x-l)(x-2)(x-3)  =  24. 

17.  (x  +  2)(x-3)(aj  +  4)  =  240.  • 

18.  (x  +  l)(x  +  5)(«-6)  =  96. 

181.  Chancier  of  the  Roots.  Eveiy  quadratio  equatian  can 
be  made  to  assume  the  form 

ax*  +     +  c  =r  0. 

Solving  this  equation,  f  178,  Example  (1),  we  obtain  for  its 
two  roots 

—  6-f       —  4ac    —h^  yy  —  4 

2a  '  2a  ' 

There  are  two  roots,  and  only  two  roots,  since  there  are  two, 
and  only  two,  square  roots  of  the  expression  ^  —  4  ac 

As  regards  the  character  of  the  two  roots,  there  are  three 
cases  to  be  distinguished : 

1.  —  4tae  positive.  In  this  case  the  roots  are  reaZ  and 
different.  That  the  roots  are  different  appears  by  writing 
them  as  follows : 

5      Vy--4ac         b  y/V^4.ac 
2a  2a      '2a  2a  ' 

these  expressions  cannot  be  equal  since  6*  —  4  ac  is  not  zero. 

If  6*  —  4  oc  is  a  perfect  square,  the  roots  are  rationaL  If 
6*  ~  4  oc  is  not  a  perfect  square,  the  roots  are  surds. 

*  2.  y  —  4  ao  =  0.    In  this  case  the  two  roots  are  real  and 

equal,  since  they  both  become  —  ^  • 

^  a 

3.  ^  Aac  negative.  In  this  case  both  roots  have  a  real 
part  and  an  imaginary  part  and  are  called  imaginary  roots. 
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It  we  write  them  in  the  form 

2a"^      2a      *      2a  2a  ' 

we  see  that  two  imaginary  roots  of  a  quadratic  cannot  be  equal, 
since     ^Aae  is  not  zero.    They  have  the  same  real  part, 

—  ^  9  and  the  same  imaginary  parts  with  opposite  signs. 
^  a 

Such  expressions  are  called  conjugate  expressions. 

The  above  cases  may  also  be  distinguished  as  follows : 

1.  l)*  —  4  ac  >  0,  roots  real  and  different 

2.  Ir  —  4  ac  =  0,  roots  real  and  equal 

3.  l)*  —  4  ac  <  0,  roots  imaginary. 

182.  By  calculating  the  value  of  —  4  a«  we  can  determine 
the  character  of  the  roots  of  a  given  equation  without  solving 
the  equation. 

(1)  ««-6x  +  6  =  0. 

Here  a  =  1,   6  =  —  6,    c  =  6. 

Therefore,  6a-4ac  =  26-24  =  l. 

The  roots  are  real  and  different,  and  rational. 

(2)  3ie»-f  7aj-l=:0. 

Here  o  =  3,   6  =  7,   c  =  —  1. 

Therefore,  62  -  4ac  =  49  -f  12  =  61. 

The  roots  are  real  and  different,  and  are  both  surds. 

(3)  4««-12a;  +  9  =  0. 

Here  a  =  4,   6  =  —  12,   c  =  9. 

Therefore,  6»  -  4  ac  =  144  -  144  =  0. 

The  roots  are  real  and  equal. 

(4)  2ie»-3a;  +  4  =  0. 

Here  o  =  2,   6  =  -3,   c  =  4. 

Therefore,  6»  -  4ac  =  9  -  32  :»  -  23. 

The  roots  are  both  imaginary. 


(5)  Find  the  values  of  m  tof  whi^h  the  ^uatidfi 


2maj*  +  (5w  +  2)«  +  (4t»-f  1)  =  0 


has  its  two  foots  equal. 

Here  tt  =  llfh{   &=:6m4Bi  e  =  4^  +  l. 

H  th0  fdott  ai^  td  1^  eqUal,  ^  must  hAt^  6^  -  4(id  =  0,  br 


(6m  +  2)s  -  8m(4m  +  1)  =  0« 


The  solutioii  of  this  equation  gives  m  =  2  or  —  f . 
For  these  values  of  tri  the  d<itiaiiOil  h^cotiitt 


each  of  which  hM  lUi  i^odtd  e^m. 

Detenbine)  without  sdlvlngi  the  oharaoteif  of  the  roM  of 
eaeh  of  the  following  equations : 


Determine  the  values  of  m  f  di*  which  the  two  roots  of  ^h 


11.  (3m-f  l)aj»-|-(27ii-|-2)a;-|-m  =  0. 

12.  (m-2)ie»  +  (m-6)x4-2m  — g  =  0. 

13.  27?M^  +  «"  — 6ma;  — 6iB-f  6m4-l  =  0. 

14.  ma*-|-2x*-f 2m=:37a»^9a  +  10i 

183.  Problems  involving  Quadratics.  Problems  th£lt  inVblve 
quadratic  equations  apparently  hate  two  solutions,  as  a  quad- 
ratic equation  hai§  tivo  roots.  Wheil  both  roots  afS  pobliiive 
integers  they  will  give  two  solution^. 


1.  ie»-6a5  +  8  =  0. 

2.  a*-4x  +  2  =  0. 

3.  a*  +  6a5  +  13  =  0. 

4.  4aj*-12a;  +  7==0. 
6.  6ie»-9«  +  6  =  0. 


6.  16a:"-66a;  +  4§sO. 

7.  3a:»-2±  +  12  =  0. 

8.  2a^-19x  +  17  =  d. 
9<  9ll*4-d0«  +  85sr0. 

10.  17a«^12«^-ff  =20. 


of  the  following  equation^  are  equal : 


QUAOBATig  SQUATIPJ^S 


Fr^tip^ai      n^tm  roots  wiU  m  mm  proUdms  (i^e 
§otatw»8j  in  Qthir  pfqW§i93  fcii§>y  will  U9%  giye  wiutioBg. 
No  difla^julty  will  \^  foTO4  i»  peidGtiftj  tb§  r§8ttlti  wbiab 

belongs  to  the  particular  problem  we  solving. 

Sometimes,  by  a  chan^o  in  the  s^^t^ment  of  the  problem, 
we  may  form  a  probl^flj  wfeieb  (50rr§8jK»ds  tO  rP§ttH 
tb^t  ^as  ipapplicablq  to  the  original  pf  ob}§m. 

Imagipaiy  mt^  wiU  i^  mmQ  ipToWm     solut^ooAi  Tb^ir 

interpretation  in  such  cases  will  be  given  in  Cbftptef  XXX^lUt 
(1)  The  sum  of  the  squares  of  two  consecutive  numbers  is 
481.    Find  the  numbers. 


1^1  If  =  ep^  nm^^ 

and  X  +  1  =  ftfi  QtJif)?, 

Then  +     +  1)*  =  481, 

or  8aiS:4res  .Kl  =  4il. 


Tbtt  wlaiiMi  qI  ^vliifih  gives  s  =  U  w  =  }i. 

Tl^e  poeitivQ  jroot  15  gives  for  the  numbeni,  Ip  and  16. 

The  negative  root  —  16  is  inapplicable  to  the  problem,  as  consecutive 
Tiumbers  are  undentood  to  be  integers  whieh  lellew  eae  lAe&er  in  the 
CQRiinqsi^l,  2,  3, 

(2)  What  is  tiie  price  of  eggs  per  dozen  when  2  more  in  a 
shilling's  worth  loweis  the  price  1  p^ny  pev  deoen  ? 


Let  X  =  the  number  of  eggs  ler  a  shUiiBg. 

Then  -  =  the  cQpt  pf  1  pgg  in  sbilljngs, 

12 

^  —   ^  cmt  oil  imfk  to  fiUUlpgq- 

Bat  if  z  +  9  =  the  number  of  eggs  loi  a  Bhillliig, 

IB 

 =  the  cost  of  1  4Qzen  {n  shyiipgs. 

then  X  +  2 


The  solptiop  pf  which  gives  x  =  16     -  Ip. 

And,  if  16  eggs  cost  a  shilling,  1  dozen  will  cost  {I  of  a  sfailiing,  of 
9  pence. 

Tharpfw,  the  prioe  ef  the  eggs  ia  9  penoe  per  4Q9fin. 
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If  the  problem  is  changed  so  as  to  read :  What  is  the  price 
of  eggs  per  dozen  when  2  less  in  a  shilling's  worth  raises  the 
price  1  penny  per  dozen  ?  the  algebraic  statement  is 
12      12  _  1 
«-2  a;~12' 
The  solution  of  this  equation  gives  as  =  18  or  —  16. 

Hence,  the  number  18,  which  had  a  negative  sign  and  was  inapplicable 
in  the  original  problem,  is  here  the  true  result,  while  the  —  16  is  inappli- 
cable in  this  problenL 

Bz«rolM  26 

1.  The  product  of  two  consecutive  numbers  exceeds  their 
sum  by  181.    Find  the  numbers. 

2.  The  square  of  the  sum  of  two  consecutive  numbers  ex- 
ceeds the  sum  of  their  squares  by  220.    Find  the  numbers. 

3.  The  difference  of  the  cubes  of  two  consecutive  numbers 
is  817.    Find  the  numbers. 

4.  The  difference  of  two  numbers  is  5  times  the  less,  and 
the  square  of  the  less  is  twice  the  greater.    Find  the  numbers. 

6.  The  numerator  of  a  certain  fraction  exceeds  the  denomi- 
nator by  1.  If  the  numerator  and  denominator  are  inter- 
changed, the  sum  of  the  resulting  fraction  and  the  original 
fraction  is  2,^^.    Find  the  original  fraction. 

6.  The  denominator  of  a  certain  fraction  exceeds  twice  the 
numerator  by  3.  If  3^  is  added  to  the  fraction,  the  result- 
ing fraction  is  the  reciprocal  of  the  original  fraction.  Find 
the  original  fraction. 

7.  A  farmer  bought  a  number  of  geese  for  $24.  Had  he 
bought  2  more  geese  for  the  same  money,  he  would  have  paid 
}  of  a  dollar  less  for  each.  How  many  geese  did  he  buy,  and 
what  did  he  pay  for  each  ? 

State  the  problem  to  which  the  negative  solution  applies. 
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8.  A  laborer  worked  a  number  of  days  and  received  for 
liis  labor  $36.  Had  his  wages  been  20  c^nts  more  per  day, 
lie  would  have  received  the  same  amount  for  2  days'  less 
labor.  What  were  his  daily  wages,  and  how  many  days  did 
he  work  ? 

State  the  problem  to  which  the  negative  solution  applies. 

9.  For  a  journey  of  336  miles,  4  days  less  would  have 
sufficed  had  I  traveled  2  miles  more  per  day.  How  many 
days  did  the  journey  take  ? 

State  the  problem  to  which  the  negative  solution  applies. 

10.  A  farmer  hires  a  number  of  acres  for  $420.  He  lets 
all  but  4  acres  for  $420,  and  receives  for  each  acre  $2.50  more 
than  he  pays  for  it.    How  many  acres  does  he  hire  ? 

11.  A  broker  sells  a  number  of  railway  shares  for  $3240. 
A  few  days  later,  the  price  having  fallen  $9  a  share,  he  buys, 
for  the  same  sum,  5  more  shares  than  he  had  sold.  Find  the 
number  of  shares  transferred  on  each  day,  and  the  price  paid. 

12.  A  man  bought  a  number  of  sheep  for  $300.  He  kept 
15  and  sold  the  remainder  for  $270,  gaining  half  a  dollar  on 
each  sheep  sold.  How  many  sheep  did  he  buy,  and  what  did 
he  pay  for  each  ? 

13.  The  length  of  a  rectangular  lot  exceeds  its  breadth  by 
20  yards.  If  each  dimension  is  increased  by  20  yards,  the 
area  of  the  lot  will  be  doubled.  Find  the  dimensions  of  the 
lot 

14.  Twice  the  breadth  of  a  rectangular  lot  exceeds  the 
length  by  2  yards ;  the  area  of  the  lot  is  1200  square  yards. 
Find  the  length  and  the  breadth. 

16.  Three  times  the  breadth  of  a  rectangular  field,  the  area 
of  which  is  2  acres,  exceeds  twice  the  length  by  8  rods.  At  $5 
per  rod,  what  will  it  cost  to  fence  the  field  ? 


m 


J9i  Two  pip§P  Pi^imiQg  together  gll  9^  oipteiR  ift  lOf  hgurs ; 
tb§  l%Fgpr  pip§  will  tiU  tbd  pis^FB      6  tlQUfS  Im  tm% 
tb§  smdllii^  pipi^,    How  long  wiU  it  ^%         pipe,  rURPiftg 
litep§i  te  fiU  the  oi§!ieift  ? 

17.  Three  workmen,  A,  B,  and  C,  dig  a  ditch.  A  em  dig 
it  alonci  ia  6  days  more  time,  B  in  $0  days  more  tiine,  thaa  the 
tiiae  it  tates  the  tbr^  to  dig  tbp  diteh  tPgPtb^r  j  G  pan  dig 

the  iitGb  ip  3  tiffie§  tb^  top  tbe  tii?ea  dig  it  in,  Hpw  mmy 

days  does  it  take  the  three,  working  tpptbgf,  tO  dig  tbn  ditob  ? 

li.  A  pistem  with  a  pa^aeily  of  000  gatloaa  paa  \m  filled 
by  twQ  pipes  runBifig  tpgetber  iij  ^  many  hgufs  us  thp  %ger 
pipe  l?riiig§  in  gallons  per  minute  j  the  fiw^Ugr  pipe  brijigp  in 
per  minutp  1  gallon  legs  tha|L  the  large|-  pip§,  ^ow  long  will 
it  take  each  pipe  by  itself  to  fill  the  cistern  ? 

19,  \  number  i§  form^  by  two  digiti^,  the  second  being 
le^s  hj  3  th^  onp-h^lf  the  square  of  the  grst.  If  9  is  a(ide4 
to  the  numbef,  the  order  of  the  digits  is  reversed.  Find  the 
number. 

26.  A  number  is  formed  by  two  digits ;  6  times  the  second 
digit  exceeds  the  square  of  the  first  digit  by  4.  If  3  times 
the  first  digit  is  added  to  the  number,  the  order  of  the  digits 
is  reversed.    Find  the  number. 

ei.  A  boat's  orew  row  8  miles  down  a  river  and  back  again 
in  1  hour  and  19  minutes.  Their  rate  in  still  water  is  3  miles 
per  hour  faster  than  twice  the  rate  of  the  eurr^t.  Find  the 
rate  of  the  crew  and  the  rate  of  the  current. 

92.  A  jeweller  sold  fL  wateh  for  $32.75  and  lost  on  the  eost 
qI  tbe  wateb  as  many  per  cent  as  the  watch  cost  dqllar^.  What 

was  the  cost  of  the  watch  ? 

ii,  A  fftrroef  sfpld  a  bPPSP  fp?  1138  gftinp4  Qft  the  post 
i  m  many  per  cpnt  ^^  tb§  borpe  apftt  dpUar§..  Fipd  tbe  opst 
of  the  horse. 
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24.  A  broker  bought  a  number  of  $100  shares,  when  they 
were  a  certain  per  cent  below  par,  for  $8500.  He  afterwards 
sold  all  but  20,  when  they  were  the  same  per  cent  above  par, 
for  $9200.  How  many  shares  did  he  buy,  and  what  did  he 
pay  for  each  share  ? 

25.  A  drover  bought  ^  iiumber  of  sheep  tot  $110 ;  4  having 
died,  he  sold  the  remainder  for  $7.33^  a  head  and  made  on 
hi^  ihv^sttilent  4  tinier  a^  inkhy  p^r  d^nt  d§  lie  pdld  dollars 
f  of  each  shfeep  bought.  fibW  many  §hfeeiJ  did  lie  buy,  atid  hoW 
many  dollars  did  he  make  ? 

26.  A  certain  train  leaves  A  for  B,  distant  216  miles; 
3  hours  later  another  train  leaves  A  to  travel  over  the  same 
route ;  the  second  train  travels  8  miles  per  hour  faster  than 
thd  first,  and  arrives  at  "A  45  minuted  behind  the  first.  Find 
tk^  time  each  train  takes  to  travel  over  the  route. 

27.  A  coach,  due  at  B  12  hours  after  it  leates  Aj  after 
traveling  from  A  as  many  hours  As  it  travels  mile§  hour, 
breaks  down ;  it  then  proceeds  at  a  rate  1  mile  per  hour  less 
than  half  its  former  rate  and  arrives  at  B  3  hours  late.  Find 
the  distance  from  A  to  B. 

28.  Several  boys  spent  each  the  same  siim  of  money.  If 
there  had  been  5  boys  more  and  each  boy  had  spent  2d  cents 
less,  the  amoutit  spent  by  the  boys  would  hate  been  $37:50. 
If  there  had  been  5  boys  less  and  each  boy  had  spent  25  cents 
more,  the  amount  spent  would  have  been  $30.  Find  the 
tiiilnber  of  boys  and  the  ainount  each  boy  spent. 

29.  A  detachment  ftbiii  an  ai*itiy  Was  marching  ih  fegtdar 
column  with  5  men  more  in  depth  than  in  front.  Oil  approach- 
ing the  enemy  the  front  was  increased  by  845  men,  and  the 
whole  detachment  was  thus  drawn  up  in  5  lilie6<  Find  the 
number  of  men. 
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Qtjadbatio  equations  that  involve  two  unknown  numbers 
require  different  methods  for  their  solution  according  to  the 
form  of  the  equations. 

184.  Case  I.  When  from  one  of  the  equations  the  value 
of  one  of  the  unknown  numbers  can  be  found  in  terms  of  the 
other,  and  this  value  substituted  in  the  other  equation. 


/.  y  =  -  1  or  —  7. 

Special  methods  often  give  more  elegant  solutions  than  the 
general  method  by  substitution. 

1.  When  equations  have  the  form  x  ±  y  =  a,  and  xy  =  b ; 
X*  ±  y'  =  a,  and  xy  =  b ;  or,  x  ±  y  =  a,  and  x"  -f  y*  =  b. 


Solve 


[1] 
[2] 


Tnnspooe  x  in  [2],  y  =  x  —  2. 

Sntatitate  in  [1],  Sx* -2x(z  -  2)  =  6. 

The  solution  of  wliicli  gives         x  =  1  or  —  6. 


(1)  Solve 


[1] 
[2] 


Extract  the  root, 
Add  [6]  and  [1], 


Square  [1], 
Multiply  [2]  by  4, 
Subtract  [4]  from  [3], 


a5«  +  2a:y +  y*  =  1000. 

4xy  =  1200. 
a5*-2xy  4-y*  =  400. 

X  -  y  =  ±  20. 


[3] 
W 
[5] 
[0] 


Subtract  [6]  from  [1], 


22  =  60  or  20. 
2y  =  20  or  eo. 
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y  20 
as*    y»  400 


[1] 
[2] 


(2)  Solve  f~^~.!!l- 
^  '  a!»  +  y»  =  40J 

Square  [1],  ai»  -  2  sry  +    =  W.  [8] 

Subtract  [2]  from  [3],  -  2  icy  =  -  24.  [4] 

Subtract  [4]  from  [2],  x*  +  2xy +  y*  =  e4. 

E^ztract  the  root,  x  +  y  =  ±  8.  [6] 

Combine  [6]  and  [1],  J  =  2}  **' y  "Ifl}* 

(3)  Solve 


[1] 
[2] 


1  O  1  Q-l 

Square  [IL  ±4.jL+±  =  _^.  m 

Subtract  [2]  from  [3],  _  =  — .  [4] 

oey  400 

Subtract  [4]  from  [2],     i  -  —  + 1  =  -L. 

Bxtract  the  root,  1-1  =  ^2..  m 

X    y       20  ^ 

Combine  [1]  and  [5],  ^  =  J}  ""'y"!}' 

2.  TFAen  one  equtUion  may  he  simplified  by  dividing  it  by 
the  other, 

absolve  ^  +  y*  =  9n  [1] 

(4)  solve  x^y^  ly  [2] 

IMvide  [1]  by  [2],  z«  -  xy  +     =  13.  [8] 

Square  [2],  x«  +  2  xy  +  y«  =  49.  [4] 

Subtract  [3]  from  [4],  3  xy  =  36. 

Divide  by  -  3,  -  xy  =  —  12.  [6] 

Add  [6]  and  [3],  x^  -  2xy  +  y*  =  1. 

Extract  the  root,  x  —  y  =    1.  [6] 

Combine  [6]  and  [2],  J  =  J}  or  *  =  J}. 
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185.  Case  II.  When  e%i'h  of  th^  two  equations  is  homo- 
ge^ieous  and  of  the  second  de§PU- 


golve 


[i] 
[2] 


|>et  y  =  er,  and  substitute  »  fof  y  in  each  eqaatioq. 
From  [1],        •f^«-4ra«  +  32«=  17. 


17 


From  [2], 

Eiriuate  the  mlues  of  z*, 


16 


17 


1 

1« 


The  solution  gives 

t>  =  V. 

y  =  WC  = 
Substitute  in  [2], 
-  x«  =  16, 


32»>-Qi»  +  48  =  l7l^»-17, 
l«t»-64»  =  -06. 

•  =  V  OP  f 


13* 


25 


18x     .  18 


52 


Subetitnte  in  [d], 
-y--x«  =  16, 


x«  =  9. 
x  =  ±3, 

y  =  —  =  ±  6. 


196.  Case  III.  When  the  ^wo  equations  are  symmetrical 
with  respect  to  x  and  y. 

In  this  case  the  general  rule  is  to  con^bine  the  equations  in  such  a 
manner  as  to  remove  the  highest  powers  of  x  and  y. 

a:«-f /  =  18  a:y  I  [1] 


(1)  Solve 
Divide  [1]  hy  [2], 


^^,y  +  y»  =  ?|!f. 
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To  remove     and  y*,  aqnare  [2], 

a:»  +  2jBy +  y«  =  144.  [4] 

Subtract  [4]  from  [3],        -  8  ay  =  ^  -  144, 


^hich  gives  xy  =  32. 

We  now  hay*  '^^  =  ZV 

«y  =  32  J 

Solving  as  in  dafie  I,  We  find,     ^yZX\  ^^^yZX\' 


(2)  S6lv« 


ar*  +  y*  =  337\  [1] 


To  temove    and  y^,  huse  [2]  tb  the  fourth  power, 

jH  +        +  6xV  +  4xy«  +     =  2401.  [3] 
Subtract  [1]  from  [SJi   4»V  4-  OxV  +  4xy»  =  2d64. 
Divide  by  2,  2      +  3  xV  +  2  xy»  £:  1032.  [4] 

Square  [2]  fthd  ffitUiipiy  tfie  result  by  2  xy, 

2xV-f  4xV  +  2xy«  =  98xy.  [6] 
Subtract  [6]  from  [4],  -  xV  =  1^32  -  tex|^< 

or  xV-08xy  =  ~1032. 

This  is  a  quadratic  equation,  with  xy  for  the  unknown  number. 
Solving,  we  find  xy  =  12  or  86. 

We  now  hikve  to  solve  thd  iwo  pairs  of  equatiohs, 
»  +  y=  7\         x4-y  = 

xy : 


r=  71  x4-y=  71 

r  =  12;'  xy  =  86/* 

Fromihefirst,  y  =  3}°'"y  =  !}- 


From  thd  0e(k>nd« 


7±V-296 

 2  

.^_7^V^296 

y  —  rt  


The  precedlhg  cases  iir^  gen^rdi  ^nef^^oda  for  the  solutidn  of  equatldlis 
that  Belong  to  the  kifids  referred  to;  often,  h6W6ver,  in  thd  solution 
of  these  and  other  kinds  of  simultaneous  equations  involving  quadratics, 
a  little  ingehuity  will  suggest  some  step  by  whieb  the  roots  may  be  fobhd 
mote  easily  than  by  the  general  method. 
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I  2T 


*y  +  60=.  OJ' 
^  x  +  2y  =  12\ 

xy  +  15  =  0j" 

y  =  9-3x-| 
*•  x*  =  10-xyj 

x  +  2y  =  12l 
xy  +  y»  =  36/' 

«-3y  +  9  =  0"l 
«y-y*4-4  =  o;* 

x  +  y=  14|- 

x«  +  y«  =  17l 
4x  +  y  =  16;' 


14. 


IS. 


x«-y«  =  13-| 
3x-2y=  9J 

«y  =  64j 

=  -1 
36  l- 

=  oJ 


11 

X  — 2y  + 15 


„    x«  +  4y  +  ll=0l 


3x  +  2y  + 

x+3y + 1=0 
18-  4y+l 


'  +  ^T^  =  2(y+l) 

x»  +  y»=106"l 
xy=  46J 

x«  +  y»  =  52l 
xy+24=  OJ" 

x"  — xy  = 
y*  +  *y 

jj«     x»  +  ary  +  y«=  37l 
x«  +  xy  +  y«  =  481/ 

x»  +  3xy  +  y»  = 
3x»  +  xy  +  3y« 


19. 


SO. 


81. 


2aJ_««  +  8  =  0\  3xy  +  2x  +  y  =  485\ 

1«.    3,_y_2  =  0;-  3«-2y=  0/ 


IS. 


<Bt  +  a5y  =  40 

2a!-3y< 


85. 


x»-y«  =  0 
3x«-4xy  +  5y»  =  9 
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26. 


a^  +  y«  = 
2x» 


27.   -'  +  3.^  =  271 
=  601 

=  40/ ■ 


28. 


29. 


a;*  +  xy  = 

a;»  +  2a;y  —  y«  = 
3ie«  +  2xy+2y 


'*  =  72/" 


31. 


32. 


33. 


=  661 
=  18|- 


x«  +  3a!y  = 
2y*  +  a!y 

X*  —  a:y  +  y*  = 
x»  +  2xy  +  8 

x»  +  xy  +  2y«  = 
2x»-a-y  +  y 


=  37\ 
=  0/* 

r«  =  44  1 
r»  =  16/" 


34. 


86. 


86. 


8x»-3xy-y*  = 
9x»  +  xy -f-2y 

3x«  +  3xy  +  y*  = 
6x*  +  7xy  +  4y' 


4x*4-3xy  +  5y»  =  27 
7x»  +  6xy  +  9y« 


y»  =  40"l 
y«  =  60/' 

f»=  62  "I 
r»  =  140J  * 

=  27) 
=  47|- 


3^   6x«4-3xy  +  2y«  =  188l 
a^-«y  +  y*=  19J' 


x»  +  y«  = 

x  +  y 


=  661 
=  5}- 

x»-y»  =  98l 

--y=  2|' 

40.  -•  +  2^  =  2791 
x  +  y=  3J 

x»  -  y»  =  218 1 

x-y=  2/' 


43. 


x«  -  y»  =  1304  1 
!e'  +  xy+y»=  163J 


41. 


4S. 


x»  +  y»  =  162l 
x»-xy  +  y»=  19  J' 


44. 


46. 


46. 


x«  +  y»  = 

xy(x  +y) 

x»  -  y»  =  98  ^ 
30 

X  —  y  =  — 

«y. 

^  +  ^  =  ?7' 
y     X  2 

i  +  i=  i 

aj     y  2 


=  911 
=  84|- 
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47. 


48. 


49. 


60. 


51. 


-  +  ^  =  T 

y     «  6 

«   y  6 

a;    y  2 
+  i  = 


x-y  =  2  /• 
x+y=9  J 


5gy 


x'y'  —  16  a;y  +  60  = 


-  +  60  =  01 


63. 


64. 


66. 


66. 


a;y  =  x+y  +  l  j" 
35a!»y» 


a:'  +  y»  = 


a;  +  y  = 


36 
_5xy 


=  67-a;yl 


<^  +  y' 
x  +  y 


a!«  +  y»  =  l-3a;y"l 
««+y*=icy  +  37  / ' 


«  +  y= 

68.  «»-y*=2"l. 

59.  **  +  y*  =  3368l 
a;  +  y=  8J 

*    y    4  J 

x  +  y  =  xy  —  7  J 

«-j-_y     «  — y  _10"| 
62.  *-y     x  +  y     3  U 
ir»  +  y»  =  45j 

„   x«  +  as»y«  +  y«=133| 
a5»-a;y  +  y«=  19/' 

««  +  a!«y«  +  y«  =  93n 
««  +  xy  +  y«=  49J" 

a^  +  a;y  +  y'  =  84") 
x  +  -v^  +  y=  6J 

a^  +  y»  =  819-xy  1 
•    a;  +  y  =  21+Vxy/ 

x^  +  y«=97  I 
««  +  y»  =  49-a!»y«J  ■ 

2a!»  +  3a!y  +  12  =  3y»] 
3»  +  6y  +  l=0  J 
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69. 


a  0 

5  +  ^  =  4 
X  y 


76. 


71. 


72. 


y«  =  &c  +  ayj  ' 

x»_ay  =  a«  +  ft«l 
a^  — y»  =  2aft  J 

TA    «  +  y  =  *  I  7s   a^  +  y'  +  a:  +  y  =  18 

4xy  =  a«-46»/'  -  »y  =  6 

X*  +  y*  =  10     +  y»)  +  72 1 
2(x«  +  y»)  =  5xy  J" 

x«  +  y»  =  2xy-15\ 
x4-y  =  2py  +  l      J  X    y    x  +  y 


ay«  +  toy=6l  3  +  1^  =  ^ 

'  =  a  J 


+  axy  =  a  J  x  y 

(x  +  yy  {x-yy^ 
78.       a«      ^  ft« 

x»  +  y»  =  2(a«  +  ft») 

a;*  -f.  y«  -  8  aft  =  6(a*  +  6«)  1 
xy-5aft  =  2(a*-hft^  J 

x»  +  y*  =  axyl 
aj  +  y  =  ftacy  J 

2(x«  +  y»)  =  6xy  -9aftl 
2(a  +  ft)(x4-y)  =  3(xy-aft)  J 


79. 


80. 


81. 


X*  4-  y*  +    =  49 1  2  xy  4-  X  4-  y  =  22 1 

82.        x4-y4-«  =  ll  85.  2y«  4-y  4-«  =58  I 

2x4-3y-4«=«  gJ  2x«  4- x  4- »  =  32  J 

«y4-y«4-x«  =  40  1  x"4-xy4-x«=:a» 

4x  =  3y  =  2«4-4J  86.  y«  4- y«  +  «y  =  2aft 

x«4.y.4-.«  =  84^  ^4-x.4-y«=y 

a,4.y4-;,  =  14  U  37   x«4-y"  =  244-6(x-. 

y«  =  x»J  xy  =  15 


83. 


84 
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EnrdM  28 

1.  If  the  length  and  breadth  of  a  rectangle  were  eadi 
increased  1  foot,  the  area  would  be  48  square  feet;  if  the 
length  and  breadth  were  each  diminished  1  foot,  the  area 
would  be  24  square  feet  Find  the  length  and  the  breadth  of 
the  rectangle. 

2.  A  farmer  laid  out  a  rectangular  lot  containing  1200 
square  yanls.  He  afterwards  increased  the  width  Ij  yards 
and  diminished  the  length  3  yards,  thereby  increasing  the 
area  by  60  square  yards.  Find  the  dimensions  of  the  original 
lot. 

3.  The  diagonal  of  a  rectangle  is  89  inches;  if  each  side 
were  3  inches  less,  the  diagonal  would  be  85  inches.  Find 
the  area  of  tlie  rectangle. 

4.  The  diagonal  of  a  rectangle  is  65  inches;  if  the  rect- 
angle were  3  inches  shorter  and  9  inches  wider,  the  diagonal 
would  still  be  65  inches.    Find  the  area  of  the  rectangle. 

5.  The  difference  of  two  numbers  is  |  of  the  greater,  and 
the  sum  of  their  squares  is  356.    Find  the  numbers. 

6.  The  sum,  the  product,  and  the  difference  of  the  squares 
of  two  numbers  are  all  equal.    Find  the  numbers. 

Hint.    Represent  the  numbers  by  x  +  y  and  x  —  y. 

7.  The  sum  of  two  numbers  is  5,  and  the  sum  of  their  cubes 
is  66.    Find  the  numbers. 

8.  The  sum  of  two  numbers  is  11,  and  the  cube  of  their 
sum  exceeds  the  sum  of  their  cubes  by  792.    Find  the  numbers. 

9.  A  number  is  formed  by  two  digits.  The  second  digit  is 
less  by  8  than  the  square  of  tlie  first  digit ;  if  9  times  the 
first  digit  is  added  to  the  number,  the  order  of  the  digits  is 
reversed.    Find  the  number. 
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10.  A  number  is  formed  by  three  digits,  the  third  digit 
being  the  sum  of  the  other  two ;  the  product  of  the  first  and 
third  digits  exceeds  the  square  of  the  second  by  5.  If  396  is 
added  to  the  number,  the  order  of  the  digits  is  reversed.  Find 
the  number. 

1 1.  The  numerator  and  denominator  of  a  certain  fraction  are 
each  greater  by  1  than  those  of  a  second  fraction ;  the  sum  of 
the  two  fractions  is  If  the  numerators  were  interchanged, 
the  sum  of  the  fractions  would  be  |.    Find  the  fractions. 

12.  There  are  two  fractions.  The  numerator  of  the  first 
is  the  square  of  the  denominator  of  the  second,  and  the 
numerator  of  the  second  is  the  square  of  the  denominator 
of  the  first ;  the  sum  of  the  fractions  is  and  the  sum  of 
their  denominators  5.    Find  the  fractions. 

13.  If  the  product  of  two  numbers  is  increased  by  their 
sum,  the  result  is  79.  If  their  product  is  diminished  by  their 
sum,  the  result  is  47.    Find  the  numbers. 

14.  The  sum  of  two  numbers  which  are  formed  by  the  same 
two  digits  is  f  {  of  their  difference ;  the  difference  of  the  squares 
of  the  numbers  is  3960.    Find  the  numbers. 

15.  The  fore  wheel  of  a  carriage  turns  in  a  mile  132  times 
more  than  the  hind  wheel ;  if  the  circumference  of  each  were 
increased  2  feet,  the  fore  wheel  would  turn  only  88  times  more. 
Find  the  circumference  of  each  wheel. 

16.  Two  travelers,  A  and  B,  set  out  at  the  same  moment 
from  two  distant  towns,  A  to  go  from  the  first  town  to  the 
second,  and  B  from  the  second  town  to  the  first,  and  both 
travel  at  uniform  rates.  When  they  meet,  A  has  traveled 
30  miles  farther  than  B.  A  finishes  his  journey  4  days,  and 
B  9  days,  after  they  meet.  Find  the  distance  between  the 
towns,  and  the  number  of  miles  A  and  B  each  travel  per  day. 
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17.  Two  boys  run  in  opposite  directions  around  a  rectan- 
gular field,  the  area  of  which  is  1  acre;  they  start  from 
one  comer,  and  meet  13  yards  from  the  opposite  comer.  One 
boy  runs  only  f  as  fast  as  the  other.  Find  the  length  and 
breadth  of  the  field. 

18.  A  man  walks  from  the  base  of  a  mountain  to  the  summit, 
reaching  the  summit  in  5^  hours ;  during  the  last  half  of  the 
distance  he  walks  ^  mile  less  per  hour  than  during  the  first 
half.  He  descends  in  3|  hours,  walking  1  mile  per  hour  faster 
than  during  the  first  half  of  the  ascent.  Find  the  distance 
from  the  base  to  the  summit  and  the  rates  of  walking. 

19.  A  garrison  had  bread  for  11  days.  If  there  had  been 
400  more  men,  each  man's  daily  share  would  have  been  2  ounces 
less ;  if  there  had  been  GOO  less  men,  each  man's  daily  share 
could  have  been  increased  by  2  ounces,  and  the  bread  would 
then  have  lasted  12  days.  How  many  pounds  of  bread  did 
the  garrison  have,  and  what  was  each  man's  daily  share  ? 

20.  Three  students,  A,  B,  and  0,  agree  to  work  out  a  set  of 
problems  in  preparation  for  an  examination ;  each  is  to  do  all 
the  problems.  A  solves  9  problems  per  day  and  finishes  the 
set  4  days  before  B ;  B  solves  2  more  problems  per  day  than 
C,  and  finishes  the  set  6  days  before  C.  Find  the  number  of 
problems  in  the  set. 

21.  A  cistern  can  be  filled  by  two  pipes ;  one  of  these  pipes 
can  fill  the  cistern  in  2  hours  less  time  than  the  other;  the 
cistern  can  be  filled  by  both  pipes  running  together  in  Ij 
hours.    Find  the  time  in  which  each  pipe  will  fill  the  cistern. 

22.  A  and  B  have  a  certain  manuscript  to  copy  between 
them.  At  A's  rate  of  work  he  would  copy  the  whole  manu- 
script in  18  hours;  P  copies  9  pages  per  hour.  A  finishes 
his  portion  in  as  many  hours  as  he  copies  pages  per  hour. 
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B  is  occupied  with  his  portion  2  hours  Ipnger  than  A  is  with 
Ms.    Find  the  number  of  pages  copied  by  each. 

23.  A  and  B  have  4800  circulars  to  stamp  and  intend  to 
finish  them  in  two  days,  2400  each  day.  The  first  day  A, 
working  alone,  stamps  800,  and  then  A  and  B  stamp  the 
remaining  1600,  A  working  in  all  3  hours.  The  second  day 
A  works  3  hours  and  B  1  hour,  and  they  accomplish  only 

of  their  task  for  that  day.  Find  the  number  of  circulars 
each  stamps  per  minute  and  the  number  of  hours  B  works  on 
the  first  day. 

24.  A^  in  running  a  race  with  B  to  a  post  and  back,  meets 
him  10  yards  from  the  post.  To  come  in  even  with  A,  B 
must  increase  his  pace  from  this  point  41^  yards  per  minute. 
If,  without  changing  his  pace,  he  turns  back  on  meeting  A,  he 
will  come  in  4  seconds  behind  A.  Find  the  distance  to  the 
post. 

25.  A  boat's  crew,  rowing  at  half  their  usual  speed,  row 
3  miles  down  stream  and  back  again,  accomplishing  the  dis- 
tance in  2  hours  and  40  minutes.  At  full  speed  they  can  go 
over  the  same  course  in  1  hour  and  4  minutes.  Find  the  rate 
of  the  crew  and  of  the  current. 

26.  A  farmer  sold  a  number  of  sheep  for  $286.  He  received 
for  each  sheep  $2  more  than  he  paid  for  it,  and  gained  thereby 
on  the  cost  of  the  sheep  ^  as  many  per  cent  as  each  sheep  cost 
dollars.    Find  the  number  of  sheep. 

27.  A  person  has  $1300,  which  he  divides  into  two  parts 
and  loans  at  different  rates  of  interest  in  such  a  manner  that 
the  two  portions  produce  equal  returns.  If  the  first  portion 
had  been  loaned  at  the  second  rate  of  interest,  it  would  have 
yielded  annually  $36 ;  if  the  second  portion  had  been  loaned 
at  the  first  rate  of  interest,  it  would  have  yielded  annually  $49. 
Find  the  two  rates  of  interest. 
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28.  A  person  has  $5000,  which  he  diyides  into  two  portions 
and  loans  at  different  rates  of  interest  in  such  a  manner  ihaX 
the  return  from  the  first  portion  is  double  the  return  from  the 
second  portion.  If  the  first  portion  had  been  loaned  at  the 
second  rate  of  interest,  it  would  have  yielded  annually  $245; 
if  the  second  portion  had  been  loaned  at  the  first  rate  of 
interest,  it  would  have  yielded  annually  $90.  Find  the  two 
amounts  and  the  two  rates  of  interest. 

29.  A  number  is  formed  by  three  digits;  10  times  the 
middle  digit  exceeds  the  square  of  half  the  sum  of  the  three 
digits  by  21 ;  if  99  is  added  to  the  number,  the  digits  are  in 
reverse  order ;  the  number  is  11  times  the  number  formed  by 
the  first  and  third  digits.    Find  the  number. 

30.  A  number  is  formed  by  three  digits ;  the  sum  of  the 
last  two  digits  is  the  square  of  the  first  digit ;  the  last  digit 
is  greater  by  2  than  the  sum  of  the  first  and  second ;  if  396 
is  added  to  the  number,  the  digits  are  in  reverse  order.  Find 
the  number. 

31.  There  are  two  numbers  formed  of  the  same  two  digits 
in  reverse  order.  The  sum  of  the  numbers  is  33  times  the 
difference  between  the  two  digits,  and  the  difference  between 
the  squares  of  the  two  numbers  is  4752.    Find  the  numbers. 

32.  A  boat's  crew,  rowing  at  half  their  usual  rate,  row 
2  miles  down  a  river  and  back  in  1  hour  and  40  minutes. 
At  their  usual  rate  they  would  have  gone  over  the  same  course 
in  40  minutes.  Find  the  usual  rate  of  the  crew  and  the  rate 
of  the  current 

33.  A  railroad  train,  after  traveling  1  hour  from  A,  meets 
with  an  accident  which  delays  it  1  hour ;  it  then  proceeds  at 
a  rate  8  miles  per  hour  less  than  its  former  rate  and  arrives 
at  B  5  hours  late.  If  the  accident  had  happened  50  miles 
farther  on,  the  train  would  have  been  only  3J  hours  late. 
Find  the  distance  from  A  to  B. 
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187.  An  equation  is  in  the  quadratic  form  if  it  contains  but 
two  powers  of  the  unknown,  and  if  the  exponent  of  one  power 
is  timce  the  exponent  of  the  other  power. 

(1)  Solve8a:«  +  63a:»  =  8. 

This  equation  is  in  the  quadratic  form  in  x*. 
We  have  8x«  +  63x»  =  8. 

Multiply  by  32  and  complete  the  square, 

266x«  +  () +  (63)2  =  4226. 
Extract  the  square  root,  16x«  +  63  =  ±66. 
Hence,  x«  =  i  or  -  8. 

Extracting  the  cube  root,  we  find  two  values  of  x  to  be  i  and  —  2. 
To  find  the  remaining  roots,  solve  completely  the  two  equations 
x»=J,         x»  =  -8. 

We  have  8  x»  -  1  =  0,        We  have 

or      (2x-  l)(4x«  +  2x+  1)  =  0. 


.•.2x  -  1  =  0, 
or  4x«-f2x+l=0. 

Solving  these,  we  find  for  three 
values  of  x, 

2'   4        '  4 


x»  +  8  =  0, 

or    .    (x  +  2)(z»-2x  +  4)  =  0. 

.-.  X  +  2  =  0, 
or  x2-2x  +  4  =  0. 

Solving  these,  we  find  for  three 
values  of  x, 

-2,  1  +  1  -V^. 


These  six  values  of  x  are  the  six  roots  of  the  given  equation. 

(2)  Solve  V?  -  3       =  40. 

Using  fractional  exponents,  we  have  x'  —  3x*  =  40. 
This  equation  is  in  the  quadratic  form  in  x^  if  we  regard  x^  as  the 
unknown  number. 
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Complete  the  square,  4    -  12  x<  +  0  =  160. 
Extract  the  root,  2x*  -  8  =  ±  13. 

2x*  =  16  or  -10. 
X*  -  8  =  0, 

or  X*  +  6  =  0. 

(X*  -  2)(x»  +  2x*  +  4)  =  0  ;  or  (x*  +  6*)(x»  -  6*xi  +  6*)  =0. 
/.  x*  =  2  or  -li>/r3;       or  x*=-V^or  Jv^(l±VT3). 
X  =16  or  8(-ldbvC^);  or  x=  6V^  or  f  </6(-lT VTs). 


Solve  : 

1.  a;«  +  7«»  =  8. 

2.  — Sx'  -f  4  =  0. 

3.  a;«-f  4x»  =  96. 

4.  37a»-9  =  4a:*. 
6.  16a;«  =  17a;*-l. 

6.  32a;»^  =  33x*-l. 

7.  ««4-14a:»-f  24  =  0. 

8.  19a;*4-216x^  =  x. 

9.  a;»-22a;*-f  21  =  0. 
10.  ar^"*  4- 3     =  4. 

n.  ----3-  =  j2- 

12.  a^"  4- 3  a:*'' =  40. 

13.  ae^"* 2  ax"^  =  S  a*. 

14.  a;-*-4a;-«  =  12. 

16.  + 6a;-* -36  =  0. 
16.  a;-»-3a;-*-154  =  0. 
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17.  9aj-*4-4x-»  =  5. 

18.  4a;* -3a;*  =  10. 

19.  2a;* -3a;*  =  9. 

20.  V«*=^  +  12. 

21.  x  =  9V«4-22. 

22.  -V^- 4^  =  32. 

23.  2V?-3V^  =  35. 

24.  -^-f^  =  5. 

25.  a;-*  +  a;"*  =  f 

26.  3a;~*  +  4a;"*  =  20. 

27.  2  a;"* -a;"*  =  45. 

28.  4-v^  +  3-v^  =  27. 

29.  ^J^+-v^  =  72. 

30.  V2x-f4a;  =  l. 
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188.  Equhralent  Eqoationa.    Two  equations  that  inyolye  the 

same  unknown  number  are  called  equivalent  equations,  if  the 

solutions  of  either  include  all  the  solutions  of  the  other. 

Thus,  7x  —  85  =  5x  -f  &  and  4x  =  85  are  equivalent  equations,  for 
the  solution  of  each  is  x  =  2 

A  single  equation  is  often  equivalent  to  two  or  more  equa- 
tions. 

Thus,  the  equation  x*  +  1  =  0  may  be  written 
(x  +  l)(x«-x  +  l)  =  0; 
and  this  equation  is  equivalent  to  the  two  equations 
X  +  1  =  0  and  x«  -  x  +  1  =  0. 
In  solving  x*  + 1  =  0,  we  should  write  it  as  x-f  1  =0  and  x^  — x  + 1  =0, 
and  solve  each  of  these  equations. 

If  eoAih  meTnJber  of  an  eqtuUion  is  multiplied  by  the  same 
factor  and  this  factor  involves  an  unknovm  nutnber  of  the 
equation,  new  solutions  are  in  general  introduced. 

Thus,  if  we  multiply  x  —  3  =  0  by  x  —  6,  we  get  (x  —  8)  (x  —  5)  =  0, 
and  introduce  the  solution  of  x  —  5  =  0. 

But  if  the  multiplying  factor  is  a  denominator  of  a  fraction 
of  the  equation,  new  solutions  are  in  general  not  introduced. 

Thus,    ^    =  8  +  X  becomes,  when  multiplied  by  x  —  1, 
X  —  1 

6  =  (X  -  1) (8  -f  x),  or  x2  +  2x  -  8  =  0 ; 
that  is,  (x  +  4)(x  -  2)  =  0.    Whence,  x  =  -  4  or  2. 

Therefore,  the  solution  x  =  1  is  not  introduced,  and  this  solution  is  the 
only  solution  that  could  be  introduced  by  the  factor  x  —  1. 

In  general,  new  solutions  are  not  introduced  in  clearing  an 
equation  of  fra>ctions  if  we  proceed  as  follows : 

1.  Combine  fractions  that  have  a  common  denominator. 

2.  Reduce  fractions  to  their  lowest  terms. 

3.  Use  the  L.C.M.  of  the  denominators  for  the  multiplier. 

If  each  member  of  an  equation  is  raised  to  the  same  power, 
new  solutions  are,  in  general,  introduced. 
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Thus,  if  we  square  each  member  of  the  equation  x  =  2,  we  have  =  4, 
or  x»  -  4  =  0 ;  that  is,  (x  +  2)  (x  -  2)  =  0. 

Therefore,  the  solution  of  x  +  2  =  0  was  introduced  by  squaring  both 
members  of  x  =  2. 

In  solving  an  equation,  if  we  raise  each  member  to  any  power, 
we  must  reject  the  solutions  of  the  resulting  equation  that  do  not 
satisfy  the  given  equation. 

Solve  by  clearing  of  radicals 

Va-f  4  +  V2a;  +  6  =  VZx  +  U. 

Square,   x  +  4  +  2  V(x  -f  4)  (2x  -^6)  -f  2x  +  6  =  7x  -f  14. 
Transpose  and  combine,      2  V(x  -f  4)  (2  x  +  6)  =  4  x  +  4. 
Divide  by  2  and  square,  (x  +  4)  (2  x  +  6)  =  (2  x  +  2)« 

Reduce,  x«-3x  =  10. 

Therefore,  x  =  5  or  -  2. 

Of  these  two  values  only  5  will  satisfy  the  given  equation. 

Squaring  both  numbers  of  the  original  equation  is  equivalent  to 
transposing  V7x  + 14  to  the  left  member,  and  then  multiplying  by  the 
rationalizing  factor 

Vx  +  4  +  V2X  +  6  +  V7x+  14. 
The  result  reduces  to 

V(x  +  4)(Sx  +  6)  -  (2x  +  2)  =  0. 
Transposing  and  squaring  again  is  equivalent  to  multiplying  by 
(Vx  +  4-V2x  +  6-V7x  +  14)(Vx  +  4-V2x  +  6+V7x  +  14). 
Therefore,  the  equation  x^-Sx  —  10  =  0i8  really  obtained  from 
{Vx  +  4  +  V2X  +  6  -  V7x  +  14) 

X  (Vx  +  4  +V2x  +  6+V7x  +  14) 
X  (Vx  +  4  -  V2x  +  6  -  V7x  +  14) 
X  (Vx  +  4  -  V2X  +  6  +  V7x  +  14)  =  0. 

This  equation  is  satisfied  by  any  value  that  will  make  any  one  of  the 
ftmr  factors  of  its  left  member  equal  to  zero.  The  first  factor  is  0  for 
X  =  6,  and  the  last  factor  is  0  for  x  =  —  2,  while  no  value  can  be  found 
to  make  the  second  or  third  factor  vanish. 

Since  —  2  does  not  satisfy  the  given  equation  but  is  introduced  by 
multiplying  by  another  equation,  it  is  called  an  extro.'MiOMZ  vaZu6  of  x. 
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189.  Some  radical  equations  may  be  solved  as  follows : 

Solve  7««  -  6a;  -f  8  V7x"-5x-M  =  -  8. 
Add  1  to  each  side, 

7aja-5x+  l+8V7x«-6x+  l=-7. 
Solying  for  7  x«  -  6  x  +  1,  we  have 

7x*-6x  +  l  =  l,  or  7x»-6x  +  l=49. 
Solving  these,  we  find  0,  f ,  3,  —  ^  for  the  values  of  x. 
All  these  values  are  extraneous  values,  and  the  given  equation  has  no 
solution. 

190.  Various  other  equations  may  be  solved  by  methods 
similar  to  that  of  the  last  section. 

(1)  Solve  a*  -  4«»  -f-       -  2a;  -  20  =  0. 
Begin  by  attempting  to  extract  the  square  root. 

x4  -4x»-f  5x«-2x-20(4«-2x 


2a^-2x 


-4x«  +  6aJ» 
-4x«  +  4x« 


x«-2x-20 

We  see  from  the  above  that  the  equation  may  be  written 

(x«  -  2x)«  +  (x»  -  2x)  -  20  =  0. 
Solving,  x>  -  2x  =  -  6,  or  x»  -  2x  =  4. 

Solving  these  two  equations,  we  find  for  the  four  values  of  x, 
l  +  2Viri,   1-.2V3T,    1  +  ^5,  1-V6. 

(2)  Solve  x«-h^  +  «  +  i  =  4. 

Add  2  to  each  member,  ■ 

a»  +  2  +  i+x  +  i  =  fl, 

Extract  the  root,     x  +  -  =  2,  orx-f-  =  -3. 

X  X 

Solving  these  two  equations,  we  find  for  the  four  values  of  x, 
-3  +  V6  -3-V6 
^'   —2  —2  
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SolTe: 

1.  Vx-h4  + V2x-1  =  6.        3.  Vx  + V4-h«=3. 

2.  Vl3x-1- V2x-1  =  5.    4.  V5^  +  21=x*. 

6.  Vx  +  1  -f-  Va;  + 16  =  Vx  4-  26. 

6/  V27Ti-ViT4  =  ^^^^. 

7.  +  3  +  Vx  4-  8  =  6  Vx. 

8.  Vx  4-  7  +  Vx  -  6  +  V3x  4-  9  =  0. 

9.  Vx4-6  +  V8-2x4-V9-4x  =  0. 

10.  V7  -  X  -h  V3x  4- 10*4-  Vx  4-  3  =  0. 

11.  V2x«4-3x4-7  =  2x*4-3x-6. 

12.  x"-3x-f2  =  6  Vx«  -  3  X  -  3. 

13.  6x«-3x- 2  =  V2x»-x. 

14.  15x  -  3x«  -  16  =  4  Vx«  -5x4-5. 

15.  6 x«  -  21 X  4-  20  =  V4x«  -  14x  +  16. 

16.  V36x«  4-  12x  +  33  =  41  -  8x  -  24x« 

17.  4x*-12x»  +  5x»  +  6x-15  =  0. 

18.  x*-10x»4-35x«-50x4-24  =  0. 

19.  x*-4x»-10x«  +  28x-16  =  0. 

20.  18x*4-24x»-7x«-10x-88  =  0. 

21.  4x*-12x»  +  17x»-12x-12  =  0. 

/• 

88.  Va8  +  Vg  +  3=    ,  =• 

83.  6  +  Vx*^  =  -yM=- 
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24.  _±=  +  _^=_4=. 

VSTfT  Vi»^ 


25. 


Voj  +  2  +  Va5  -  2  2 


3g  + V4a;-g»^^ 
3  a;  — V4a:  — 

V3a:*-f  4  4-  V2^» +1  ""7* 

V7^«T4H-2V3a;-l^^ 
V7a;«-f  4-2V3X-1 

V5g  -^H-Vg-g^2Vac  +  l 
V6a;-4- V5-flc  2V«-1 

K  V(a:  +  a)'  4-  2  ad  +  6*  4-  a?  +  a  =  ft. 

V3  1 

31.     ,   ==  =  —==• 

34.  Vx«  4-  a*  4-  3  aa;  4-  Vx*  4-  a*  —  3  ax  =  V2  a*  -h  2  ft«. 

35.  4a5*  -  3(a:*  4- -  2)  =  a;*(10  -  3x*). 

36.  (a;«-2)(a;*-4)  =  a;'(aj'-l)«-12. 

37.  3  Vx»  4- 17  4-  Va^  4- 1  -  2  V6a;»  4-  41  =  0. 

2    05       4    a;  ^  a5 

2  2 

39.   7=4-  = 

X  4-  V2  -ar^     x  -  V2  -  a;'^ 


26. 

27. 

28. 

29. 
30 


32 
33 
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40. 
41. 

42. 

43. 
44. 

45. 
46. 

47. 

48. 
49. 


1        ^        1        ^  2x 

Vox  -f  ft  -f  Vg^  _  1  -f  Vfla;  —  ft 
Vox  4-  ft  —  Vox     1  —  Vox  —  ft 

Va  —  ag  -f  Vft  —  ag  _  VSc  +  Vft 
Va  —  X  —  Vft  —  X     Vx  — Vft 


Vx  -h  y/a  —  "Vox  -h  x*  =  Va. 

a^  +  y'  +  a;  +  y  =  48l 
0^^=12/' 


x  +  y  +  VxT^  =  a\ 
5C  —  y  +  Vx  —  y  =  6  J 

4- -f- y*  =  aM 
+  Vxy  +  y  =  ft  J 


fxy- 

3V^4-2V^_g 
4Vx-2  V^ 

16  x« 

Vx  -  V^  =  x*(Vx  -h  Vy)  1 
(aJ4-y)>  =  2(x-y)«  j" 

^x  +  y      ^  ox 

«  +  y  =  «y- 
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PROPERTIES  OF  QUADRATIC  EQUATIONS 
191.  If  we  represent  the  roots  of  the  quadratic  equation 

by  a  and  ft  we  have  (§  181) 

—  ft  4-  Vft*  —  4  ac 


—  ft  —  Vft*  —  4ac 

^  =  


Adding,  a-fi8  =  — ^• 

Multiplying,  ajS  =  ^  • 

If  we  divide  the  equation  ax*  +  fta  -f-  c  =  0  through  by  a, 

ft  e 

we  have  the  equation  x"-f-a;4--  =  0;  this  may  be  written 

a  a 

+  px -i- q  =  0,  where  p  =  -  J  q  =  -- 


It  appears,  then,  that  if  any  quadratic  equation  is  made  to 
assume  the  form  x*  px  -\-  q  =  0,  the  following  relations  hold 
between  the  coefficients  and  roots  of  the  equation : 

1.  The  sum  of  the  two  roots  is  equal  to  the  coefficient  of 
X  with  its  sign  changed. 

2.  The  product  of  the  two  roots  is  equal  to  the  constant 
term. 

Thus,  the  sain  of  the  two  roots* of  the  eqaation  —  7z  +  8  =  0  is  7, 
and  the  pioduct  of  the  roots  8. 

16S 
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192.  The  expressions  a  +  fi,  afi  are  examples  of  symmetric 
functions  of  the  roots.  Any  expression  that  involves  both  roots, 
and  remains  unchanged  when  the  roots  are  interchanged,  is  a 
symmetric  function  of  the  roots. 

From  the  relations  a  +  /5  =  — ap  =  q,  the  value  of  any 
symmetric  function  of  the  roots  of  a  given  quadratic  may  be 
found  in  terms  of  the  coefficients. 

Given  that  a  and  /9  are  the  roots  of  the  qoadratic  —  72  +  8  =  0,  we 
may  find  the  values  of  symmetric  fouctioDs  of  the  roots  as  follows : 

(1)  + 

We  have  a:  +  /J  =  7, 

and  ap  =  8. 

Square  the  first,  a«  +  2     +  /8«  =  49 

Suhtract,  2  aft  =10 

and  we  have  a*          +  /J*  =  33 

^'      ^  a«  +  3aV  +  3a/3»  +  /S«  =  343 

3  a/3(a  +  fi)  or         3      -f  3  g/P        =  168 
Suhtract,  a*  +  /3«  =  176 

Thisis  ^i±^,    whichis  1^. 

ap  8 

193.  Resolution  into  Factors.    By  §  191,  if  a  and  p  are  the 

roots  of  the  equation  -^px  +  q  =  0,  the  equation  may  be 
written  •    ^  ^  /v 

The  left  member  is  the  product  of  a;  —  a  and  x  —  fi^  bo  that 
the  equation  may  be  also  written 

(a;  -  a)  (a;  -  )8)  =  0. 

It  appears,  then,  that  the  factors  of  the  qtuidratie  expression 
x^  -i-px  q  are  x  —  a  and  x  —  fi,  where  a  and  p  are  the  roots 
of  the  quadratic  equation  x*  +  px  -\-  q  =^  0. 

The  factors  are  real  and  different,  real  and  alike,  or  imagi- 
nary, according  as  a  and  are  real  and  unequal,  real  and  equal, 
or  imaginary. 
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11  P=i  a,  the  equation  becomes 

(x  —  a)(X'-  a)=Oy  or  (x  —  cr)*  =  0. 

If^  then,  the  two  roots  of  a  quadratic  equation  are  equal,  the 
left  member,  when  all  the  terms  are  transposed  to  that  member, 
is  a  perfect  square. 

If  the  equation  is  in  the  form  +  hx  +  e  =  0,  the  left 
member  may  be  written 

a^a^ +  ^a5  +  ^^>  or  a(x  -  a)  (x  -  P).  (§191) 

194.  If  the  roots  of  a  quadratic  equation  are  given^  we  can 
form  the  equation. 

Form  the  equation  of  which  the  roots  are  3  and  —  |. 

The  equation  is  (z  -  8)  (x  +  })  =  0, 

or  (X  -  3)  (2  X  +  5)  =  0, 

or  2  x«  -  X  -  15  =  0. 

195.  Qoadratic  expressions  may  be  factored  by  the  principles 
of  §  193. 

(1)  Resolve  into  two  factors     —  5  ac  +  3. 
Write  the  equation  x^-6x  +  3  =  0. 

The  roots  are  found  to  be  and  

2  2 

The  factors  of    —  6x  +  3  are 

6  +  Vis      ,       6-  Vl3 

X  and  X  

2  2 

(2)  Resolve  into  factors  3    —  4  a;  -f  5. 
Write  the  equation  3x'  -  4x  +  5  =  0. 

rnu  .  X  X.     2+  V-  11  2-  V-11 

The  roots  are  found  to  be  and  

3  3 

Therefore,  the  expression  3  x^  —  4  x  +  5  may  be  written  (§  108) 
2  + V-  11\/      2- V-ll\ 

3(x — 3_)(x — —y 
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Bx«rciae  31 

Form  the  equations  of  which  the  roots  are : 

1.  3,  2.  6.  a +  3 6,  a-Sb. 


2.  4,  -  5. 


3     '  3 

3.  _  6,  -  8.  8.  2  +  V3,  2  -  V3. 

t>  f  9.  -  1  +  V5,  -  1  -  Vs. 

6.  -i,  -i.  10.  l+Vf,  l-Vf. 

Resolve  into  factors,  real  or  imagiuary*^ : 

11.  3x^-15x-i2,  16.  x«-3x  +  4. 

12.  9x*-27x-70.  16.      -f  x  +  1. 

13.  49x»-f49x  +  6.  17.  4x«-28x  +  49. 

14.  169x^-52x  +  4.  18.  4x2  +  12x  +  13. 

In  Examples  19-27,  a  and  )3  are  to  be  taken  as  the  roots  of 
the  equation  x^  —  7  x  -f  8  =  0. 

Find  the  value  of : 

19.  (a^py.  +  ^ 


20.   a^p  +  afi^. 


a 


21.  25.  ^  + 


a" 


^   22.  ^  +  26.  (a^-^)«. 

P  « 

23.  ^  +  27.  ^  +  5- 

In  Examples  28-33,  a  and  /?  are  to  be  taken  as  the  roots  of 
the  equation  x'  -f  j:?x  +  2'  =  0. 
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Find  in  tenns  of  p  and  q  the  value  of : 

28.  i+i-  81.  a«^  +  a^. 

"     ^  32.  a*  +  P*. 

29.  a'p  +  ap'. 

30.  a»  +  i8*.  .  i8*^a« 

34.  When  will  the  roots  of  the  equation  aa^  -f  fta?  +  c  =  0 
be  both  positive  ?  both  negative  ?  one  positive  and  one  nega- 
tive? 

196.  The  Rooto  in  Special  Cases.  The  values  of  the  roots  of 
the  equation  oic*  +  ftfic  -h  c  =  0  are  (§  191) 


ac 

 2^^  '   2^  W 


Multiplying  both  numerator  and  denominator  of  the  first 
expression  by  —  b  —  V^'  —  4ac,  and  both  numerator  and 
denominator  of  the  second  expression  by  —  ^  -f  Vft*  —  4ar, 
we  obtain  these  new  forms  for  the  values  of  the  roots: 

2"  2c 


We  proceed  to  consider  the  following  special  cases : 
1.  Suppose  a  to  be  very  small  compared  with  b  and  c.  In 
this  case    —  ^ac  differs  but  little  from  6*,  and  its  square  root 
but  little  from  b.    The  denominator  of  the  first  root  in  [2] 

will  be  very  nearly  —  2  ft,  and  the  root  itself  very  nearly  —  - ; 

the  denominator  of  the  second  root  in  [2]  will  be  very  small, 
and  the  root  itself  numerically  very  large. 

The  smaller  a  is,  the  larger  will  the  second  root  be,  and  the 

less  will  the  first  root  differ  from  —  ^  • 

o 
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The  first  root  may  be  found  approximately  by  neglecting 
the  term  and  solving  the  simple  equation  6x  +  c  =  0.  In 
fact,  the  quadratic  equation  itself  approximates  the  form 

2.  Suppose  both  a  and  6  to  be  very  small  compared  with  e. 

In  this  case  the  first  root,  which  differs  but  little  from  —  ^> 
also  becomes  very  large,  so  that  both  roots  are  very  large. 

The  smaUer  a  and  b  are,  the  larger  will  the  roots  be.  The 
quadratic  equation  in  this  case  approximates  the  form 
Oir*-f-Ox  +  c  =  0. 

3.  Suppose  e  =  0  while  a  and  b  are  not  zero.    In  this  case 

the  first  root  in  [1]  becomes  zero,  the  second  root  becomes  — 
The  quadratic  equation  becomes 

ax*  -f  Ax  =  0,  or  x  (ox  -f  A)  =  0 ; 

one  root  is  0,  the  other  is  —  -  • 

a 

4.  Suppose  b  =  0  and  c  =  0  while  a  is  not  zero.  In  this 
case  the  equation  reduces  to  ax*  =  0,  of  which  both  roots 
are  zero. 

5.  Suppose  ft  =  0  while  a  and  e  are  not  zero.  In  this  case 
the  two  roots  become  +  \j—  -  and  —  V—  -  • 

The  equation  becomes  the  pure  quadratic  ox*  -f  c  =  0. 

197.  Collecting  results,  we  have  the  following: 

1.  If  a  is  very  small  compared  with  b  and  e ;  one  root  is 
very  large. 

2.  If  a  and  b  are  both  very  small  compared  with  c ;  both 
roots  are  very  large. 

3.  If  c  =  0,  a  and  b  not  zero ;  one  root  is  zero. 

4.  If  ft  =  0,  c  =  0,  a  not  zero ;  both  roots  are  zero. 

5.  If  b  =  0,  a  and  c  not  zero ;  the  equation  is  a  pure  quad- 
ratio  with  roots  numericallv  equal  but  opposite  in  sign. 
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198.  Yarkble  Coefficients.  When  the  coefficients  of  an  equa- 
tion inyolYe  an  undetermined  number  the  character  of  the 
roots  may  depend  on  the  value  given  to  the  unknown  number. 

For  what  values  of  m  will  the  equation 

2m«*  +  (6m  +  2)x+(^m  +  1)  =  0 

have  its  roots  real  and  equals  real  and  unequal^  imaginary  ? 

We  find         6a-4ac  =  (5m  +  2)a-8m(4m  +  1) 
=  4  +  12m-7m« 
=  (2-m)(2  +  7m). 

Roots  equal   In  this  case  6^  _  4  oc  is  zero.  (§  181) 

2  -  m  =  0,  or  2  +  7m  =  0. 
.'.  m  =  2,  or  m  =  —  f . 

Roote  real  and  unequal.   In  this  case  6^  —  4  oc  is  positive.        ($  181) 
The  factors  2  —  m,  2  +  7m,  aretobe  both  positive  or  both  negative. 
If  m  lies  between  2  and  —  f ,  both  factors  are  positive ;  both  factors 
cannot  be  negative. 

Roots  imagifuiry.    In  this  case  6^  —  4  oc  is  negative.  (§  181) 

Of  the  two  factors  2  —  m,  2  +  7  m,  one  is  positive,  the  other  negative. 
If  m  is  greater  than  2,  2  —  m  is  negative  and  2  +  7  m  positive ;  if  m  is 
less  than  —  f ,  2  +  7  m  is  negative  and  2  —  m  positive. 

199.  By  a  method  similar  to  that  of  §  198  we  can  often 
obtain  the  maximum  or  the  minimum  value  of  a  quadratic 
expression  for  real  values  of  x, 

(1)  Find  the  maximum  or  the  minimum  value  of  1  +  «  —  a:" 
for  real  values  of  x. 

Let  1  +  «  -    =  m. 


o  ,  1  ±V6-4m 

Solve,  z  =  . 

2 

Since  z  is  real,  we  most  have 

6>4m  or  6  =  4 m. 
Therefore,  4  m  is  not  greater  than  5. 

That  is,  m  is  not  greater  than  \. 

The  maximum  value  of  1  +  z  —     is  } ;  for  tliis  value  x  =  J. 
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(2)  Find  the  minimuni  value  of  -h  3  a;  -f-  4  f or  real  values 
of  X, 

Let  x«  +  3x  +  4  =  m. 

Then,  x»  +  3x  =  m-4. 


Solve,  ^^-3±V4m-.7 

2 

Since  X  IS  real,  we  must  have 

4m>7or4m  =  7. 
Therefore,  4  m  is  not  less  than  ^ 

That  is,  m  is  not  less  than  |. 

The  minimum  value  of  x'  +  3x  +  4  is  }  ;  for  this  value  x  =  —  {. 

Note.  Instead  of  solving  for  x,  we  might  have  used  the  condition  for 
real  roots,  viz.,     —  4 oc  greater  than  or  equal  to  zero. 

200.  The  existence  of  a  maximum  or  a  minimum  value  may 
also  be  shown  as  follows : 

Take  the  first  expression  of  the  last  article, 
1  +  X  -  x« 

This  is  }-(l-«-f«^. 
or  i  -     -  J)^. 

(x  —  is  positive  for  all  real  values  of  x  ;  its  least  value  is  zero,  and 
ill  this  case  the  given  expression  has  its  greatest  value, 

Similarly  for  any  other  expression. 

Exercise  32 

For  what  values  of  m  are  the  two  roots  of  each  of  the  fol- 
lowing equations  equal,  real  and  unequal,  imaginary  ? 

1.  (3»i4-l)aJ*  +  2(/^i  +  l)x-hm  =  0. 

2.  (w-2)x2  4-(w-5)x  +  2m-5  =  0. 

4.  mx^-]-2x^-h2m-3nix-\'9x-10  =  0. 
B.  6m£c*  -f87yMC  +  2m  =  2x  —  a'  —  1. 
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For  real  values  of  x,  find  the  maxinmin  or  the  minimum 
yalue  of  each  of  the  following  expressions : 

6.  X*  — Gx-f  13.  x^-x  —  l 

7.  4x«-12a;  +  16.  "  x^-x-^-l 

8.  3  +  12«-9x^  g^-h2a;-3 

9.  x*  +  8x  +  20.  '  a:'-2a:-h3 


10.  4a:«-12a;-f  25.  17. 

11.  26x«-40«-16. 


1  1 


2-fx  2-aj 


4a;  2a;«-2g-f-5 
^  •  (x  +  2)«"  a;«-2x  +  3  ' 

21.  Diyide  a  line  2  a  inches  long  into  two  parts  such  that 
the  rectangle  of  these  parts  shall  be  the  greatest  possible. 

22.  Divide  a  line  20  inches  long  into  two  parts  such  that 
the  hypotenuse  of  the  right  triangle  of  which  the  two  parts 
are  the  legs  shall  be  the  least  possible. 

23.  Divide  2  a  into  two  parts  such  that  the  sum  of  their 
square  roots  shall  be  a  maximum. 

24.  Find  the  greatest  rectangle  that  can  be  inscribed  in  a 
given  triangle. 

26.  Find  the  greatest  rectangle  that  can  be  inscribed  in  a 
given  circle. 

26.  Find  the  rectangle  of  greatest  perimeter  that  can  be 
inscribed  in  a  given  circle. 


CHAPTER  XIV 


SURDS  AND  IMA6INARISS 

201.  Quadratic  Surds.  The  product  or  the  quotient  of  two 
dissimilar  qtiadrcUic  surds  is  a  quadratic  surd. 

For  every  quadratic  surd,  when  simplified,  has  under  the 
radical  sign  one  or  more  factors  raised  only  to  the  first  power ; 
and  two  surds  which  are  dissimilar  cannot  have  all  these 
factors  alike. 

202.  The  sum  or  the  difference  of  two  dissimilar  quadratic 
surds  cannot  he  a  rational  number,  nor  can  it  he  expressed  as 
a  single  surd. 

For,  if  Va  ±  y/h  could  be  equal  to  a  rational  number  c,  then 
squaring  and  transposing, 

±  2  Va*  =  c«  -  a  -  6. 

Now,  as  the  right  side  of  this  equation  is  rational,  the  left 
side  should  be  rational ;  but  Va6  cannot  be  rational  (§  201). 
Therefore,  Va  ±  V6  cannot  be  rational. 

In  like  manner  it  may  be  shown  that  Va  ±  V6  cannot  be 
expressed  as  a  single  surd  Vc. 

203.  A  quadratic  surd  cannot  he  equal  to  the  sum  of  a 
rational  numher  and  a  surd. 

For,  if  Va  could  be  equal  to  c  -f  V^,  then  squaring  and 
transposing, 

2tfVft  =  a-ft-c'; 

that  is,  a  surd  would  be  equal  to  a  rational  number ;  but  this 
is  impossible. 
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204.  ijf  a  -f-  Vb  =  X  +  Vy ,  then  a  is  eqiuil  to  x,  and  b  is 
equal  to  j. 

Por,  transposing,  —  Vy  =  «  —  a ;  and  if  ft  were  not  equal 
to  y,  the  difference  of  two  unequal  surds  would  be  rational, 
which  is  impossible.  (§  202) 

■      ft  =  y,  and  a  =  x. 

In  like  manner,  if  a  —  Vft  =  sc  —  Vy,  a  is  equal  to  and  ft 
is  equal  to  y. 

An  expression  of  the  form  a  -f  Vft,  where  Vft  is  a  suid,  is 
called  a  binomial  surd. 

205.  Square  Root  of  a  Binomial  Sard. 

(1)  Extract  the  square  root  of  a  -f  Vft. 

Let  Vo  +  Vft  =  Vx  -f  Vy, 

Square,  a  +  Vft  =  x  +  2  Vxy  +  y, 

.-.  X  -f  y  =  a,  and  2  Vzy  -  y/h,         (§  204) 
From  these  two  equations  the  vahies  of  x  and  y  may  be  found. 
Or,  since  a  =  x  +  y  and  Vft  =  2  Vxy, 

a  —  Vft  =  X  -  2  Vxy  +  y. 
Extract  the  root,         Va  -  Vft  =  Vx -  Vy. 

.-.  (Va  +  V6)(Va-V6)  =  (v^  +  Vy)(v^-V^). 
.-.  Va*  —  h  =  X  —  y. 
And,  as  a  =  x  + 

the  values  of  x  and  y  may  be  found  by  addition  and  subtraction. 

(2)  Extract  the  square  root  of  7  -f  4  VS. 

•    Let  Vx  +      =  y?  4-  4  Vs.  [1] 

Then,  Vx  -  V^  =  V?  -4  VS.  [2] 

Multiply  [1]  by  [2],  «  -  y  =  V49  -  48. 

.-.  X  —  y  =  1. 
But  X  +  y  =  7. 

.'.  X  =  4,.  and  y  =  3. 
Vx  +      =  2  +  Vs. 

.-.  Vt+Tvs  =  2  +  Vs. 
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A  root  may  often  be  obtained  by  inspection.  For  this  pur- 
pose, write  the  given  expression  in  the  form  a  -f  2  Vft,  and 
determine  the  two  numbers  that  have  their  sum  equal  to  a, 
and  their  product  equal  to  6. 

(3)  Find  by  inspection  the  square  root  of  18  -f  2  VtT. 

The  two  numbers  whose  sum  is  18  and  product  77  are  11  and  7. 
Then,  18  +  2V77  =  ll  +  7-f2  Vll  x  7 

=  (Vll  4.V7)2 

That  is,  ViT  +  V7  =  the  square  root  of  18  +  2  V77. 

(4)  Find  by  inspection  the  square  root  of  76  —  12  V21. 

It  is  necessary  that  the  coefficient  of  the  surd  be  2 ;  therefore, 

76  -  12  V5T  must  be  put  in  the  form  75-2  VtSO. 
The  two  numbers  whose  sum  is  76  and  product  756  are  63  and  12. 
Then,  75-2  V766  =  63  +  12-2  V63  x  12 

=  (V63-Vl2)« 
That  is,  V63  -  Vl2  =  the  square  root  of  75  -  12  ^21 ; 

or  3  V7  -  2  V3  =  the  square  root  of  75  -  12  Vn. 

Bzercise  33 

Extract  the  square  root  of : 

1.  14H-6V5.       6.  20-8V6.       11.  14-4V6. 

2.  17  +  4VI5.      7.  9-6V2.         12.  38-12ViO. 

3.  10-f2V21.      8.  94~42V5.      13.  103-12Vll.  " 

4.  16 -f  2  V66.      9.  I3-2V3O.      14.  67-12Vi5. 
6.  9-2Vi4.      10.  II-6V2.       16.  3i-VlO. 

16.  2a-f  2Va2-Z»2  87-12V42.  . 

17.  a^-2b-\/a^-b\       19.  (a  +      -  4 (a  -  2>)  V^. 


SURDS  AND  IMAGINARIES 


167 


206.  Orthotomic  Kumbers.  The  squares  of  all  scalar  num- 
bers are  positive  scalar  numbers;  hence,  a  negative  scalar 
number  cannot  be  the  square  of  a  scalar  number,  and  conse- 
quently the  square  root  of  a  negative  scalar  number  cannot  be 
a  scalar  nimiber  (§  144).  For  the  complete  treatment  of 
evolution  and  of  equations  of  the  second  and  higher  degrees, 
account  must  be  taken  of  the  square  roots  of  negative  scalar 
numbers^  and  as  these  roots  are  not  scalar  numbers  it  is  neces- 
sary to  assume  a  new  series  of  numbers  distinct  from  the  scalar 
series,  but  such  that  the  square  of  each  and  every  number  in 
the  new  series  is  a  number  in  the  negative  branch  of  the  scalar 
series.  These  new  numbers  being  distinct  from  the  scalar 
niunbers  require  a  distinguishing  name,  and  accordingly  they 
have  been  named  orthotomic  numbers  or  imaginary  numbers. 
Hence, 

An  orthotomic  number  is  any  indicated  square  root  of  a  nega- 
tive scalar  number  or  any  scalar  multiple  thereof. 

The  complete  series  of  orthotomic  numbers  includes  a  posi- 
tive branch  and  a  n^ative  branch  with  zero  as  common  origin. 

207.  Complex  Kumbers.  The  sum  of  any  two  scalar  numbers 
is  a  scalar  number,  and  it  will  presently  be  shown  that  the 
sum  of  any  two  orthotomic  numbers  is  an  orthotomic  number, 
but  the  sum  of  a  scalar  number  and  an  orthotomic  number  is 
evidently  neither  a  scalar  number  nor  an  orthotomic  number 
and  therefore  requires  a  distinctive  name.  The  name  gener- 
£^ly  given  is  complex  number.  Hence, 

A  complex  number  is  the  indicated  sum  or  difference  of  a 
scalar  number  and  an  orthotomic  number. 

Thiu,  if  g  and  h  are  scalar  numbers  either  positive  or  negative  but  not 
zero,  and  p  is  a  positive  scalar  number,  but  not  zero,  A  V(— P)  la  &n 
orthotomic  number  and  g  +  hy/{—  p)  is  a  complex  number.  If  g  and  h 
may  take  any  scalar  values,  zero  included,  the  form  (7  +  P)  includes 

the  whole  assemblage  of  the  scalar,  the  orthotomic,  and  the  complex 
numbeiB, 
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Such  assemblage  is  named  the  uniplajiar  or  eoplanar  assem- 
blage of  algebraic  numbers.  It  will  be  shown  hereafter  that 
this  uniplanar  assemblage  includes  oM  the  numbers  necessary 
to  be  considered  in  ordinary  algebra ;  that  is,  the  algebra  of 
the  four  elementary  operations,  Addition,  Subtraction,  Multi- 
plication, and  Division,  performed  subject  to  the  Laws  of 
Uniformity,  Association,  Commutation,  and  Distribution  as 
given  in  §  72. 

206.  The  introduction  of  orthotomic  numbers  requires  the 
meanings  of  the  four  elementary  operations  to  be  made  more 
general  in  the  algebra  of  complex  numbers  than  they  are  in  the 
algebra  of  scalar  numbers,  but  these  enlarged  meanings  must 
be  consistent  with  the  older  meanings  of  scalar  algebra  and 
include  them  as  special  cases ;  and  the  elementary  operations, 
when  thus  generalized,  must  be  performed  subject  to  the 
four  fundamental  laws  which  govern  or  define  them  in  scalar 
algebra.  (§  34) 

A  full  statement  of  these  wider  meanings  with  illustrative 
applications  of  them  will  be  given  in  Chapter  XXXIII. 

209.  It  is  necessary,  however,  to  notice  here  the  generali- 
zation of  the  Law  of  Signs  which  results  from  the  action  of 
the  Associative  and  Commutative  Laws  of  multiplication  with 
the  Law  of  Distribution  of  the  square  root  operation  over  the 
factors  of  a  product. 

If  a  and  b  are  both  positive  scalar  numbers,  the  distribu- 
tion of  the  square  root  operation  over  the  factors  of  a  product 
gives 

+  V^=(4-V^)(+V^)  =  (-V^)(-V6),  (i) 
-        =  (-  Vi)(+  V^)  =  (+  ■V^)(-  -v^).  (ii) 

In  extending  this  law  to  orthotomic  numbers  it  is  assumed 
that  the  law  still  holds  when  either  factor  (or  both  factors) 
under  the  radical  sign  is  negative,  provided  the  distribution  is 
made  over  the  factors  taken  with  their  signs  unchanged.  ^  Thus, 
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+  V^Pft)  ^  (+ V^)  (+ V=^) 

=  (-Vi)(-V=^),  (iii) 

-  V^ei)= (-  V^)  (+  VITj) 

=(+V^)(-V:^);  (i^) 

and       +  V(-  a)  (-  i)  =  (+  V^)  (+  V^^) 

= (-       (-  v^).  W 

-  v(-  a)  (-  b) = (-  V=^)  (+  v:r6) 

=  (+V^)(-V^)*  (vi) 
Hence,  if  &  =  1,  we  have  as  special  cases  of  (iii)  and  (iv) 
+  VIT^  =  +  V^(iri)  =  (+  V^)  (+  VITi),  (vii) 
and     -  VIIo  =  -  Va(-  1)  =  (-  V^)(+  V^).  (vui) 
Now,  by  the  Associative  Law  of  multiplication,  we  have 

+  V(-  o)  (-  ft)  =  +  V(-  1)  |« (-  ^)  l> 
which,  by  (vii),  =  (+  Vin:)  j  +  V^P6)I> 

which,  by  the  Associative  and  Commutative  laws, 

=  (+V3l)|+V(-l)(ai)^, 
which,  by  (vii),  =  (+  (+  V^)  (-f  V^) 

=  (+  ■>CT)«(+V^ 
=  - Vo^. 

But,  by  (v),  4-  V(-  a)(-ft)  =  (+  V^)  (+  V^). 
(H- V=^)  (+ V=^)  =  -  V^.t 

*  Notice  that  (iii),  (iv),  (v),  and  (vi)  are  all  included  in  the  forms  (i) 
and  (ii),  if  a  and  h  are  not  restricted  to  be  posUtoe  scalar  numbers  but 
may  be  any  scalar  numbers  whatever.  This  generalization  of  (i)  and  (ii) 
is  the  proper  statement  of  the  distributive  law  of  the  square  root. 

t  Notice  that  from  this  we  have 

(+ VT^)  (+ vCTft)  =  _  {(+ V5) (+ 
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Similarly,  it  may  be  shown  that 

(_v:r^)(-V=r6)=-VS*, 

The  generalized  Law  of  Signs  in  multiplication  may  now 
be  enunciated  as  follows : 

I.  Two  scalar  factors  with  like  signs  give  a  positive  scalar 
product;  two  scalar  factors  with  unlike  signs  give  a  negative 
scalar  product, 

II.  Ttro  orthotomie  factors  with  like  signs  give  a  negative 
scalar  product ;  two  orthotomie  factors  with  unlike  signs  give  a 
positive  scalar  product. 

III.  TuH)  factorSf  the  one  scalar  the  other  orthotomie^  give  a 
positive  orthotomie  product  if  the  factors  have  like  signs,  a  nega- 
tive orthotomie  product  if  the  factors  have  unlike  signs. 

210.  The  successive  powers  of  are: 

(V-i)«=(V-i)«virT  =(_i)V^=-V^; 

( Viri)^  =  ( V=l)»(  Vri)«  =  (_  1)  (_  1)  =  + 1 J 

It  appears  that  the  successive  powers  of  V—  1  form  the 
repeating  series  4.  V-  1,  -  1,  -  V-  1,  +  1 ;  and  SO  on. 

211.  Every  orthotomie  number  is  of  the  form  ±  «i  V— 
wherein  m  and  p  are  positive  scalar  numbers.  Now, 

i  m  ">/ — p  =■  i  VI 

and  in  this  the  factor  ±  m       is  a  scalar  number ;  hence, 

every  orthotomie  number  may  be  written  in  the  form  a 

in  which  a  is  a  scalar  number;  and,  conversely,  if  a  is  a  scalar 
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number,  a  V—  1  will  be  an  orthotomic  number.  Hence,  the 
sum  of  two  orthotomic  numbers  a  V—  1  and  6  V—  1  is  an 
ortiiotomic  number  or  is  zero,  for 

a         4-  h  =  (a  +  6)  V^Hf, 

and  (a  +  6)  is  a  scalar  number,  a  and  h  being  scalar  numbers, 
or  is  zero  if  i  a*  —  a. 

312.  Every  imaginary  number  may  be  made  to  assume  the 
form  a-k-h  V—  1,  where  a  and  h  are  scalar  numbers,  and  may 
be  integers,  fractions,  or  surds. 

The  form  a-f  6  V— 1  is  the  typical  form  of  complMc  nttmbera. 

Reduce  to  the  typical  form  6  +  V—  8. 

This  may  be  written  6+V8  VI^T,  or  6  +  2  VS-ZIHl;  here  a  =  6, 
and  6  =  2  V2. 

213.  The  algebraic  sum  of  two  complex  numbers  is  in  general 
a  complex  number. 

Add  a  +  h  and  c  +  V^. 

The  sum  is  (a  +  c)  +  (6  +  d)-/^ 

This  is  a  complex  niunber  unless  i  -f  s  0,  in  which  case 
the  number  is  scalar,  or  a  -f  c  =  0,  in  which  case  the  number 
is  orthotomic. 

214.  The  product  of  two  complex  numbers  is  in  general  a 
complex  number. 

Multiply  a  +  b  hj  c  +  d  V^. 

a  +  6  -/HI 

ac  +  6c  V—  1 

 +adV^-M 

The  product  is      (oc  -  M)  +  ((ic  +  od)  V^T, 

which  is  a  complex  number  unless  ftc  +  ac?=0  or  cmj  — 5c?  =  0. 
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215.  The  qootieiit  of  two  oomplex  numbers  is  in  general  a 
complex  number. 
Divide  a  +  b  \)j  e-^d  V—  1. 

The  quotient  te  a-{-bV^ 
c  +  dvCl 

Multiply  both  numerator  and  denominator  by  c  -  d 
Then,  (a  +  &V^)(c-dV=-T^ 

(c  +  d  vCT)  (c  -  d  VZi) 

_  (oc  -f  ftd)  +  (6c  -  ad)V^ 
c«  +  d* 


c*  +  d»     c*  -f  d* 
This  is  a  complex  number  in  the  typical  form. 
If  be  — ad  =  Of  the  quotient  is  scalar. 

216.  Two  expressions  of  the  form  a  -f  &  V—  1,  a  —  * 
are  called  conjugate  numbers. 

Add  a  -h  6  V—  1  and  a  —  6  V—  1. 
The  sum  is  2  a. 

Multiply  a  +  b  V—  1  by  a  —  6  V—  1. 

a»  -f  ab  VITi; 

The  product  is  +  fta 

From  the  above  it  appears  that  the  sum  and  the  product  of 

two  conjugate  numbers  are  both  scalar. 

The  roote  of  a  quadratic  equation,  if  they  are  not  scalar 
numbers,  are  conjugate  numbers.  (§  181) 

217.  A  complex  number  cannot  be  equal  to  a  scalar  number. 
For,  if  possible,  let    a  +  6  V—  1  =  c. 

Then,  6  V^l  =  c  -  a, 

and  -  fta  =  (c  ~  a)« 

Since  b^  and  (c  —  a)'  are  both  positive,  we  have  a  negative  number 
equal  to  a  positive  number ;  but  this  is  impossible. 
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218.  If  two  complex  numhers  are  equal,  the  scalar  parts  are 
equal  and  the  orthotomic  parts  are  equal. 

For,  let  a  +  b         =  c  +  d 

Then,  (6-d)V^  =  c-a. 

Square,  -  (6  -  d)^  =  (c  -  a)\ 

This  equation  is  impossible  unless  b  =  d  and  a  =  c. 

219.  If  X  and  y  are  scalar  and  x  -f  y  V—  1  =  0,  then  x  =  0 
and  y  =  0. 

For,  y  V—  1  =  —  x, 

Square,  —     =  x^, 

Transpose,  +  j/*  =  0, 

This  equation  is  true  only  when  x  =  0  and  y  =  0. 

220.  If  the  roots  of  as^  -f  6a:  -h  c  =  0  are  not  scalar,  then 
ox*  +  &c  -f  c  is  positive  for  all  scalar  values  of  x,  if  a  is  posi- 
tive ;  and  negative  for  all  scalar  values  of     if  a  is  negative. 

Let  the  two  roots  be  y  -h  8  V—  1  and  y  —  8  V—  1,  where  y 
and  8  are  scalar. 

Then,  by  §  193,  the  expression  ax^  -h     -h  c  is  identical  with 

a  (x  -  y  -  8  (x  -  y  -f  8  VITI) . 

This  product  reduces  to  a  [(x  —  y)*  -f  8*]. 

For  all  scalar  values  of  x,  (x  —  y)*  4-  8*  is  a  positive  scalar 
number.  Hence,  ox*  -f  6x  +  c  is  positive  if  a  is  positive,  and 
negative  if  a -is  negative. 

Examples : 

(1)  The  roots  of  the  equation  x2-6x  +  13  =  0  are  3  +  2  and 
3  _  2  V—  1.  The  expression  x^  -  6 x  +  13  may  be  written  (x  -  3)2  +  4, 
which  is  positive  for  all  scalar  values  of  x. 

3  _L  2  V—  1 

(2)  The  roots  of  the  equation  12  x  -  13  -  4  x*  =  0  are   

3  —  2  V— 1  ^ 
and  •   The  expression  12  x  —  13  —  4  x*  may  be  written 

-  (4x?  -  12x  +  9  +  4)  or  -  [(2x  -  3)2  +  4], 
which  is  negative  for  all  scalar  values  of  x. 
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Hie  expressions  (x-3)«+4  and  -[(2x-3)*  +  4]  of 
Examples  (1)  and  (2)  cannot  become  zero  for  any  scalar 
▼alues  of  x  ;  they  accordingly  have  either  a  minimum  valae 
below  which  they  cannot  fail,  or  a  maximum  value  above 
which  they  cannot  rise.  (§199) 




1.  Multiply 

VTs  by  V:r2;  2 by  4 Vr27;  3V=5  by  ~ 

V27 

2.  Divide 

V7  by  VUl;  by  Vr2;  3 V^e  by  V2V=1l 

3.  Reduce  to  the  typical  form 

4  +  V-  81 ;  6  +  2VI^;  (3  +  Vr27)« 
Multiply : 

4.  4  +  VITs  by  4  -  VITa. 

6.  V3-2V^by  V5-h2vC2. 

6.  7  +  V-  27  by  4  + 

7.  5^2V^  by  3-5Vir2. 

8.  2  V3  -  6  by  4  V5  -  V^. 

9.  Va-\-bV^  by       +  a 
Divide: 

10.  26  by  3  4-V^;  86  by  6  -  V^. 

11.  3  + VITi  by  A  +  SV^. 

12.  -9  +  19V^  by  3  +  V^. 
Extract  the  square  root  of : 

13.  H.4V^.  16.  -17  4-4Viri6. 


10-8V-6.  16.  -38-16V--28. 
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17.  Show  that  4  a;*  — 12x-f  25  is  positive  for  all  scalar 
values  of  X,  and  find  its  minimum  value. 

18.  Show  that  6a:  — 4  — 9a;*  is  negative  for  all  scalar 
values  of  x,  and  find  its  maximum  value. 

19.  Show  that  each  of  the  two  complex  roots  of  the  equa- 
tion    =  1  is  the  square  of  the  other  complex  root. 

20.  Show  that,  if  o)  is  a  complex  root  of     =  1, 
a;*-f  y*-f  «»-3a;y« 

=  (aj  +  y  4-  «)  (a;  +  cay  +       (x  +  «'y  +  loz). 

21.  Find  all  the  fourth  roots  of  —  1. 

22.  Find  all  the  sixth  roots  of  +  1. 

23.  Find  all  the  eighth  roots  of  +  1. 

24.  Reduce  to  the  typical  form 

(2-3V^)(3  -h4V^) 
( 6  +  4  VITl ) (16  -  8  V^) ' 

Simplify : 

26.  (14-V=r5)*+(1-V^)*. 

26.  (1-f  VI^)«-(1- V^)« 

27.  V(3-f-4Viri)  + V(3-4V^). 

28.  V(3H-4V^)- V(3-4vCi:). 

29.  V(5+2V^)  + V(5-2V^). 

80.  V(  V3  +  VITiOS)  -  V(  V3  V^^^^l05). 


CHAPTER  XV 


SDHPLB  INDSTSRMINATS  EQUATIONS 

221.  If  a  single  equation  involving  two  unknown  numbers 
is  given,  and  no  other  condition  is  imposed,  the  number  of 
solutions  of  the  equation  is  unlimited;  for  if  one  of  the 
unknown  numbers  is  assumed  to  have  any  particular  value, 
a  corresponding  value  of  the  other  may  be  found. 

Such  an  equation  is  called  an  indeterminate  equation. 

Although  the  number  of  solutions  of  an  indeterminate  equa- 
tion is  imlimited,  the  values  of  the  unknown  numbers  are 
confined  to  a  particular  range;  this  range  may  be  further 
limited  by  requiring  that  the  unknovm  numbers  shall  be  posi- 
tive integers. 

222.  Every  indeterminate  equation  of  the  first  degree,  in 
which  X  and  y  are  the  unknown  nimibers,  may  be  made  to 
assume  the  form 

aa;  ±     =  ±  c, 

where  a,  6,  and  c  are  positive  integers  and  have  no  common 
factor. 

223.  The  method  of  solving  an  indeterminate  equation  in 
positive  integers  is  as  follows : 

(1)  Solve  3  x  -h  4  y  =  22,  in  positive  integers. 
Transpose,  3x  =  22  —  4  y. 

.■..=7-,+4-'. 

the  quotient  being  written  as  a  mixed  expresaion. 

1-y 


X  +  y  -  7  = 


3 
176 
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Since  the  valaoB  of  x  aad  y  are  to  be  integral,  x-^y  —  1  will  be  integral, 
1  —  v 

and  hence          will  be  integral,  though  written  in  the /orm  of  a  fraction. 

o 

l-y 

Let  =  TO,  an  Integer. 

3 

Then,  *        1  -  y  =  3  to. 

.-.  y  =  l--3TO. 
SubsUtate  this  value  of  y  in  the  original  equation, 
8x  +  4-12to  =  22. 

x  =  6-f4TO. 

The  equation  y  =  1  —  3to  shows  that  to  may  be  0,  or  have  any  nega- 
tiye  integral  value,  but  cannot  have  a  positive  integral  value. 

The  equation  x  =  6  +  4  to  further  shows  that  to  may  be  0,  but  cannot 
have  a  negative  integral  value  greater  in  absolute  value  than  I. 

.*.  TO  may  be  0  or  —  1, 

and  then  '^  =  ?)'0'^"!V 

y=l/       y  =  4J 

(2)  Solve  5  05  —  14  y  =  11,  in  positive  integers. 
Transpofie,  6  x  =  11  +  14  y, 

1  +  4v 

x  =  2  +  2y+^^-^.  [1] 

,.x-2y-2  =  l±ii?. 

5 

Since  x  and  y  are  to  be  integral,  x  —  2  y  —  2  will  be  integral,  and  hence 
will  be  integral. 

5 

Let   =  TO,  an  mteger. 

6 

rm.  6TO-1 

Then,  y  =  , 

4 

or  y  =  TO  +  — J — •  [2] 

TO  — •  1 

Now,  — J —  must  be  integral. 

^  ^  TO  —  1  .  ^ 

Let  — - —  =  n,  an  integer. 

Then,  to  =  4  n  -f  1. 

Substitute  value  of  m  in  [2] ,    y  =  5  n  +  1. 
Substitute  value  of  y  in  [1],     x  =  14  n  +  6. 
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Obylonfily  z  and  y  will  both  be  positiye  integers  if  n  has  any  posiUve 
integral  valne. 

Henoe,  x  =  6,  19,  33,  47,  •  • 

y  =  l,  a,  n,  16,  ... 
Another  method  of  eolation  is  the  following :  . 

From  the  given  equation  we  have  x  =  HjLlilf . 

6 

Here  y  mnst  be  so  taken  that  11  +  14  y  is  a  multiple  of  6 ;  take  y  =  1, 
then  X  =  5,  and  we  have  one  solution. 

Now,  5x-14y  =  ll, 

and  5(6) -14(1)  =  11. 

Subtract,      5(x  -  5)  -  14 (y  -  1)  =  0, 
x-6  14 

Since  X  -  6  and  y  —  1  are  integers,  x  —  6  must  be  the  same  multiple 
of  14  that  y  -  1  is  of  6. 

Henoe,  if  x  —  6  =  14  m,  then  y  —  1  =  6  m. 

X  =  14  m  +  6,  and  y  =  6  m  +  1. 

Therefore,  x  =  5,  10,  83,  47, 

and  y  =  1,   6,  11,  16,  •  • . 

It  will  be  seen  from  [1]  and  [2]  that  when  only  positive  integers  are 
required  the  number  of  solutions  will  be  limUed  or  urdimited  according 
as  the  sign  connecting  x  and  y  is  positwe  or  negative. 

(3)  Find  the  least  number  that  when  divided  by  14  and  6 
will  give  remainders  1  and  3  respectively. 
U  N  represents  the  number,  then 

——  =  X,  and  — —  =  y. 

14  O 

.\N=  14x-fl,  and^'=5y +  3. 

/.  14x  +  1  =  6y +  3. 
5y  =  14X-2, 
6y  =  15x  —  2  —  X. 

2  +  x 


y  =  8x-- 


5 


2  +  X 

Let  =  m,  an  integer. 

5 

.•.  X  =  6  m  -  2. 
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y  =  1(142  —  2),  from  original  eqoatioiL 
y  =  14  m  —  6. 
If  HI  =  1,  X  =  8,  and  y  =  8, 

2ir=  14«  +  1  =  6y  +  8  =  43. 

(4)  Solve  5  a;  +  6  y  =  30,  so  that  x  may  be  a  multiple  of 
aad  both  x  and  y  positive. 

Let  X  =  my. 

ITien,  (6m  +  6)y  =  30. 

30 


.y  = 


and 


6m  +  6 
30m 


6m  +  6 

If  m  =  2,  X  =  3},  y  =  If 

If  m  =  3,  x  =  4f,  y=l»; 

and  so  on. 

(tf)  Solve  14  a  +  22  y  =  71,  in  i)08itive  integers. 

If  we  multiply  the  fraction  by  7  and  reduce,  the  result  is  —  4  y  +  a 
form  which  ehows  that  there  can  be  no  integral  solution. 

There  can  be  no  integral  solution  ofaxi:6y=:l:Cifa  and  6  have  a 
common  factor  not  common  also  to  c ;  for,  if  d  is  a  factor  of  a  and  also 
of  6,  but  not  of  c,  the  equation  may  be  written 

c 

mdx  ±  ndy  =  ±  c,  or  nx  i  ny  =  ±  - ; 

a 

c  • 
which  is  impossible,  since  -  is  a  fraction,  and  mx  J:  ny  is  an  integer,  if  x 

and  y  are  integers. 

Thrftfclsfi  35 

Solve  in  positive  integers : 

1.  a;-fy  =  12.  6.  6ar  +  3y  =  106. 

2.  2a;  +  lly  =  83.  6.  Jx-f  6y  =  92. 
8.  4fic  +  9y  =  63.  7.  Ja;-hjy  =  27. 
4.  8a;  +  5y  =  74.  8.  fa  +  Jy  =  63. 


180 


COLLEGE  ALGEBRA 


Solve  in  least  possible  integers : 


9.  7jc-2y  =  12. 

10.  9x-5y  =  21. 

11.  7x-4y  =  46. 


12.  llx-5y  =  73. 

13.  15x-47y  =  ll. 

14.  23x-14y  =  99. 


16.  Find  two  numbers  which,  multiplied  respectively  by  7 
and  17,  have  for  the  sum  of  their  products  1135. 

16.  If  two  numbers  are  multiplied  respectively  by  8  and 
17,  the  difference  of  their  products  is  10.  What  are  the 
numbers  ? 

17.  If  two  numbers  are  multiplied  respectively  by  7  and 
15,  the  first  product  is  greater  by  12  than  the  second.  Find 
the  numbers. 

18.  Divide  89  in  two  parts,  one  of  which  is  divisible  by  3, 
and  the  other  by  8. 

19.  Divide  314  in  two  parts,  one  of  which  is  a  multiple  of 
11,  and  the  other  a  multiple  of  13. 

20.  What  is  the  smallest  number  which,  divided  by  5  and 
by  7,  gives  each  time  4  for  a  remainder  ? 

21.  The  difference  between  two  numbers  is  151.  The  first 
divided  by  8  has  5  for  a  remainder,  and  4  must  be  added 
to  the  second  to  make  it  divisible  by  11.  What  are  the 
numbers  ? 

22.  Find  pairs  of  fractions  whose  denominators  are  24 
and  16,  and  whose  sum  is 

23.  How  can  one  pay  a  sum  of  $87,  giving  only  bills  of  $5 
and  $2? 

24.  A  man  buys  calves  at  $5  apiece,  and  pigs  at  $3 
apiece.    He  spends  in  all  $114.    How  many  did  he  buy  of 


««ijh  ? 
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25.  A  person  bought  40  animals,  consisting  of  pigs,  geese, 
and  chickens,  for  $40.  The  pigs  cost  $5  apiece,  the  geese 
SI9  and  the  chickens  25  cents  each.  Find  the  number  he 
bought  of  each. 

26.  Solve  18a;  —  6y  =  70so  that  y  may  be  a  multiple  of  a, 
and  both  positive. 

27.  Solve  8  a;  4- 12  y  =  23  so  that  x  and  y  may  be  positive, 
and  their  sum  an  integer. 

28.  Divide  70  into  three  parts  which  shall  give  integral 
quotients  when  divided  by  6,  7,  8  respectively  and  the  sum 
of  the  quotients  shall  be  10. 

29.  In  how  many  ways  can  $3.60  be  paid  with  dollars  and 
twenty-cent  pieces  ? 

30.  In  how  many  ways  can  300  pounds  be  weighed  with  7 
and  9  pound  weights  ? 

31.  Find  the  general  form  of  the  numbers  that,  divided  by 
2,  3,  7,  have  for  remainders  1,  2,  5  respectively. 

32.  Find  the  general  form  of  the  numbers  that,  divided  by 
7,  8,  9,  have  for  remainders  6,  7,  8  respectively. 

33.  A  farmer  buys  oxen,  sheep,  and  hens.  The  whole 
number  bought  is  100,  and  the  total  cost  £100.  If  the  oxen 
cost  £5,  the  sheep  £1,  and  the  hens  Is,  each,  how  many  of 
each  does  he  buy  ? 

34.  A  farmer  sells  15  calves,  14  lambs,  and  13  pigs,  and 
receives  $200.  Some  days  after,  at  the  same  price,  he  sells 
7  calves,  11  lambs,  and  16  pigs,  for  which  he  receives  $141. 
What  is  the  price  of  each  ? 
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mQUAUTIXS 

234.  An  ineqiudity  is  a  statement  that  two  expressions  do 
not  have  the  same  value ;  that  is,  a  statement  that  two  expres- 
sions do  not  represent  the  same  number. 

Every  inequality  consists  of  two  expressions  connected  by 
a  sign  of  inequality ;  the  two  expressions  are  called  the  sides 
or  members  of  the  inequality. 

225.  We  say  that  a>h  when  a  —  hi&  positive  ;  that  a<b 
when  a  —  ft  is  negative. 

226.  The  symbols  and  >  are  used  for  the  words  not  less 
than  and  not  greater  than  respectively. 

227.  In  working  with  inequalities  the  following  principles 
are  easily  shown  to  be  true : 

The  sign  of  an  inequality/  remains  unchanged  if  both 
bers  are  increased  or  diminished  by  the  same  number ;  if  both 
members  are  multiplied  or  divided  by  the  same  positive  number  ; 
if  both  members  are  raised  to  any  odd  power^  or  to  any  power 
when  both  m^mhers  are  positive. 

The  sign  of  an  inequality  is  reversed  if  both  members  are  mul- 
tiplied or  divided  by  the  same  negative  number  ;  if  both  members 
are  raised  to  the  same  even  power  when  both  members  are  negative. 

228.  Fundamental  Theorem.  If  a  and  b  are  unequal  scaiar 
numbers,  a*  -f-  h'  >  2  ab. 

For  (a  —  by  must  be  positive. 
That  is,  a«-2aft  +  ft'>0. 

...  a«4-ft2  >  2aft.  (§227) 
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(1)  If  a  and  h  are  unequal  positive  scalar  numbers,  show 
that  a«  -f    >  a^h  -h  a^. 

We  shall  have  a«  +  6»  >  a«6  +  a6», 

if  (dividing  by  a  +  &)  —  ab  -\-li^>ab^ 

if  a«  +  6*>2a6. 

But  a«  +  6«>2a6.  (§228) 

(2)  Show  that  a?  +        <^>  ab     ac  he. 

Now,  (|2  +  &2>2a6, 

a«4-c«>2ac,  (§228) 
6«  +  c«>26c. 

Add,  2a3  +  26»  +  2ca>2ci6  +  2ac  +  26c. 

.-.  a«  +  6«  +  c»>a6  +  oc  +  6c. 

BxerciM  36 

Show  that,  the  letters  being  unequal  positive  scalar  numbers : 
1.  a«4-36*>2ft(a-hft).  2.        -f  a6« > 2 aW. 

3.  (a*  +      (a*  +      >  (a"  +  by. 

4.  a*ft  +  d^c  +  a^'  +      +  ac*  H-  ftc"  >  6  aftc. 

6.  The  sum  of  any  fraction  and  its  reciprocal  >  2. 

6.  If  a*  =  a*  -f  6*,  and  ^  =  c"  -f     ay        -f      or  arf  -h  6c. 

7.  aft  +  ac  -h  6c  <  (a  -f  6  —  c)*+  (a  +  c  -  6)'-f  (6  -f-  c  —  a)*. 

8.  Which  is  the  greater,  (a*  -f  6*)  (c*  -f  cP)  or  (ac  +  ftcf)*  ? 

9.  Which  is  the  greater,  a*  —  6*  or  4  a"  (a — h)  when  a  >  6  ? 

10.  Which  is  the  greater,  -\/|-  +  ^  or  Va  +  Vb? 

11.  Which  is  the  greater,  ^—-^  or  ? 

'2         a  -f  6 

12.  Which  is  the  greater,  ^4--^  or  7  +  -? 

}f     or      b  a 
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KATIO,  PfiOPOSTION,  AND  VARIATION 

229.  Ratio  of  Nombere.  The  relatiye  magnitude  of  two 
numbers  is  called  their  ratio,  when  expressed  by  the  indicated 
quotient  of  the  first  by  the  second. 

Thus,  the  ratio  of  a  to  6  is  ^9  or  a    6,  or  a  :6;  the  quotient  i& 

o  ' 

generally  written  in  the  last  form  when  it  is  intended  to  express  a  ratio. 

The  first  term  of  a  ratio  is  called  the  antecedent,  and  the 
second  term  tlie  consequent. 

^^'heu  tlie  antecedent  and  consequent  are  interchanged  the 
resulting  ratio  is  called  the  inTerae  of  the  given  ratio. 

Thus,  the  ratio  3 : 6  is  the  inverse  of  the  ratio  6 : 3. 

230.  A  ratio  is  not  changed  if  both  its  terms  are  multiplied 
by  the  same  number. 

Thus,  the  ratio  a :  6  is  represented  by  ^ «  the  ratio  ma  :mb  is  represented 

ma       ,  .       yna     a        •  t 
by      ;  and  since  —  =  - ,  we  have  7na:mb  =  a:b. 
mb  vib  b 

A  ratio  is  changed  if  its  terms  are  multiplied  by  different 
multipliers. 


If 

then 

and 

ma  _^  na 
nb  nb 

na  a 

But 

ma 
'  '  nh  h 

or  wia  inb^^aib, 
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231.  Ratios  are  compoanded  by  taking  the  product  of  the 
fractions  that  represent  them. 

Thus,  the  ratio  compounded  of  a : &  and  cdlaaeibd. 

The  ratio  compounded  oi  a:b  and  a:b  is  called  the  duplicate 
ratio  a* :  b*. 

The  ratio  compoimded  of  aib,  a:b,  and  a:b  is  called  the 
triplicate  ratio  a*:b*\  and  so  on. 

232.  Ratios  are  compared  by  comparing  the  fractions  that 
represent  them. 

Thna,  a:b>  or  <c:d 

€L  C 

accoidingas  t>  or 

0  a 

233.  Proportion  of  Numbers.  Four  numbers,  a,  by  e,  d,  are 
in  proportion  when  the  ratio  a:b  is  equal  to  the  ratio  c :  d. 

We  then  write  a:b  =  e:d  (read,  the  ratio  of  2k  to  h  equals 
the  ratio  of  Q  to     ox  dk  is  to  \}     a  %8  to  A), 

A  proportion  is  also  written  aib::e:d» 

The  four  numbers,  a,  by  c,  d,  are  called  proportionals ;  a  and 
d  are  called  the  extremes,  b  and  e  the  means. 

234.  The  fourth  proportional  to  three  given  numbers  is  the 
fourth  term  of  the  proportion  which  has  for  its  first  three 
terms  the  three  given  numbers  taken  in  order. 

Thus,  d  is  the  fourth  proportional  to  a,  6,  and  c  in  the  proportion 
a  :  6  =  c :  d. 

235.  The  numbers  a,  b,  c,  dy  e  are  said  to  be  in  continued 
proportion  M  a  :b  ^  b  :  c  =^  e :  d  ^  d  i  e. 

If  three  numbers  are  in  continued  proportion,  the  second  is 
called  the  mean  proportional  between  the  other  two  numbers, 
and  the  third  is  called  the  third  proportional  to  the  other  two 
numbers. 

Thus,  b  is  the  mean  proportional  between  a  and  c  in  the  proportion 
a :  6  =  & :  c ;  and  c  is  the  third  proportional  to  a  and  h. 
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836.  If  f€ur  numbers  are  in  prapoHiany  the  product  of  the 
extremes  is  equal  to  the  ^mnluet  of  the  means, 

For,  if  a :  5  =  c :  d, 

thou  —  =  — . 

.  b  d 

Multiply  by  M,  ad^be. 

The  equation  ad^he  gives 

he  .ad 

80  that  an  extreme  may  be  found  by  dividing  the  product  of 
the  means  by  the  other  extreme ;  and  a  mean  may  be  found 
by  dividing  the  product  of  the  extremes  by  the  other  mean. 
If  three  terms  of  a  proportion  are  given,  it  appears  from  the 
above  that  the  fourth  term  has  one,  and  but  one,  value. 

237.  If  the  product  of  two  numbers  is  equal  to  the  product  of 
two  others,  either  two  may  he  mcule  the  extremes  of  a  proportion 
and  the  other  two  the  means. 

For,  if  ad  =  bc, 

divide  by  M,  ^  =  g, 

oa  oa 

?  =  f. 
b  d 

/.  a  :  6  =  C  :  d. 

238.  If  four  numbers,  a,  b,  c,  d,  are  in  proportion,  they  are 
in  proportion  hy  inversion ;  that  is,  h  is  to  a  a^  d  is  to  c. 

For,  if  a  :  6  =  c  :  d, 

then  2  =  f, 

b  d 

a  c 

and 

0  d 

a  c 
.-.  6 :  a  =  d :  c. 
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239.  If  four  numbers^  a,  are  in  proportion,  they  are 
in,  proportion  by  compositioii ;  tluU  if^a  +  bib^c  +  dzd. 

For,  if  a :  6  =  c :  d, 

then  -  =  -. 

^  2  +  1  =  1  +  1. 

a+b  e+d 

— =— • 

a  +  & :  &  =  c  +  d :  d. 

240.  If  four  numbers f  a,  b,  c,  d,  are  in  proportion,  they  are 
in  proportion  by  diTision ;  that  if^a  —  b:b=sO  —  d:d. 

For,  if  a :  5  =  c :  d, 

^,  a  c 

then  -  =  -1 

0  d 

a  —  6    c  -  d 

or   =  • 

5  d 

.•.  a  —  6:6  =  c-  d:d. 

241.  If  four  numbers,  a,  b,  c,  d,  are  in  proportion,  they  are 
in  proportion  by  oomposition  and  diyisioii ;  thctt  is, 

a  +  b:a  —  b  =  c-fd:c  — d. 

a+b  c+d 


For,  firom  §  239, 
and  from  §  240, 
Divide, 


b         d  ' 
o  —  5  _  c  —  d 

g-f  6  _  c  -h  d 
a  —  6    c  —  d 
.  a  +  6:a  — 6  =  c  +  d:c  — d. 


248.  If  four  numbers,  a,  b,  c,  d,  are  in  proportion,  they  are 
in  proportion  by  altematioii ;  that  is^  a :  o  =  b :  d. 
For,  if  a :  6  s  e :  d. 


then  -  =  - . 

6  d 
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MulUplyby^  J  = 

c  be  cd 

a  6 

or  -SS-. 

e  d 

.*.  a:e  =  6:d. 

243.  Like  powers  of  the  term*  of  a  proportion  are  in  pro- 
portion. 

For,  if  a :  6  s  c :  d, 

then  ?  =  f. 

6  d 

Raise  both  rides  to  Ibe  nth  power, 

.\  a* :  6*  =     :  d*. 

244.  If  a:b=ie:d,  any  ratio  whose  tenns  are  two  polyno- 
mials in  a  and  b,  homogeneous  and  both  of  the  same  degtee, 
is  equal  to  the  ratio  whose  terms  are  foimd  from  those  of  the 
preceding  ratio  by  substituting  c  for  a  and  d  for  6. 

To  prove  this  in  any  particular  case,  it  will  be  found  suffi- 
cient to  substitute  ra  for  b  and  rc  for  d. 

245.  In  a  series  of  equal  ratios,  the  sum  of  the  anteeedenU 
is  to  the  sum  of  the  consequents  as  any  antecedent  is  to  its 
consequent, 

V    t±  a    c    e  g 

we  may  put  r  for  each  of  these  ratios. 

^  a         c  e  g 

Then.  -  =  r,   -  =  r.  -  =  r.  -  =  r. 

a  =  6r,  c  =  dr,  e=fir,  g=ihr, 
.-.  a  +  c  +  c  +  flf  =  (6  +  d  +/+  h)r. 

6  +  d+/  +  *""''"6* 
.-.  a  +  c  +  c4-fl':6  +  d+/+ A  =  a:6. 
In  like  manner,  it  may  be  shown  that 

ma  4-  «c  +  pe  4-  ^flf :      +  wd  +  jif  +     =  a :  6. 
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246.  If  four  numbers,  a,  b,  d,  are  in  amtinued  proportion, 
theti  a :  c  =  a" :     and  a :  d  =  a* :  b*. 

a  _  6  _  c 


For,  if 


.u-^  a    b    a  a 

then  X  ^  =  T  X  T» 

b    c    b  b 

a  a> 

or  -  =  — 

c  6« 

.-.  a :  c  =  a«  :  6«. 

a    6     c    a    a  a 

.-.  a:d  =  a»:6». 

247.  TAd  f7i«an  proportional  between  two  numbers  is  equal  to 
the  square  root  of  their  product. 

For,  if  a:b  =  b:Cy 

then  7  =  -» 

6  c 

and  6*  =  oc. 

.-.  6  =  Vac. 

248.  TAe  products  of  the  corresponding  terms  of  two  or  more 
proportions  are  in  proportion. 

For,  if  a :  &  =  c  :  d, 

a     c     e     g     k  m 
then  -  =  -»   —  =  -»    -  =  — • 

b    d    f    h     I  n 

Take  the  product  of  the  left  members,  and  alao  of  the  right  members  of 
thfise  equations, 

aek  _  cgm 
dAn' 

.*.  aek  :  bfl  =  cgrm  :  dhn, 

249.  The  laws  that  have  been  established  for  ratios  should 
\^  rem^j^ibered  when  ratios  are  expressed  in  fractional  form. 


r=  I 


mi 


r 

(SS41) 


(§S48) 


1.  Wrire  the  raxio  ccE::pi?ciided  of  3:5  and  8:7.  Which 
i^f  thesi?  rati  os  is  inoreas^  juid  which  is  diminished  by  the 

eompoanding  ? 

2.  Compo'^d  the  duplicate  ratio  of  4:li  with  the  tripli- 
cate of  5 : 2. 

3.  Arrange  in  order  of  magnitude  the  ratios  3:4^  23 : 25, 
10:  IL 

Find  the  ratio  compounded  of : 

4.  3:5,  10:21,  14:15.  6.  7:9,  102:105,  15:17. 
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6.  a*  —     : a*  4-  3 oa;  -h  2 and  a     x:a  —  x. 

7.  a5*-4:2x'»-6aj4-3  and  ar-l:aj-2. 

8.  Show  that  the  ratio  a:b  is  the  duplicate  of  the  ratio 

a     c:b     e  if  <^  =  ab. 

9.  Two  numbers  are  in  the  ratio  2 : 5,  and  if  6  is  added  to 
each^  the  sums  are  in  the  ratio  4 : 7.    Find  the  numbers. 

10.  What  must  be  added  to  each  of  the  terms  of  the  ratio 
m  : n  that  it  may  become  equal  to  the  ratio p:q? 

11.  If  2  and  y  are  such  that,  when  they  are  added  to  the 
antecedent  and  consequent  respectively  of  the  ratio  a  :b,  its 
value  is  unaltered^  show  that  x:y  =  a:b. 

Find  X  from  the  proportions : 

12.  27:90  =  45:ir.  3a  12a^l4c^ 

13.  lli:4i  =  3i:x.  "  ^6'  7c  15b'^' 

Find  the  third  proportional  to : 

,  a«-6«      ,  a-b 

16.  and  16.    and  

c  c 

Find  the  mean  proportional  between : 

17.  3  and  16i.  18.  i^!^  and  i?^^. 

If  a:b  =  e:dy  prove  that : 

19.  2a'{-b:b  =  2c'{-d:d,    20.  Sa  —  b:a  =  Se  —  d:e. 

21.  4a  +  3^:4a-3*  =  4c4-3rf:4<j-3cf. 

22.  2a«-f3^«:2a«-3*«  =  2c«-h3rf»:2c«-3rf». 
If  a :  ft  =  6 :  <J,  prove  that : 

23.  a*  +  ab:il*  +  be::a:c.     24.  a :  c : :  (a -f      :  (ft  +  c)*. 

26.  If  5—^  =  ^ — -  =  - — -9  bjA  Xft/fZBxe  unequal,  show 
C  m  n 

that  /  +  w  +  n  =  0. 
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Find  X  from  the  proportioiis : 

26.  x  +  l:x  — l=x  +  2:x~2. 

27.  x  +  a:2a?  — 6  =  3x-f-*:4x  — a. 

2a.  x*  — 4x  +  2:a:*-2x-l  =  a:*-4x:ac«-23c-2. 

29.  3  +  x:4  +  «  =  9-fx:13  +  is. 

30.  a  +  x:6-hx  =  c  +  x:rf  +  a5. 

31.  U  aih^eidj  show  that 


'  a  -I-  6  '  c  -h  d 

32.  When  a,  6,  <f  are  proportionals  and  all  nneqnal,  show 
that  no  number  x  can  be  found  such  that  a  +  x,  6  +  x,  e  +  x, 
d  -\-  X  shall  be  proportionals. 


RATIO  OF  MAGXITUDES 

250.  Commenmuable  Kag^nitndes.  If  two  magnitudes  of  the 
same  kind  are  so  related  that  a  unit  of  measure  can  be  found 
which  is  contained  in  each  of  the  magnitudes  an  integral  num- 
ber of  times,  this  unit  of  measure  is  a  common  measure  of  the 
two  magnitudes,  and  the  two  magnitudes  are  commensurable. 

Two  magnitudes  different  in  kind  can  have  no  ratio. 
If  two  commensurable  mapiitudes  are  measured  by  the  same 
unit,  their  ratio  is  the  ratio  of  their  numerical  measures. 

Thus,  i  of  a  foot  is  a  common  measure  of  2^  feet  and  3f  feet,  being 
contained  in  the  first  15  times  and  in  the  second  22  times. 

Therefore,  the  ratio  of  ^  feet  to  3}  feet  is  the  ratio  of  16 : 22. 

251.  Incommensurable  Magnitudes.  Two  magnitudes  of  the 
same  kind  that  cannot  both  be  expressed  in  integers  in  terms 
of  a  common  unit  are  said  to  be  incommensurable,  and  the  exact 
value  of  their  ratio  cannot  be  found.    But  by  taking  the  unit 
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sufficiently  small,  an  approximate  value  can  be  found  that 
ahall  differ  from  the  true  value  of  the  ratio  by  less  than  any 
assigned  value,  however  small. 

Suppose  a  and  6  to  be  two  incommensurable  magnitudes  of  the 
same  kind.  Divide  b  into  any  integral  number,  n,  of  equal  parts, 
and  suppose  one  of  these  parts  is  contained  in  a  more  than  m 

times  and  less  than  m  +  1  times.    Then,  \  lies  between  ^  and 

w  4- 1  1 

 and  cannot  differ  from  either  of  these  by  so  much  as 

»  1 

But,  by  increasing  n  indefinitely,  ~  can  be  made  to  decrease 

indefinitely  and  to  become  less  than  any  assigned  value,  how- 
ever small,  though  it  cannot  be  made  absolutely  equal  to  zero. 

Hence,  the  ratio  of  two  incommensurable  magnitudes, 
although  it  cannot  be  expressed  exactly  by  numbers,  may  be 
expressed  approximately  to  any  desired  degree  of  accuracy. 

ThuB,  if  h  represents  the  length  of  the  side  of  a  square,  and  a  the 

length  of  the  diagonal,  ^  =  . 

Now,  V2  =  1.41421366  a  value  greater  than  1.414213,  but  less 
than  1.414214. 

If,  then,  a  miUUnUh  part  of  5  is  taken  as  the  unit,  tb«  value  of  the 

*•    a  V     v«*         1414213      .  1414214        .  ^.      .  . 

ratio  -  hes  between   ^  and   ^^^^^^  i  and  therefore  differs  from 

b  1000000  1000000 

either  of  these  fractions  by  less  than  —  

1000000 

By  carrying  the  decimal  farther,  a  fraction  may  be  found  that  will 
differ  from  the  trae  value  of  the  ratio  by  lees  than  a  hiUionth,  a  trUlionthy 
or  by  less  than  any  other  assigned  value  whatever. 

Hence,  the  ratio    ,  while  it  cannot  be  expressed  by  numbers  exactly ^ 
b 

may  be  expressed  by  numbers  to  any  degree  of  accuracy  we  please. 

853.  The  ratio  of  two  incommensurable  magnitudes  is  an 
incommensiirable  ratio,  and  is  a  fixed  value  such  that  an 
approximate  value  can  be  found  which  will  differ  from  this 
fixed  value  by  a  quantity  whose  absolute  value  shall  be  less 
than  that  of  any  assigned  constant,  however  small. 
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253.  Equal  Inoouuiieimxsble  lUtkM.  As  the  treatment  of 
PioportiQii  in  AJgebia  depends  upon  the  assumption  that  it  is 
possible  to  find  fractions  which  will  represent  ratios,  and  as 
it  appears  that  no  fraction  can  be  found  to  represent  exactly 
the  value  of  an  incommensurable  ratio,  it  is  necessary  to  sh^w 
that  two  ineommenturable  ratios  are  equal  if  their  approxi- 
mate values  remain  equal  when  the  unit  of  measure  is  indefi- 
nitely diminished. 

Thus,  let  a :  6  and  cf-.V  he  two  incommensaTAble  raUos  whose  trae 
Taluea  lie  between  the  appvozimate  TBlues  —  and  ?LlLl ,  when  the  unit 
of  measure  ia  indefinitely  diminiahed.  Then  they  ciannot  differ  from  each 
other  by  so  mach  as 

a 

Let  d  denote  the  difference  (if  any)  between  a :  5  and    ilf  \  then 

n 

Now  the  true  values  of  a :  5  and  :  V  being  fixed,  their  difference,  d, 
must  be  fixed,  that  is,  d  must  he  a  conttanL 

1 

By  increasing  n  we  can  make  the  value  of  -  less  than  any  assigned 
1  * 

▼alue,  however  small :  hence,  -  can  be  made  less  than  d  if  d  is  not  zero. 

n 

Therefore,  d  is  0,  and  there  is  no  difference  between  the  ratios  a :  h 
and     :  V,   Therefore,  aib^ofiV. 

254.  The  laws  which  apply  to  the  proportion  of  abstract 
numbers  apply  to  the  proportion  of  concrete  quantities,  except 
that  alternation  will  apply  only  when  the  four  quantities  in 
proportion  are  aU  of  the  same  kind. 

Bzeroiae  38 

1.  A  rectangular  field  contains  5270  acres,  and  its  length  is 
to  its  breadth  in  the  ratio  of  31 : 17.    Find  its  dimensions. 

2.  If  five  gold  coins  and  four  silver  ones  are  worth  as  much 
as  three  gold  coins  and  twelve  silver  ones,  find  the  ratio  of  the 
value  of  a  gold  coin  to  that  of  a  silver  one. 
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3.  The  lengths  of  two  rectangular  fields  are  in  the  ratio  of 
2 : 3,  and  the  breadths  in  the  ratio  of  5 : 6.  Find  the  ratio  of 
their  syr^. 

4.  Two  workmen  are  paid  in  proportion  to  the  work  they 
do.  A  can  do  in  20  days  the  work  that  it  takes  B  24  days 
to  do.    Compare  their  wages. 

5.  In  a  mile  race  between  a  bicycle  and  a  tricycle  their  rates 
were  as  5 : 4.  The  tricycle  had  half  a  minute  start,  but  was 
beaten  by  176  yards.    Find  the  rate  of  each. 

6.  A  railway  passenger  observes  that  a  train  passes  him, 
moving  in  the  opposite  direction,  in  2  seconds ;  but  moving 
in  the  same  direction  with  him,  it  passes  him  in  30  seconds. 
Compare  the  rates  of  the  two  trains. 

7.  A  vessel  is  half  full  of  a  mixture  of  wine  and  water. 
If  filled  with  wine,  the  ratio  of  the  quantity  of  wine  to  that 
of  water  is  10  times  what  it  would  be  if  the  vessel  were  filled 
with  water.  Find  the  ratio  of  the  original  quantity  of  wine 
to  that  of  water. 

8.  A  quantity  of  milk  is  increased  by  watering  in  the  ratio 
4 : 5,  and  then  3  gallons  are  sold ;  the  remainder  is  increased 
in  the  ratio  6 : 7  by  mixing  it  with  3  quarts  of  water.  How 
many  gallons  of  milk  were  there  at  first  ? 

9.  Each  of  two  vessels,  A  and  B,  contains  a  mixture  of 
wine  and  water ;  A  in  the  ratio  of  7 : 3,  and  B  in  the  ratio  of 
3 : 1.  How  many  gallons  from  B  must  be  put  with  5  gallons 
from  A  to  give  a  mixture  of  wine  and  water  in  the  ratio  of 
11:4? 

10.  The  time  which  an  express  train  takes  to  travel  180 
miles  is  to  that  taken  by  an  accommodation  train  as  9:14. 
The  accconmodation  train  loses  as  much  time  from  stopping 
as  it  would  take  to  travel  30  miles;  the  express  train  loses 
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only  half  as  much  time  as  the  other  by  stopping,  and  travels 
15  miles  an  hour  faster.    What  are  their  respective  rates  ? 

11.  A  and  B  trade  with  different  sums.  A  gains  $200  and 
B  loses  $50,  and  now  A's  stock  is  to  B's  as  2 :  But  if  A 
had  gained  $100  and  B  lost  $85,  their  stocks  would  have 
been  as  15:3^.    Find  the  original  stock  of  each. 

12.  A  line  is  divided  into  two  parts  in  the  ratio  2 : 3,  and 
into  two  parts  in  the  ratio  3:4;  the  distance  between  the 
points  of  section  is  2.    Find  th^  length  of  the  line. 

18.  A  railway  consists  of  two  sections ;  the  annual  expendi- 
ture on  one  is  increased  this  year  5  per  cent,  and  on  the  other 
4  per  cent,  producing  on  the  whole  an  increase  of  4^  per  cent. 
Compare  the  amounts  expended  on  the  two  sections  last  year, 
and  also  the  amounts  expended  this  year. 

VARIATION 

255.  One  quantity  is  said  to  yary  as  another  when  the  two 
quantities  are  so  related  that  the  ratio  of  any  two  values  of 
the  one  is  equal  to  the  ratio  of  the  corresponding  values  of 
the  other. 

Thus,  if  it  iB  said  that  the  weight  of  water  varies  as  ita  volume,  the 
meaning  is  that  one  gallon  of  water  is  to  any  number  of  gallons  as  the 
weight  of  one  gallon  is  to  the  weight  of  the  given  number  of  gaUons. 

256.  Function  of  a  Variable.  Two  variables  may  be  so  related 
that  when  a  value  of  one  is  given  the  corresponding  value  of 
the  other  can  be  found.  In  this  case  one  variable  is  said  to 
be  a  function  of  the  other. 

Thus,  if  the  rate  at  which  a  man  walks  is  known,  the  distance  he 
walks  can  be  found  when  the  time  is  given  ;  the.distance  is  in  this  case 
&  function  of  the  time. 

857.  When  two  variable  magnitudes  X  and  F,  not  necessarily 
of  the  same  kind,  ai'c  so  related  that  when  X  is  changed  in 
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any  ratio,  Y  is  change<!^  in  the  same  ratio,  Y  is  said  to  vaiy  as 
X,  and  the  relation  is  denoted  thus^  Foe  X  The  sign  oc,  called 
the  sign  of  yariatioa,  is  read  varies  as. 

Thus,  the  area  of  a  triangle  with  a  given  base  varies  as  its  altitude ; 
for,  if  the  altitude  is  changed  in  any  ratio,  the  area  is  changed  in  the 
same  ratio. 

If  YccX,  and  if  when  X  has  a  definitely  assigned  value  A, 
Y  takes  the  value  B,  then 

B:Y=A:X,  [1] 

and  therefore,  by  the  theory  of  proportion,  B  has  a  value 
definitely  determined  by  the  value  of  A. 

Let  the  numerical  measures  of  A,  B,  X,  and  Y  he  a,  b, 
y,  respectively,  so  that 

a:x  =  A  :Xf 

and  b\y  =  B:Y, 

Therefore,  by  [1],        b:y  =  a:x, 

b:a=:  y:x,  [2] 

Since  a  and  b  are  the  numerical  measures  of  the  definitely 
assigned  magnitudes  A  and  By  they  are  themselves  constant  and 
their  ratio,  b:a,  is  constant.  Also,  x  and  y  are  the  numerical 
measures  of  the  variable  magnitudes  X  and  Y]  hence,  by  [2], 

When  two  yoriable  magnitudes  X  and  F  are  so  related  that 
TocX,  their  numerical  measures  are  so  related  that  their  ratio 
is  constant 

Hence,  if  yccx,  y:x  is  constant,  and  if  we  represent  this 
constant  by  w, 

y:x  =  m:ly  or  -  =  m.    ,\y  =  mx, 

X 

Again,  if  y\  x*  and  y",  cc"  are  two  sets  of  corresponding 
values  of  y  and  x,  then 

y':x'  =y":x", 
or  y' :  y"  =  x'  :  x". 


198 


COLLEGE  ALGEBRA 


258.  Imwtnt  YcrictioB.  When  x  ami  y  aie  so  related  that 
the  ratio  of  y  to  -  is  coDstant,  y  is  said  to  vaxy  inversely  as  x ; 

X 

this  is  written  vac-- 

X 

Thus,  the  tinie  leqnired  to  do  a  certain  amoimt  of  work  Taries  inTeTBdy 
as  the  number  of  worionen  employed ;  for,  if  the  number  of  workmen  is 
doabled,  halved,  or  changed  in  any  other  ntio,  the  time  required  is  halved, 
donbled,  or  changed  in  the  inverBe  nUia 

In  this  case.  y:-=:ii». 

X 

y  =  — »  and  xff^m; 

X 

that  is,  the  prodnet  xy  is  constant 
Asbefore,  y'=^  =  y"-^' 

X  X 

xy  =  x'Y, 

or  y':y"  =  x":x'. 

259.  If  the  ratio  of  y :  is  constant,  then  y  is  said  to  vary 
jointly  as  x  and  z. 

In  this  case,  y  =  mxz,  v 

and  y':y"  =  xV:A". 

260.  If  the  ratio  y :  -  is  constant,  then  y  varies  directly  as 
x  and  inversely  as  z. 

In  this  case,  y  =  —  y 

^  z 

x'  x" 

and  y':y"  =  -:  — . 

261.  Theorem  L    If  y  ocx,  and  x oc then  yccz, 
YoT  y  =  mx,  and  x  =  n«. 

.•.  y  =  mn^;. 
.-.  y  oca. 
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262.  Theorem  XL    If  y^Xy  and  zccxj  then  {y±te)ccx. 


For  y  =  mx. 


and  z  =  nx. 

y  ±  «  =  (m  ±  n)x. 
(y±z)ccx. 

263.  Theorem  m.  li  yccx  when  z  is  constant,  and  yccz 
when  a;  is  constant,  and  if  x  and  «  are  independent  of  each 
other,  then  yccxz  when  x  and  z  are  both  variable. 

Let  x',  y',  «'  and  x",  y",  «"  be  two  sets  of  corresponding 
values  of  the  variables. 

Let  X  change  from  x'  to  x",  while  remains  constant,  and 
let  the  corresi>onding  value  of  y  be  F. 

Then,  y':y=x':x".  [1] 

Now,  let  z  change  from  z'  to  z",  while  x  remains  constant. 
Then,  Y:y"  =  z':z".  [2] 

From  [1]  and  [2], 

y'Y :  y"Y  =  x'z' :  x"«",  (§  248) 

or  y:y"  =  xV:xV', 

or  y':x'z'  =  y":x"z". 


.*.  the  ratio  —  is  constant,  and  y  oc  xz. 


xz 

In  like  manner,  it  may  be  shown  that  if  y  varies  as  each 
one  of  any  number  of  independent  values  x, u,  •  •  when  the 
rest  are  unchanged,  then  when  they  all  change,  y  oc  xzu  •  •  • 

Thus,  the  area  of  a  rectangle  varies  as  the  hase  when  the  altitude  Is 
constant,  and  as  the  altitude  when  the  base  is  constant,  hut  as  the  product 
of  the  base  and  altitude  when  both  vary. 

The  volume  of  a  rectangular  solid  varies  as  the  length  when  the  width 
and  thicknefls  remain  conflgpknt ;  as  the  width  when  the  length  and  thick- 
ness remain  constant ;  as  the  thickness  when  the  length  and  width  remain 
constant ;  but  as  the  product  of  length,  breadth,  and  thickness  when  all 
three  vary. 
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264.  SzanplM.    (1)  If  y  varies  inversely  as  x,  and  when 

y  =  2  the  corresponding  value  of  x  is  36,  find  the  correspond- 
ing value  of  X  when  y  =  9. 

Here,  ^  ~  x  '         ~  ^* 

m  =  2  X  36  =  72. 
If  9  and  72  are  subetituted  for  y  and  m  respectiTely  in 

m 

72 

theresoltis  9  =  — ,  or9x  =  72. 

X 

.-.  z  =  8. 

(2)  The  weight  of  a  sphere  of  given  material  varies  as  its 
volume,  and  its  volume  varies  as  the  cube  of  its  diameter.  If 
a  sphere  4  inches  in  diameter  weighs  20  pounds,  find  the 
weight  of  a  sphere  5  inches  in  diameter. 

Let  W  represent  the  weight, 

V  represent  the  volume, 

D  represent  the  diameter. 
Then,  IT  «  F,  and  F  oc  D». 

Put  >r  =  mD» ; 

then,  since  20  and  4  are  corresponding  values  of  W  and 

20  =  m  X  64. 
...  m  =  i}=  A. 

.-.  ir  =  Ai>». 

Therefore,  when  D  =  6,  IT  =  A     126  =  39,V- 
Ebcerciae  39 

1.  If  y  oc    and  ^  =  4  when  x  =  6,  find  y  when  x  =  12. 

2.  If  y  oc  05,  and  when  a;  =  ^,  find  y  when  a;  =  i. 

3.  If  z  varies  jointly  as  x  and  y,  and  3,  4,  6  are  simulta- 
neous values  of  x,  y,  «,  find  z  when  a;  =  y  =  10. 
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4.  If  «  Qc  ->  and  05  =  4  and  y  =  3  when  «  =  6,  find  the 

y 

value  of  z  when  sb  =  5  and  y  =  7. 

6.  If  the  square  of  x  varies  inversely  as  the  cube  of  y,  and 
X  =  2  when  y  =  S,  find  the  equation  between  x  and  y. 

6.  If  z  varies  as  x  directly  and  y  inversely,  and  if  a;  =  3 
and  y  =  4  when  «  =  2,  find  z  when  as  =  16  and  y  =  8. 

7.  The  velocity  acquired  by  a  stone  falling  from  rest  varies 
as  the  time  of  falling ;  and  the  distance  fallen  varies  as  the 
square  of  the  time.  If  it  is  found  that  in  3  seconds  a  stone  has 
fallen  145  feet  and  acquired  a  velocity  of  96|  feet  per  second, 
find  the  velocity  and  distance  fallen  at  the  end  of  6  seconds. 

8.  If  a  heavier  weight  draws  up  a  lighter  one  by  means  of 
a  string  passing  over  a  fixed  wheel,  the  space  described  in  a 
given  time  varies  directly  as  the  difference  between  the  weights, 
and  inversely  as  their  sum.  If  9  ounces  draws  7  ounces 
through  8  feet  in  2  seconds,  how  high  will  12  ounces  draw  9 
ounces  in  the  same  time  ? 

9.  The  space  will  also  vary  as  the  square  of  the  time. 
Find  the  space  in  Example  8,  if  the  time  is  3  seconds. 

10.  Equal  volumes  of  iron  and  copper  are  found  to  weigh 
77  and  89  ounces  respectively.  Find  the  weight  of  10^-  feet 
of  round  copper  rod  when  9  inches  of  iron  rod  of  the  same 
diameter  weigh  31^  ounces. 

11.  The  square  of  the  time  of  a  planet's  revolution  about 
the  sun  varies  as  the  cube  of  its  distance  from  the  sun.  If 
the  distances  of  the  Earth  and  Mercury  from  the  sun  are  as 
91  to  35,  find  in  days  the  time  of  Mercury's  revolution. 

12.  A  spherical  iron  shell  1  foot  in  diameter  weighs 

of  what  it  would  weigh  if  solid.  Find  the  thickness  of  the 
metal,  it  being  known  that  the  volume  of  a  sphere  varies  as 
the  cube  of  its  diameter. 


CHAPTER  XVni 
PR00RX88I0N8 

285.  A  sucoessioD  of  numbers  that  proceed  according  to 
some  fixed  law  is  called  a  series ;  the  successive  nunJbers  are 
called  the  terms  of  the  series. 

A  series  that  ends  at  some  particular  term  is  a  finite  series ; 
a  series  that  continues  without  end  is  an  infinite  series. 

266.  The  number  of  different  forms  of  series  is  unlimited ; 
in  this  chapter  we  shall  consider  only  arithmetical  series, 
geometrical  series,  and  harmonical  series. 

ARITHMETICAL  PROGRESSION 

267.  A  series  is  called  an  arithmetical  series  or  an  arithmet- 
ical progression  when  each  succeeding  term  is  obtained  by  adding 
to  the  preceding  term  a  constant  difference. 

The  general  representative  of  such  a  series  is 

a,    a  +  df    a  +  2d,    a  +  Sd,  •  •  • , 

in  which  a  is  the  first  term  and  d  the  common  difference ;  the 
series  is  increasing  or  decreasing  according  as  is  positive 
or  negative. 

268.  The  nth  Term.  Since  each  succeeding  term  of  the  series 
is  obtained  by  adding  d  to  the  preceding  term,  the  coefficient 
of  d\B  always  one  less  than  the  number  of  the  term,  so  that 
the  nth  term  is  a+(n  —  l)d. 

If  the  nth  tmn  is  represented  by  I,  we  have 

l  =  a+(n-l)d.  (I) 
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9.  Sam  of  the  Series.  If  I  denotes  the  nth  tenn,  a  the 
first  term,  n  the  number  of  terms,  d  the  common  difference, 
and  s  the  sum  of  n  terms,  it  is  evident  that 

8=        a-\-(a  +  d)  +  (a  +  2d)'h''  +  (l-d)'hl 
or       8=        Z4-(Z-  rf)4-(/  —  2<QH  \-(a+d)  +  a 

=  n(a  +  l). 

Therefore,  s  =  -(a  +  l).  (II) 

270.  From  the  two  equations, 

l  =  a+(n-l)d,  (I) 
»  =  5(a  +  l),  (II) 

any  two  of  the  five  numbers  a,  d,  I,  n,  8  may  be  found  when 
the  other  three  are  given. 

(1)  Find  the  sum  of  ten  terms  of  the  series  2,  5,  8, 11,  •  •  • 

Here,  a  =  2,  (1  =  3,  n  =  10. 

From  (I),  i  =  2  +  27  =  29. 

Satotitate  in  (U),  s  =     (2  +  29)  =  156. 

(2)  The  first  term  of  an  arithmetical  series  is  3,  the  last 
term  31,  and  the  sum  of  the  series  136.    Find  the  series. 

Fram(I),  31  =  3  +  (n-l)d,  [1] 

From  (H),  136  =  ?  (3  +  31).  [2] 

Prom  [2],  n  =  8. 

Substitate  in  [1],  d  =  4. 

Therefore,  the  aeries  is  3,  7,  11,  16,  19,  23,  27,  31. 

(3)  How  many  terms  of  the  series  5,  9,  13,  must  be 
taken  in  order  that  their  sum  may  be  275? 

From  (I),  i  =  6  +  (n-l)4. 

i  =  4n+l.  [1] 
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From  (II),  875  =  -(5  +  0-  P] 

Satetitate  in  [2]  Um  value  of  I  found  in  [1], 
276  =  ?(4m  +  6), 

r  t«s  +  3m  =  276. 

We  now  hMkYe  to  solve  this  qoadratic 
Complete  the  square, 

+ 0  +  9  =  2200. 
Extract  the  root,  4m  +  3  =  ±47. 

m  =  11  or  -  12i. 
We  use  only  the  podtive  result. 

(4)  Find  n  when  d,  I,  s  are  given. 
From  (I),  a  =  i-(m-l)(i. 

From  (II),  a  = 

Therefore,  I  -  (»  -  1)  d  =  ^ 

.-.  In  -  (in«  +  dii  =  2«  -  In. 
.-.  d»«-(2l  +  d)m  =  -2«. 

This  is  a  quadratic  with  n  for  the  unknown  number. 
Complete  the  square, 

4d«n«  -  ( )  +  (2 1  +  d)«  =  (21  +  d)«  -  8dfc 

Extract  the  root, 


n 

29 -In 


2dn-  (21  +  d)  =  ±  V(2I  +  d)«  -  Sds. 

2l  +  d±  V(2l  +  d)«-8(i« 
...n  =  

NoTx.  The  table  on  the  next  page  contains  the  results  of  the  general 
solution  of  all  possible  problems  in  arithmetical  series,  in  which  three  of 
the  numbers  a,  2,  d,  n,  s  are  given  and  two  required.  The  student  is 
advised  to  work  these  out,  both  for  the  results  obtained  and  for  the  prac- 
tice gained  in  solving  literal  equations  in  which  the  unknown  qoantlties 
an  represented  by  letters  other  than     y,  z. 
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No. 

OlYKK 

Rbquisbd 

1 

CI  d  n 

2  =  a  +  (n  —  l)(i 

2 

ad  9 

I 

3 

ana 

1  =  a. 

ti 

4 

dns 

n"*"  2 

5 

adn 

«  =  ^  n  [2  a  +  (n  —  1)  oj. 

6 

adl 

8 

2.  2(f 

7 

a  n  I 

8 

dnl 

«  =  in[2i-(n-l)(l]. 

9 

d  n  I 

a  —  Z  —     —  l^d. 

10 

dna 

8  (n-l)d 
n  2 

11 

dl8 

a 

12 

nla 

a  =  i. 

n 

18 

anl 

n  —  1 

14 

16 

an  8 
a  1 8 

_    2  («  —  an) 
a  =             — » 

d 

n(n-l) 

4*  —  CI* 
(1=  . 

2«  —  2  —  a 

16 

n  1 8 

2(nJ-.) 
n(n-l) 

17 

adl 

18 
19 
20 

ads 
a  1 8 
dli 

(l-2o±  V(2a -(!)«  + 8<to 

fi 

71  =  '  ■  •  ■                -  • 

2d 

28 

2d 

206 


COLLEGE  ALGEBRA 


271.  The  arithmetical  mean  between  two  numbers  is  the 
number  which^  when  placed  between  them,  makes  with  them 
an  arithmetical  series. 

If  a  and  b  represent  two  numbers,  and  A  their  arithmetical 
mean^  then^  by  the  definition  of  an  arithmetical  series, 

A  —a=:b  —  A. 

272.  Sometimes  it  is  required  to  insert  several  arithmetical 
means  between  two  numbers. 

Insert  six  arithmetical  means  between  3  and  17. 

Here  the  whole  number  of  terms  is  8 ;  3  is  the  first  term  and  17  the 
eighth. 

By  (I),  17  =  8  +  7(i. 

.-.  (1  =  2. 
Therefore,  the  complete  aeries  is 

3,    [6,    7,    9.    11.    13,    15,]  17, 
the  terms  within  the  brackets  being  the  means  required. 

273.  When  the  sum  of  a  number  of  terms  in  arithmetical 
progression  is  given  it  is  convenient  to  represent  the  terms 
as  follows : 

Three  terms  by       «  —  y,   x,   a  +  y ; 
four  terms  by     x  —  Sy,  x  —  y,  «4-y,  «  +  3y; 
and  so  on. 

The  sum  of  three  numbers  in  arithmetical  progression  is  36, 
and  the  square  of  the  mean  exceeds  the  product  of  the  two 
extremes  by  49.    Find  the  numbers. 

Let  X  —  y,  X,  X  +  y  represent  the  numbers. 
Then,  adding,  3  x  =  36. 

.-.  X  =  12. 

Patting  for  x  its  value,  the  numbers  are  12  —     12,  12  +  y. 
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By  the  conditions  of  the  problem, 

(12)«  =  (12-y)(12  +  y)  +  49, 
144  =  144-y«  +  49, 
.y  =  ±7. 

Therefore,  the  namherB  are  5, 12, 19 ;  or  19,  12,  6. 

BxerolM  40 

Find: 

1.  The  tenth  term  of  3,  8,  13,  •  •  • 

2.  The  eighth  term  of  12,  9,  6,  -  •  • 

3.  The  twelfth  term  of  —  4,  —  9,  —  14, 

4.  The  eleventh  term  of  2^,  1|,  1|,  •  •  • 
6.  The  fourteenth  term  of  1  J,  J,  —  |, . . . 

Find  the  sum  of : 

6.  Eight  terms  of  4,  7,  10,  •  •  • 

7.  Ten  terms  of  8,  5,  2,  •  •  • 

8.  Twelve  terms  of  —  3,  1,  5,  •  •  • 

9.  n  terms  of  2, 1^,  ^,  •  •  • 

10.  n  terms  of  2J,  1|,  1^^,  •  •  - 

11.  Given  a  =  3^  Z  =  55,  n  =  13.    Find  d  and  s. 

12.  Given  a  =  3^,  Z  =  64,  n  =  82.    Find  d  and  s. 

15.  Given  a  =  1,  n  =  20,  «  =  305.    Find  d  and  I. 
14.  Given  I  =  106,  n  =  16,  «  =  840.    Find  a  and  d. 

16.  Given    =  7,  n  =  12,  «  =  594.    Find  a  and  /. 

16.  Given  a  =  9,    =  4,  «  =  624.    Find  n  and  ^. 

17.  Given    =  5,  Z  =  77,  «  =  623.    Find  a  and  n. 
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18.  When  a  train  arrives  at  the  top  of  a  long  slope  the  last 
car  is  detached  and  begins  to  descend,  passing  over  3  feet  in 
the  first  second,  3  times  3  feet  in  the  second  second,  5  times 
3  feet  in  the  third  second,  and  so  on.  .  At  the  end  of  2  minutes 
it  reaches  the  bottom  of  the  slope.  What  space  did  the  car 
pass  over  in  the  last  second  ? 

19.  Insert  eleven  arithmetical  means  betwe^  1  and  12. 

20.  The  first  term^  of  an  arithmetical  series  is  3,  and  the 
sum  of  6  terms  is  28.    What  term  will  be  9  ? 

21.  How  many  terms  of  the  series  —  6,  —  2,  +  1,  •  •  •  must 
be  taken  in  order  that  their  sum  may  be  63  ? 

22.  The  arithmetical  mean  between  two  numbers  is  10,  and 
the  mean  between  the  double  of  the  first  and  the  triple  of  the 
second  is  27.    Find  the  numbers. 

23.  The  first  term  of  an  arithmetical  progression  is  3,  the 
third  term  is  11.    Find  the  sum  of  seven  terms. 

24.  Arithmetical  means  are  inserted  between  8  and  32,  so 
that  the  sum  of  the  first  two  is  to  the  sum  of  the  last  two  as 
7  is  to  25.    How  many  means  are  inserted  ? 

26.  In  an  arithmetical  series  the  common  difference  is  2, 
and  the  square  roots  of  the  first,  third,  and  sixth  terms  form 
a  new  arithmetical  series.    Find  the  series. 

26.  Find  three  numbers  in  arithmetical  Jlrogression  of  which 
the  sum  is  21,  and  the  sum  of  the  first  and  second  three-fourths 
of  the  sum  of  the  second  and  third. 

27.  The  sum  of  three  numbers  in  arithmetical  prc^^ssion 
is  33,  and  the  sum  of  their  squares  is  461.    Find  the  numbers. 

28.  The  sum  of  four  numbers  in  arithmetical  progression 
is  12,  and  the  sum  of  their  squares  116.  What  are  these 
numbers  ? 
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29.  How  many  terms  of  the  series  1^  4, 7^  •  •  •  must  be  taken 
in  order  that  the  sum  of  the  first  half  may  bear  to  the  sum  of 
the  second  half  the  ratio  7  : 22  ? 

30.  The  sum  of  the  squares  of  the  extremes  of  four  num- 
bers in  arithmetical  progression  is  200,  and  the  sum  of  the 
squares  of  the  means  is  136.    What  are  the  numbers  ? 

31.  A  man  wishes  to  haye  his  horse  shod.  The  blacksmith 
asks  him  $2  a  shoe,  or  1  cent  for  the  first  nail,  3  for  the 
second,  5  for  the  third,  and  so  on.  Each  shoe  has  8  nails. 
Ought  the  man  to  accept  the  second  proposition  ? 

32.  A  number  consists  of  three  digits  which  are  in  arith- 
metical progression,  and  this  number  divided  by  the  sum  of 
its  digits  is  equal  to  26 ;  if  198  is  added  to  the  number,  the 
digits  in  the  units'  and  hundreds'  places  will  be  interchanged. 
Required  the  number. 

33.  There  are  placed  in  a  straight  line  upon  a  lawn  50  eggs 
3  feet  distant  from  each  other.  A  person  is  required  to  pick 
them  up  one  by  one  and  carry  them  to  a  basket  in  the  line  of 
the  eggs  and  3  feet  from  the  first  egg,  while  a  runner,  starting 
from  the  basket,  touches  a  goal  and  returns.  At  what  distance 
ought  the  goal  to  be  placed  that  both  men  may  have  the  same 
distance  to  pass  over  ? 

34.  Starting  from  a  box,  there  are  placed  upon  a  straight 
line  40  stones,  at  the  distances  1  foot,  3  feet,  5  feet,  and  so 
on.  A  man  placed  at  the  box  is  required  to  take  them  and 
carry  them  back  to  the  box  one  by  one.  What  is  the  total 
distance  that  he  has  to  accomplish  ? 

35.  The  sum  of  five  numbers  in  arithmetical  progression  is 
45,  and  the  product  of  the  first  and  fifth  is  five-eighths  of  the 
product  of  the  second  and  fourth.    Find  the  numbers. 
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GEOMETRICAL  PROGRESSION 

274.  A  series  is  called  a  geometrical  series  or  a  geometiical 
progression  when  each  succeeding  term  is  obtained  by  multi- 
plying the  preceding  term  by  a  constant  multiplier. 

The  general  representative  of  such  a  series  is 

ttf    ar,    ar^f    at*,  ar*, 

in  which  a  is  the  first  term  and  r  the  constant  multiplier  or 
ratio. 

The  terms  increase  or  decrease  in  numerical  magnitude 
according  as  r  is  numerically  greater  than  or  numerically  less 
than  unity. 

275.  The  nth  Term.  Since  the  exponent  of  r  increases  by 
one  for  each  succeeding  term  after  the  first,  the  exponent  is 
always  one  less  than  the  number  of  the  term,  so  that  the  nth 
term  is  at*~\ 

If  the  nth  term  is  represented  by  1,  we  have 

1 =«•-«.  (I) 

276.  Sum  of  the  Series.  If  I  represents  the  nth  term,  a  the 
first  term,  n  the  number  of  terms,  r  the  common  ratio,  and  s 
the  sum  of  n  terms,  then 

*  =  a  -f  ar  -f  ar*  -f  \-  ar^~\  [1] 

Multiply  by  r,  rs  =  ar -\- ar*  +  ar*  -\  h  ar""*  -f  ai*.  [2] 

Subtract  the  first  equation  from  the  second, 

rs  —  8  =  ar*  —  a. 
Resolve  each  member  into  its  factors, 

(r-l)«  =  a(r»-l). 
Divide  by  r  —  1. 

Therefore,  e=:i^^Z-l2.  (II) 
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Sinoe  I  =  ai*-\  rl  =  ar",  and  (II)  may  be  written 

277.  From  the  two  formulas  (I)  and  (II),  or  the  two  for- 
mulas (I)  and  (III),  any  two  of  the  five  numbers  a,  r,  Z,  n,  s 
may  be  found  when  the  other  three  are  given. 

(1)  The  first  term  of  a  geometrical  series  is  3,  the  last  term 
192,  and  the  sum  of  the  series  381.  Find  the  number  of  terms 
and  the  ratio. 

From  (I),  192  =  3r»->.  [1] 

From  (in),  881  =  m 

r  —  1 

From  [2],  r  =  2. 

SubeUtnte  in  [1],  2"-»  =  64. 

.-.  n  =  7. 

Therefore,  the  series  is  3,  6,  12,  24,  48,  06,  192. 

(2)  Find  I  when  r,  n,  s  are  given. 
From  (I),  ^  =  Z^^' 

"-dr. 

Substitute  in  (III),  a  =  — — —, 

.  ^^(r-l)r^-i» 
»*-l 

NoTB.  The  table  on  pa^e  212  contains  the  results  of  all  possible 
problems  in  geometrical  series  in  which  three  of  the  numbers  a,  r,  Z,  n,  8 
are  given  and  the  other  two  required,  with  the  exception  of  those  in 
which  n  is  required ;  these  last  require  the  use  of  logarithms  with  which 
the  student  is  supposed  to  be  not  yet  acquainted. 
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NO. 

GrvKN 

RSQUUUCD 

A  f*  fl 

1  ft  mm— I 

2 

ara 

^_a  +  (r-l)« 

3 

ana 

r 

I  (a  -        -  a(«    o)"-»  =  0. 

4 

T  n  a 

,_{r-l)«r— ' 

e 
0 

am 

a(r»  —  1) 
a  —  ^ 

r-1 

6 

arl 

W-o 

a  =  

r-1 

7 

a  n  I 

a 

a  —  — i  i — . 

8 

ml 

9 

ml 

10 

ma 

.  (r-l)« 

a  =  — . 

11 

rla 

a 

»*  - 1 
a  =  W-(r-l)«. 

12 

nla 

a(a  -  o)"-»  -  l(a  -        =  0. 

IS 

anl 

14 

ana 

r 

a  a 

16 

a  I  a 

«  -  a 

16 

n  I  a 

278.  The  geometrical  mean  between  two  numbers  is  the 
number  which  when  placed  between  them  makes  with  them 
a  geometrical  series. 
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If  a  and  b  denote  two  numbers,  and  G  their  geometrical 
mean,  then,  by  the  definition  of  a  geometrical  series, 

-  =  i. 
a  G 

G  =  Vaft. 

279.  Sometimes  it  is  required  to  insert  several  geometrical 
means  between  two  numbers. 

Insert  three  geometrical  means  between  3  and  48. 

Here  the  whole  number  of  terniB  is  6  ;  3  is  the  first  term  and  48  the 
fifth  term. 

By  (I),  48  =  3r*. 

r*  =  16, 

and  r  =  it  2. 

Therefore,  the  series  is  one  of  the  following : 

3,    [    6,    12,       24,]  48; 

3,    [-6,    12,    -24,]  48. 
The  terms  within  the  brackets  are  the  means  required. 

280.  Infinite  Geometrical  Series.  When  r  is  less  than  1,  the 
successive  terms  become  numerically  smaller  and  smaller ;  by 
taking  n  large  enough  we  can  make  the  nth  term,  ar""^,  as 
small  as  we  please,  although  we  cannot  make  it  absolutely 
equal  to  zero.  ^ 

The  sum  of  n  terms,     — >  by  changing  the  signs  of  the 

numerator  and  denominator,  may  be  written  — ^  >  which 

is  equal  to  ;  this  sum  differs  from   by 

1  —  fl  —  r  1  —  T 

the  fraction  j — ^;  by  taking  enough  terms  we  can  make 

ar")  and  consequently  this  fraction,  as  small  as  we  please; 
the  greater  the  number  of  terms  taken  the  nearer  is  their 

sum  to  'T'- —    Hence,  -r^ —  is  called  the  sum  of  an  infinite 
1  —  r  1  —  r 

number  of  terms  of  the  series. 
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(1)  Find  the  sum  of  the  infinite  series  1  —  i  +  i  —  IH  

Here  a  =  1,  r  =  —  J. 

1  2 

The  sum  of  the  series  is  ,  or  — 

1  +  i  3 

Therefore,  the  sum  of  n  terms  is 

or 

This  sum  evidently  approaches  |  as  n  is  increased. 

(2)  Find  the  value  of  the  recurring  decimal  0.12135135  •  •  • 
Consider  first  the  part  that  recurs ;  this  may  be  written 

itfWoo  +  TinriJiuTrv  +  •  •  • » 

and  the  sum  of  this  series  is  J^^^  ,  or  y},.    Adding  0.12,  the  part 

that  does  not  recur,  we  obtain  for  the  value  of  the  decimal  iWv* 

Exerolfla  41 

Find: 

1.  The  eighth  term  of  3,  6, 12, .  •  • 

2.  The  twelfth  term  of  2,  -  4,  8,  •  - 

3.  The  twentieth  term  of  1,  —  J,  J,  •  •  • 

4.  The  eighteenth  term  of  3,  2,  li,  •  •  • 

5.  The  nth  term  of  1,  —  1  J,  Ij,  •  •  • 
Find  the  sum  of : 

6.  Eleven  terms  of  4,  8, 16,  •  •  • 

7.  Nineteen  terms  of  9,  3,  1,  •  •  • 

8.  Twelve  terms  of  5,  —  3,  1  J,  •  •  • 

9.  n  terms  of  Ij,  |,  ^5,  •  •  • 

Sum  to  infinity : 

10.  4- 2 -hi   12.  1-J-l-A  

11.  i  +  J  +  8  +  -  -  13.  i-h^-h^4--" 
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Find  the  value  of  the  recurring  decimals : 

14.  0.163153  ;  ..  16.  3.17272  .  .. 

16.  0.123535  ...  17.  4.2561561.  .. 

18.  Given  a  =  36,  Z  =  2J,  n  =s  5.    Find  r  and  «. 

19.  Given  I  =  128,  r  =  2,  n  =  7.    Find  a  and  s. 

20.  Given  r  =  2,  n  =  7,  «  =  635.    Find  a  and  L 

21.  Given  I  =  1296,  r  =  6,  «  =  1555.    Find  a  and  n. 

22.  Insert  three  geometrical  means  between  14  and  224. 

23.  Insert  five  geometrical  means  between  2  and  1458. 

24.  If  the  first  term  is  2  and  the  ratio  3,  what  term  will  be 
162? 

26.  The  fifth  term  of  a  geometrical  series  is  48,  and  the 
ratio  2.    Find  the  first  and  seventh  terms. 

26.  Four  numbers  are  in  geometrical  progression ;  the  sum 
of  the  first  and  fourth  is  195,  and  the  sum  of  the  second  and 
third  is  60.    Find  the  numbers. 

27.  The  sum  of  four  nimibers  in  geometrical  progression  is 
105 ;  the  difference  between  the  first  and  last  is  to  the  differ- 
ence between  the  second  and  third  in  the  ratio  of  7 : 2.  Find 
the  numbers. 

28.  The  first  term  of  an  arithmetical  progression  is  2,  and 
the  first,  second,  and  fifth  terms  are  in  geometrical  progression. 
Find  the  sum  of  11  terms  of  the  arithmetical  progression. 

29.  The  sum  of  three  numbers  in  arithmetical  progression 
is  6.  If  1,  2,  5  are  added  to  the  numbers,  the  three  resulting 
numbers  are  in  geometrical  progression.    Find  the  numbers. 

SO.  The  sum  of  three  numbers  in  arithmetical  progression 
is  15 ;  if  1,  4, 19  are  added  to  the  numbers,  the  results  are  in 
geometrical  progression.    Find  the  numbers. 
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31.  There  are  four  numbers  of  which  the  sum  is  M ;  the 
first  three  are  in  geometrical  progression  and  the  last  three  in 
arithmetical  progression  \  the  sum  of  the  second  and  third  is 
18.    Find  the  numbers. 

32.  There  are  four  numbers  of  which  the  sum  is  13,  the 
fourth  being  3  times  the  second;  the  first  three  are  in  geo- 
metrical progression  and  the  last  three  in  arithmetical  progres- 
sion.   Find  the  numbers. 

33.  The  sum  of  the  squares  of  two  numbers  exceeds  twice 
their  product  by  576 ;  the  arithmetical  mean  of  the  two  num- 
bers exceeds  the  geometrical  by  6.    Find  the  numbers. 

34.  A  number  consists  of  three  digits  in  geometrical  pro- 
gression. The  sum  of  the  digits  is  13 ;  and  if  792  is  added 
to  the  number,  the  digits  in  the  units'  and  hundreds'  places 
will  be  interchanged.    Find  the  number. 

36.  Find  an  infinite  geometrical  series  in  which  each  term 
is  5  times  the  sum  of  all  the  terms  that  follow  it. 

36.  If  a,  b,  c,  d  are  four  numbers  in  geometrical  progression, 
show  that 

(a*  -h  ft'  +  c*)  (6*  +  c"  -h  (?)  =  (a^  -h     -h  edf. 

HARMONICAL  PROGRESSION 

281.  A  series  is  called  a  hannonical  aeries,  or  a  harmonical 
progression,  when  the  reciprocals  of  its  terms  form  an  arith- 
metical series. 

The  general  representative  of  such  a  series  is 

111  1 

— ,  — — ,    ■  ■  ■  ■  ,  *  ■  ■ }  ■  • 

a    a -\' d    a '{-2d  a-\-(n  —  l)d 

Questions  relating  to  harmonical  series  are  best  solved  by 
writing  the  reciprocals  of  its  terms,  and  thus  (Q^Qiiiig  fbz\  arith- 
metical series. 
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88S.  The  harmonical  meAn  between  two  numbers  is  the  num- 
ber which  when  placed  between  them  makes  with  them  a 
harmonical  series. 

If  a  and  b  denote  two  numbers^  and  H  their  harmonical 
mean,  then,  by  the  definition  of  a  harmonical  series, 
1^  1^1_1 
H     a     b  h' 

'  '  H     a     b  ab 

283.  Sometimes  it  is  required  to  insert  several  harmonical 
means  between  two  numbers. 

Insert  three  harmonical  means  between  3  and  18. 

Find  the  three  arithmetical  means  between  \  and 
These  are  found  to  be  ||,  |f ,     ;  therefore,  the  harmonical  means  are 
H.H.  V;  or  3H,  6^,8. 

284.  Since  il=^^^i  and  (?=Vad, 

H=^y  or  G=VaH. 
A 

That  is,  the  geometrical  mean  between  two  numbers  is  also 
the  geometrical  mean  between  the  arithmetical  and  harmon- 
ical means  of  the  numbers,  or 

A:G=:G:H. 

Hence,  G  lies  in  numerical  value  between  A  and  H, 

Bxerclse  42 

1^  Insert  four  harmonical  means  between  2  and  12. 

2.  Find  two  numbers  whose  difference  is  8  and  the  har- 
monical mean  between  them  1}. 
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3.  Find  the  seventh  term  of  the  hannonical  series  3,  3f , 

4.  Continue  to  two  terms  each  way  the  hannonical  series 
of  which  two  consecutive  terms  are  15^  16. 

6.  The  first  two  terms  of  a  hannonical  series  are  5  and  6. 
What  term  will  be  30  ? 

6.  The  fifth  and  ninth  terms  of  a  harmonical  series  are  8 
and  12.    Find  the  first  four  terms. 

7.  The  difference  between  the  arithmetical  and  harmonical 
means  between  two  numbers  is  1},  and  one  of  the  numbers  is 
4  times  the  other.    Find  the  numbers. 

8.  The  arithmetical  mean  between  two  numbers  exceeds  the 
geometrical  by  13,  and  the  geometrical  exceeds  the  hannonical 
by  12.    What  are  the  numbers  ? 

9.  The  sum  of  three  terms  of  a  harmonical  series  is  39, 
and  the  third  is  the  product  of  the  other  two.    Find  the  terms. 

10.  When  a,  h,  c  are  in  harmonical  progression  show  that 

a:c  =  a  —  b:b  —  c, 

11.  If  a  and  b  are  positive,  which  is  the  greater,  A  or  H? 

12.  Show  that  a,  b,  and  c  will  be  in  arithmetical  progres- 
sion, in  geometrical  progression,  or  in  harmonical  progression, 
according  asa  —  5:5  —  cis  equal  to  a:a,  to  a;b,  ot  to  a:e. 
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BINOMIAL  THBOSSM;  POSITIVS  INTEGRAL  EXPONENT 

285.  Binomial  Theorem ;  Positiye  Integral  Exponent.  By  suc- 
cessive multiplications  we  obtain  the  following  identities  : 

(a  +  by  =  a''  +  2ab  +  b^] 

(a  -h  i)»  =     -h  3  a^b  -f-  3aft»  -f- 

(a  -h  by  =  a*  +  ^a*b  +  Ga^ft*  +  4aft«  +  b\ 

The  expressions  on  the  right  may  be  written  in  a  form 
better  adapted  to  show  the  law  of  their  formation: 

(a-\-by  =  a^-\-2ab  -^J^^^; 
^a-^by^a'^  +  Sa^b-h-^ab^  ^f^^'j 

+  6)*  =  a*  +  4a«ft  +  172^  ^  "^1^:3^  +1.2-3. 4^  ' 

286.  Let  n  represent  the  exponent  of  (a  -f  b)  in  any  one  of 
these  identities;  then,  in  the  expressions  on  the  right,  we 
observe  that  the  following  laws  hold  true : 

1.  The  number  of  terms  is  ti  -f  1. 

2.  The  first  term  is  a",  and  the  exponent  of  a  decreases  by 
one  in  each  succeeding  term.  The  first  power  of  b  occurs  in 
the  second  term,  the  second  power  in  the  third  term,  and  the 
exponent  of  b  increases  by  one  in  each  succeeding  term. 

The  sum  of  the  exponents  of  a  and  b  in  any  term  is  n. 

3.  The  coefficient  of  the  first  term  is  1;  of  the  second 
term,  n;  of  the  third  term,  ^      q     ;  and  so  on. 
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287.  The  CBrtBcif  t  of  Aoy  Term.  The  number  of  factors 
in  the  numerator  of  the  coefficient  of  any  term  is  the  same  as 
the  number  of  factors  in  the  denominator  of  that  term.  The 
number  of  factors  in  each  numerator  and  denominator  is  the 
same  as  the  exponent  of  b  in  that  term,  and  this  exponent  is 
one  less  than  the  number  of  the  temu 

288.  Proof  of  the  Tbeorem.  Show  that  the  laws  of  §  286 
hold  true  when  the  exponent  is  any  positive  integer. 

We  know  that  the  laws  hold  for  the  fourth  power ;  suppose, 
for  the  moment,  that  they  hold  for  the  Hh  power,  k  being  any 
positive  integer. 

We  shall  then  have 

(a  +  by  =  a*  +  k<^-'b  -f 
Multiply  both  members  of  [1]  by  a  +  6 ;  the  result  is 

In  the  right  member  of  [1]  for  A:  put  A;  +  1 ;  this  gives 

1*2*3 

This  last  expression,  simplified,  is  seen  to  be  identical  with 
tho  right  member  of  [2],  and  this  in  turn  by  [2]  is  identical 
with  (a-^by^K 
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Hence,  [1]  holds  when  for  k  we  put  A:  -h  1 ;  that  is,  if  the 
laws  of  §  286  hold  for  the  A;th  power,  they  must  hold  for  the 
{k  +  l)th  power. 

But  the  laws  hold  for  the  fourth  power;  therefore,  they 
must  hold  for  the  fifth  power. 

Holding  for  the  fifth  power,  they  must  hold  for  the  sixth 
power ;  and  so  on  for  any  positive  integral  power. 

Therefore,  they  must  hold  for  the  nth  power  if  n  is  a  posi- 
tive integer ;  and  we  have 

(a  +  b)- =  a- +  na"  - +  ^^^^  a- V 

^n(n--I)(n-2)^,.,^^,^    '  [A] 

289.  This  formula  is  known  as  the  binomial  theorem. 

The  expression  on  the  right  is  known  as  the  expansion  of 
(a  -f-  6)";  this  expansion  is  a  finite  series  when  n  is  a  positive 
int^er.    That  the  series  is  finite  may  be  seen  as  follows : 

In  writing  the  successive  coefficients  we  shall  finally  arrive 
at  a  coefficient  which  contains  the  factor  n  —  n\  the  corre- 
sponding term  will  vanish.  The  coefficients  of  the  succeed- 
ing terms  likewise  all  contain  the  factor  n  —  n,  and  all  these 
terms  will  vanish. 

290.  If  a  and  h  are  interchanged,  the  identity  [A]  is  written 

(a  -h  by  s  (ft  -f  ay  =  6"  +  n6»-»a  -h  — ft— «a» 

n(n-l)(n-2)  3^ 
^        1.2.3        ^  + 

This  last  expansion  is  the  expansion  of  [A]  written  in 
reverse  order.  Comparing  the  two  expansions,  we  see  that: 
the  coefficient  of  the  last  term  is  the  same  as  the  coefficient  of 
the  first  term ;  the  coefficient  of  the  last  term  but  one  is  the 
same  as  the  coefficient  of  the  first  term  but  one ;  and  so  on. 
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In  general,  the  coefficient  of  the  rth  term  from  the  end  is 
the  same  as  the  coefficient  of  the  rth  term  from  the  b^inning. 

In  writing  an  expansion  by  the  binomial  theorem,  after  arriv- 
ing at  the  middle  term,  we  can  shorten  the  work  by  observing 
that  the  remaining  coefficients  are  those  already  found,  written 
in  reverse  order. 

291.  If  b  is  negative,  the  terms  which  involve  even  powers 
of  ^  are  positive;  and  the  terms  which  involve  oM  powers 
of  b  are  negative.  Hence, 


(a-b)»  =  a»-iia»-^b-f 


P(P"l) 
12 


a— V 


n(n  —  l)(n  — 2) 


a«-»b»  +  •  •  [B] 


1-2-3 


If  we  put  1  for  a  and  x  for  b  in  [A], 


x«  +  ..- 


If  we  put  1  for  a  and  x  for  b  in  [B], 


n(n  —  1)  (n 
"  123 


292.  Examples.  (1)  Expand  (1  -h  2  a;)*. 
In  [C]  put  2  X  for  x  and  5  for  n.    The  result  is 


6-4. 8 
1.2-3 


(2x)» 


=  1  +  lOx  +  40x2  +  80x8  +  80  X*  +  32  x*. 


(2x)» 
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(2)  Expand  to  three  terms 

1  2x» 
Pat  a  for  ~i  andftfor— — . 
X  3 

Then,  by  [B],  (a  -  bf=afi  -  6a«6  +  15a*6a  

Replacing  a  and  h  by  their  values, 

x«  3 

293.  Any  Required  Term.    From  [A]  it  is  evident  (§  286) 
that  the  (r  -h  l)th  term  in  the  expansion  of  (a  -|-  by  is 
n     —  1)  (n  —  2)  •  •  •  to  r  factors  . 

  1.2.i..r  ^ 

The  (r  -h  1)  th  term  in  the  expansion  of  (a  —  by  is  the  same 
as  the  above  if  r  is  even,  and  the  negative  of  the  above  if  r 
is  odd. 


Find  the  eighth  term 


Here,  a  =  4,  6  =  — »  n  =  10,  r  =  7. 

The  eighth  term  is  -  1.2.3.4.5.6.7       (  2  )  ' 

284.  The  Greatest  Coefficient.  Suppose  that  the  coefficient  of 
the  (r  -f  l)th  term  is  the  numerically  greatest  coefficient. 

This  coefficient  and  the  preceding  and  following  coefficients 
are  as  follows  : 

^.  ^  n(n-l).-.(n-r  +  2) 

(r -h  l)th  terra,  -^^  1.2-3  -  (r  -  l)r   ' 
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The  coefficient  of  the  Hh  term  may  be  obtained  by  multi- 

T 

plying  the  coefficient  of  the  (r  -|-  l)th  by  ^ — r-\-l '  coeffi- 
cient of  the  (r  4-  2)thy  by  multiplying  the  coefficient  of  the 
(r  -f  l)th  by  ^«  coefficient  of  the  (r  -f-  l)th  is 

numerically  the  greatest, 

<  1,  and  <  1. 


n-r-h  1      '  r-hl 
Therefore,        r  <  n  —  r  -h  1,  and  r  -|- 1  >  n  —  r. 

r«t^*  ^»4-l  J  ^n  —  1 

Therefore,        r< — ^ — >       and        r> — ^ — • 

If  n  is  even,  r  =  - »  and  r  4- 1  =  — 5 —  5  in  this  case  there 

is  one  middle  term,  and  its  coefficient  is  the  greatest  coefficient. 

If  n  is  odd,  we  can  have  only  r  =  ^  ^  ^ ,  or  r  =  ^-^j — ;  in 

in  this  case  there  are  two  middle  terms ;  their  coefficients  are 
alike  and  are  the  two  greatest  coefficients. 

295.  A  trinomial  may  be  expanded  by  the  binomial  theorem 
as  follows : 

Expand  (1  -h  2  a;  -  xy, 

(1  +2x-xa)»  =  l  +3(2x-x«)  +  8(2x-x«)»  +  (2«-Jt«)« 
=  1  +  Ox  +  9x»  -  4x»  -  9x«  +  6x»  -  x«. 
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Expand : 

1.  (1+3  a;)*.         4.  (2  -f  xy,  7.  (3  a;  -  2  y)\ 

^- (!-?)'•  ..(^-#)- 


10.  (1  4-4aj-f  3xy. 


11.  (a«-aa;--2xy.* 
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Find: 

12.  The  fourth  term 


IS.  The  eighth  term  of  ^2  —  • 

(1  Vx\" 
X — r"J ' 

(2  \« 
X  —  )  • 
3  Vi/ 

(3^   \  IT 

17.  The  (r  +  l)th  term  of  ^  Vx  -f  \/^^  • 

18.  The  (r  +  l)th  term  of  (^^j^  - 

19.  The  (r  4-  3)th  term  of        —  ■;^=^  ' 

20.  The  middle  term  of        -  • 

(a  /3ac\" 
V2^     ^4  a/ 

22.  The  rth  term  from  the  end  of  [—  \   J  • 

23.  In  the  expansion  of  (a  +  show  that  the  sum  of  the 
coefficients  is  2". 

24.  In  the  expansion  of  (a  —  d)"  show  that  the  sum  of  the 
positive  coefficients  equals  the  sum  of  the  negative  coefficients. 

25.  Expand 
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296.  DdbutkHU.  Let  any  positive  number  except  1  be 
selected  as  a  baae.  Then,  the  index  or  exponent  which  the 
base  must  have  to  produce  a  given  number  is  called  the 
logarithm  of  that  number  to  the  given  base. 

Any  positive  number  except  1  may  be  selected  as  the  base ; 
and  to  each  base  corresponds  a  system  of  logarithma. 

Thus,  since  2*  =  8,  the  logarithm  of  8  in  the  system  of  which  2  is  the 

bawe  is  3. 

That  is,  the  logarithm  of  8  to  the  base  2  is  3 ;  this  is  abbreviated 
log,  8  =  3. 

In  general,  if  o"  =  3r,  then  n  =  loga-BT. 

Observe  that  a"  =  JV  and  n  =  logaN  are  two  different  ways  of  express- 
ing the  same  relation  between  n  and  N.  The  identity,  a^^=N,  is 
sometimes  useful. 

The  subscript  which  shows  the  base  is  usually  omitted  when  there  is  no 
uncertainty  as  to  what  number  is  being  used  as  the  base. 

In  this  chapter  only  the  positive  scalar  values  of  the  root 
will  be  considered ;  consequently,  in  a  system  with  a  positive 
base,  negative  numbers  cannot  have  scalar  Ic^arithms. 

297.  The  logarithuis  of  such  numbers  as  are  perfect  powers 
of  the  base  selected  are  commensurable  numbers;  the  loga- 
ritluns  of  all  other  nimibers  are  incommensurable  numbers. 

Rkmark.  By  an  incommensurable  number  is  meant  a  number  that 
has  no  common  measure  with  unity  (§  251). 

Incommensurable  logarithms  are  expressed  approximately  to 
any  desired  degree  of  accuracy  by  means  of  decimal  fractions. 
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298.  A  logarithm  in  general  consists  of  two  parts,  an 
integral  part  and  a  fractional  part ;  the  integral  part  is  called 
the  duoacteristic,  and  the  fractional  part  the  mantissa. 

The  calculation  of  logarithms  to  a  given  base  will  be  con- 
sidered in  Chapter  XXV. 

299.  Incommensurable  Exponents.  It  will  now  be  necessary 
to  prove  that  the  laws  which  in  Chapter  IX  were  foimd  to 
apply  to  commensurable  exponents  apply  also  to  incommen- 
surable exponents. 

Let  a  be  any  positive  number  except  1,  and  let  m  and  n  be 
two  positive  incommensurable  numbers. 

To  prove  a*©"  =  «"•"♦•*. 

We  can  always  find  (§  261)  four  positive  integers,  p,  r, 

P  P  -\-  \.  T 

s.  such  that  m  lies  between  —  and  ,  and  n  between  - 

and  

8 

p  p-f  1  r 

Then,  a*  lies  between  a«  and  a  «  ,  and  a"  lies  between  a' 
and  a  '  . 

p  r  p-f  1  r-H 

Therefore,  a'*a*  lies  between  a^a'  and  a  «  a  '  . 


But  a*a'  =  o« 

and  a  «  a  '  =  a«  •  ' 

Hence,  a'"a''  lies  between  a*  *  and  a*  '  *,  and  conse- 
quently  differs  from  a«  •  by  less  than  (a«  •  »  '  —  a«  *); 
that  is,  by  less  than  a«  '(a^  '  —  l). 

P  P       \  T 

Also,  since  m  lies  between  —  and  —  >  and  n  between  - 

q  q  8 

and   >  a'"^*  lies  between  a«  '  and  a«  •  ^      and  con- 

*     .  -+- 
sequently  differs  from  a*  •  by  less  than  a«  *  (a«  *  —  1). 
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Therefore,  the  expressions  a^a"  and  a"-*-"  have  the  same 

approximate  value  a<  %  and  each  differs  from  this  value  by 
£+- 

less  than  a«  •  (a«  •  —  1). 

Now  let  q  and  s  be  continually  increased,  p  and  r  being 

2?  1>  -f-  1 

always  so  taken  that  w  lies  between  ~  and   >  and  n 

between  -  and      —    Then,  -  and  -  continually  decrease ; 
8  8  y  * 

a«  •  approximates  to  a°  or  1 ;  and  a*  *  (a*  '  —  1)  continually 
decreases.  ^  ^ 

Therefore,  the  difference  between  a"*a"  and  a«  •  continually 

decreases;  the  difference  between  a**+*and  a''  •  continually 
decreases ;  and  each  difference  becomes  as  small  as  we  please. 
But,  however  great  q  and  s  may  be,  the  expressions  a*a" 

and        have  the  same  approximate  value, 
Therefore,  as  in  §  253,  we  must  have 

The  foregoing  proof  is  easily  extended  to  the  case  in  which 
'  m  and  n  are  one  or  both  negative. 

Having  proved  for  incommensuiable  exponents  that 
a^'a*  =  «"•+••, 

it  is  easily  proved  that 

a"*  By   - 

~  =  a"*"" ;  (a*")"  =      ;  Va*"  =  a" ;  a*"6*"  =  (o^)*". 

300.  Properties  of  Logarithms.    Let  a  be  the  base,  M  and 

i>r  any  positive  numbers,  m  and  n  their  logarithms  to  the 

base  a:  so  that     .  .  »r 

'  o*"  =  A/,  a*  = 

m  =  log„3f ,         n  =  log.iV. 

Then,  in  any  system  of  logarithms  : 

1.  The  logarithm  of  1  is  0. 

For,  a«  =  l.  O  =  log«l. 
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2.  The  logarithm  of  the  h<ise  itself  is  1. 
For,  a*  =  a.        /.  1  =  log^a. 

3.  The  logarithm  of  the  reciprocal  of  a  positive  number  is 
the  negative  of  tJie  logarithm  of  the  number. 

For,  if  a*^N,  then  ~  =  —  = 

N  a** 

log„        -  n  =  -  log^N. 

4.  Th^  logarithm  of  the  product  of  two  or  more  positive 
numbers  is  the  sum  of  the  logarithms  of  the  several  factors. 

For,  A/  X  ^  =     X  a"  =  a^^". 

loga(M  X  iV)  =  w  -h  n  =  log^Af  -h  log^N, 
Similarly  for  the  product  of  three  or  more  factors. 

6.  The  logarithm  of  the  quotient  of  two  positive  numbers  is 
the  remainder  found  by  subtracting  the  logarithm  of  the  divisor 
from  the  logarithm  of  the  dividend. 

For,  =  ^  =  a—". 

N  a" 

M 

log«  -^^^  ^  -  ^  =  log„Af  -  log^iNT. 

6.  Ths  logarithm  of  a  power  of  a  positive  number  is  the 
product  of  the  logarithm  of  the  number  by  the  exponent  of  the 
power. 

For,  NP  =  (a*y  = 

log^NP  =  np=p  log^iNT. 

7.  TJie  logarithm  of  the  real  positive  value  of  a  root  of  a 
positive  number  is  the  quotient  found  by  dividing  the  logarithm 
of  the  number  by  the  index  of  the  root. 

For,  —        =  tt^ 

.-.log,  ^=5  =  ^-^. 
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SOL  In  a  Bystem  with  a  base  greater  than  1  the  logarithms 
of  all  positive  numbers  greater  than  1  are  positive,  and  the 
logarithms  of  all  positive  numbers  less  than  1  are  negative. 

Conversely,  in  a  system  with  a  positive  base  less  than  1  the 
logarithms  of  all  positive  numbers  greater  than  1  are  negative, 
and  the  logarithms  of  all  positive  numbers  less  than  1  are 
positive. 

302.  Two  Important  Systems.  Although  the  possible  number 
of  different  systems  of  logarithms  is  unlimited,  there  are  but 
two  systems  in  common  use.    These  are : 

1.  The  common  system,  also  called  the  Briggs,  denary,  or 
decimal  system,  of  which  the  base  is  10. 

2.  The  natural  system,  of  which  the  base  is  the  natural 
base. 

The  natural  base,  generally  represented  by  e,  is  the  fixed 
value  which  the  sum  of  the  series 

111  1 


1  '  12  •  1.2. 3  '  12. 3. 4  • 

approaches  as  the  number  of  terms  is  indefinitely  increased. 
The  value  of  e,  carried  to  seven  places  of  decimals,  is 
2.7182818... 

The  common  system  is  the  system  used  in  actual  calcular 
tion ;  the  natural  system  is  used  in  the  higher  mathematics. 

303.  Common  Logarithms.  By  logarithms  in  §§  303-317  we 
mean  the  common  logarithms. 

Since        10°=     1,  10-»(=tV)  =0.1, 

10^=  10,  10-«(=t4^)  =0.01, 

10«  =  100,  10-«(=  T^^)  =  0.001, 

therefore  log  1  =  0,  log  0.1  =—  1, 
log  10  =  1,  log  0.01  =-2, 
log  100  =  2,       log  0.001  =-3. 
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Also,  it  is  evident  that  the  common  logarithm  of  any  num- 
ber between 

1  and  10  will  be     0  -f  a  fraction^ 

10  and  100  will  be     1  -f  a  fraction, 

100  and  1000  will  be     2  -f  a  fraction, 

1  and  0.1     will  be  —  1  +  a  fraction, 

0.1  and  0.01    will  be  -  2  -f  a  fraction, 

0.01  and  0.001  will  be  -  3  -f  a  fraction. 

304.  With  common  logarithms  the  mantissa  is  always  made 
positive.  Hence,  in  the  case  of  numbers  less  than  1  whose 
logarithms  are  negative,  the  logarithm  is  made  to  consist  of  a 
negative  characteristic  and  a,  positive  mantissa. 

When  a  logarithm  consists  of  a  negative  characteristic  and 
a  positive  mantissa  it  is  usual  to  write  the  minus  sign  over  the 
characteristic,  or  to  add  10  to  the  characteristic  and  to  indicate 
the  subtraction  of  10  from  the  resulting  logarithm. 

Thus,  log 0.2  =  1.3010,  and  this  may  be  written  9.a010  -  10. 

305.  The  characteristic  of  the  logarithm  of  an  integral 
number,  or  of  a  mixed  number,  is  ofie  less  than  the  number 
of  integral  digits  in  the  number. 

Thus,  from  §  303,  log  1  =  0,  log  10  =  1 ,  log  100  =  2.  Hence,  the  com- 
mon logarithms  of  all  numbers  from  1  to  10  (that  is,  of  all  numbers 
consisting  of  one  integral  digit)  have  0  for  characteristic  ;  and  the  common 
logarithms  of  all  numbers  from  10  to  100  (that  is,  of  all  numbers  consist- 
ing of  two  integral  digits)  have  1  for  characteristic  ;  and  so  on,  the  char- 
acteristic increasing  by  one  for  each  increase  of  one  in  the  number  of 
digits,  and  hence  being  always  one  less  t?ian  the  number  of  integral  digits. 

306.  The  characteristic  of  the  common  logarithm  of  a  deci- 
mal fraction  is  negative,  and  is  equal  to  the  number  of  the 
place  occupied  by  the  first  significant  figure  of  the  decimal. 

Thus,  from  §  303,  log  0.1  =-1,  log  0.01  =-2,  log  0.001  =-3. 
Hence,  the  common  logarithms  of  all  numbers  from  0. 1  to  1  have  —  1 
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for  characteristic  (the  mantiasa  being  positive),  the  common  logarithms  of 
all  numbers  from  0.01  to  0.1  have  —  2  for  characteristic,  the  common  log- 
arithms of  all  numbers  from  0.001  to  0.01  have  —  3  for  characteristic,  and 
80  on ;  the  characteristic  always  being  negative  and  equal  to  the  number  of 
the  place  occupied  by  thefirti  significant  figure  of  the  decimal. 

307.  The  mantissa  of  the  common  logarithm  of  any  inte- 
gral number,  or  decimal  fraction,  depends  only  upon  the 
sequence  of  the  digits  of  the  number,  and  is  unchanged  so 
long  as  the  sequence  of  the  dibits  remains  the  same. 

For,  changing  the  position  of  the  decimal  point  in  a  number  is  equiva- 
lent to  multiplying  or  dividing  the  number  by  a  power  of  10.  Its  common 
logarithm,  therefore,  is  increased  or  diminished  by  the  expoTient  of  that 
power  of  10 ;  and,  since  this  exponent  is  iyUegral,  the  mantisaa,  or  deci- 
mal part  of  the  logarithm,  is  unaffected. 

Thus,  27,196  =  10*««,  2.7196  =  100««, 

2719.6  =  103<3«,  0.27196  =  109««-io^ 

27.196  =  lO^-*"*,  0.0027190  =  10^««-w 

One  advantage  of  using  the  number  ten  as  the  base  of  a 
system  of  logarithms  consists  in  the  fact  that  the  mantissa 
depends  only  on  the  seqtience  of  digits,  and  the  characteristic 
depends  only  on  the  position  of  the  decimal  point. 

308.  In  simplifying  the  logarithm  of  a  root  the  equal  x)Osi- 
tive  and  negative  numbers  to  be  added  to  the  logarithm  should 
be  such  that  the  resulting  negative  number,  when  divided  by 
the  index  of  the  root,  gives  a  quotient  of  —  10. 

Thus,  log  0.002*  =  i  of  (7.3010  -  10). 

The  expression  J  of  (7.3010  -  10) 

may  be  put  in  the  form  \  of  (27.3010  -  30),  which  is  9.1003  -  10,  since 
the  addition  of  20  to  the  7,  and  of  -  20  to  the  —  10,  produces  no  change 
in  the  vaXue  of  the  logarithm. 

Again,  log  0.0002*  =  i  of  (6.3010  -  10) 

=  i  of  (46.3010  -  60) 

=  9.2602  -  10. 
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ExeroiM  44 

Given:  log  2  =  0.3010;  log  3  =  0.4771 ;  log  5  =  0.6990; 
log  7  =  0.8461. 

Find  the  common  logarithms  of  the  following  numbers  by 
resolving  the  numbers  into  factors  and  taking  the  sum  of  the 
logarithms  of  the  factors : 


1. 

6. 

5. 

25. 

9. 

0.021. 

13. 

2.1. 

2. 

15. 

6. 

30. 

10. 

0.35. 

14. 

16. 

3. 

21. 

7. 

42. 

11. 

0.0036. 

16. 

0.056. 

4. 

14. 

8. 

420. 

12. 

0.004. 

16. 

0.63. 

Find  the  common  logarithm  of 

17.  2». 

18.  5*. 

19.  V. 

20.  5» 

21.  2* 

22.  5*. 

23.  5*. 

24.  7^^. 

25.  2*. 

26.  7* 

27.  5«. 

309.  The  remainder  obtained  by  subtracting  the  logarithm 
of  a  number  from  10  is  called  the  cologarithm  of  the  number, 
or  arithmetical  complement  of  the  logarithm  of  the  number. 

The  cologarithm  is  abbreviated  colog,  and  is  most  easily 
found  by  beginning  with  the  characteristic  of  the  logarithm 


28. 
29. 

3* 
5*. 

40. 

0.05 
3 

46. 

0.02 
0.007 

30. 
31. 

2^. 
5«. 

41. 

0.005 
2 

47. 

0.005 
0.07. 

32. 
33. 

42. 

0.07 
6 

48. 

0.02« 
3« 

34. 
36. 

f 

43. 

5 

0.07' 

49. 

3« 

0.02« 

36. 

f 

44. 

0.05 

50. 

7» 

37. 

0.003 

0.02« 

38. 

h 

45. 

0.007 

61. 

0.07« 

39. 

0.02 

0.003» 
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and  subtracting  each  figure  from  9  down  to  the  last  signifi- 
cant figure,  and  subtracting  that  figure  from  10. 

Thus,  log  7  =  0.8461 ;  and  colog  7  =  9.1649.  We  readily  find  oolog  7 
by  subtracting,  mentally,  0  from  9,  8  from  9,  4  from  9,  6  from  9,  1  from 
10,  and  writing  the  resalUng  figure  at  each  step. 

310.  If  10  is  subtracted  from  the  cologarithm  of  a  number, 
the  result  is  the  logarithm  of  the  reciprocal  of  that  number. 

Thus,  log~  =  logl -log^ 


311.  The  addition  of  a  (cologarithm  —  10)  is  equivalent  to 
the  subtraction  of  a  logarithm. 


312.  The  logarithm  of  a  quotient  may  be  found  by  adding 
the  logarithm  of  the  dividend  and  the  cologarithm  of  the 
divisor,  and  subtracting  10  from  the  result. 

In  finding  a  cologarithm  when  the  characterUiic  of  the  logarithm  is  a 
negative  number,  it  must  be  observed  that  the  suJUradion  of  a  JxegaXvoe 
number  is  equivalent  to  the  addition  of  an  equal  posUive  number. 

Thus,  log         =  log  6  +  colog  0.002  -  10 

=  0.6990  +  12.6990  -  10 
=  3.3980. 

Here,  log  0.002  =  3.3010,  and  in  subtracting  —  3  from  9  the  result  la 
the  same  as  adding  +  3  to  9. 

Again,  log       =  log  2  +  colog  0.07  -  10 


N 


=  0-logiV 

=  (10-log-y)-10 

=  colog  i\r— 10. 


Thus, 


colog  2^  -  10  =  (10  -  log^)  -  10  =  -  log -y. 


0.3010  +  11.1649-10 
1.4669. 


Also, 


,  0.07 


8.8451  -  10  +  9.0970  -  10 


Here, 
Hence, 


log2« 
colog  2* 


17.9421  -  20 
7.9421  -  10. 

3  log  2  =  3  X  0.3010  =  0.9030. 
10  -  0.9030  =  9.0970. 
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313.  Tables.  A  table  of  four-place  commoii  logarithms  is 
given  at  the  end  of  this  chapter,  which  contains  the  common 
logarithms  of  all  numbers  under  1000,  tlie  decimal  point  and 
charoAsteristic  being  omitted.  The  logarithms  of  single  digits 
1,  8,  etc.,  are  found  at  10,  80,  etc. 

Tables  that  contain  logarithms  of  more  places  can  be  pro- 
cured, but  this  table  will  serve  for  many  practical  uses,  and 
will  enable  the  student  to  use  tables  of  five-place,  seven- 
place,  and  ten-place  logarithms  in  work  that  requires  greater 
accuracy. 

In  working  with  a  four-place  table,  the  numbers  correspond- 
ing to  the  logarithms,  that  is,  the  antilogarithms,  sub  they  are 
called,  may  be  carried  to  four  significant  digits. 

314.  To  find  the  Logarithm  of  a  Number  in  this  Table. 

(1)  Find  the  logarithm  of  65.7. 

In  the  column  headed  *^N"  look  for  the  first  two  significant  figares, 
and  at  the  top  of  the  table  for  the  third  significant  figure.    In  the  line 
with  65,  and  in  the  column  headed  7,  is  seen  8176.    To  this  number 
prefix  the  characteristic  and  insert  the  decimal  point.  Thus, 
log  66.7  =1.8176. 

(2)  Find  the  logarithm  of  20,347. 

In  the  line  with  20,  and  in  the  column  headed  3,  is  seen  3075  ;  also  in 
the  line  with  20,  and  in  the  4  column,  is  seen  3096,  and  the  difference 
between  these  two  is  21.  The  difference  between  20,300  and  20,400  is  100, 
and  the  difference  between  20,300  and  20,347  is  47.  Hence,  ^  of  21  =  10, 
nearly,  must  be  added  to  3075.    That  is, 

log  20,347  =  4.3085. 

(3)  Find  the  logarithm  of  0.0005076." 

In  the  line  with  50,  and  in  the  7  column,  is  seen  7050 ;  In  the  8  column, 
7059  ;  the  difference  is  9.  The  difference  between  5070  and  5080  is  10, 
and  the  difference  between  5070  and  5076  is  6.  Hence,  ^  of  9  =  5  must 
be  added  to  7050.    That  is, 

log  0.0005076  =  6.7055  -  10. 
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315.  To  find  a  Number  when  its  Logarithm  is  given. 

(1)  Find  the  number  of  which  the  logarithm  is  1.9736. 

Look  for  0736  in  the  table.  In  the  column  headed  **N,''  and  in  the 
line  with  0736,  is  seen  04,  and  at  the  head  of  the  column  in  which  0736 
stands  is  seen  1.  Therefore,  write  041  and  insert  the  decimal  point  as 
the  characteristic  directs.   That  is,  the  number  required  is  04.1. 

(2)  Find  the  number  of  which  the  logarithm  is  3.7936. 

Look  for  7036  in  the  table.  It  cannot  be  found,  but  the  two  adjacent 
mantissas  between  which  it  lies  are  7031  and  7038  ;  their  difference  is  7, 
and  the  difference  between  7031  and  7036  is  5.  Therefore,  f  of  the  differ- 
ence between  the  numbers  corresponding  to  the  mantissas,  7031  and  7038, 
must  be  added  to  £he  number  corresponding  to  the  mantissa  7031. 

The  number  corresponding  to  the  mantissa  7038  is  6220. 

The  number  corresponding  to  the  mantissa  7031  is  6210. 

The  difference  between  these  numbers  is  10,  and 

6210  +  J  of  10  =  6217. 
Therefore,  the  number  required  is  6217. 

(3)  Find  the  number  of  which  the  logarithm  is  7.3882  —  10. 

Look  for  3882  in  the  table.  It  cannot  be  found,  but  the  two  adjacent 
mantissas  between  which  it  lies  are  3874  and  3802 ;  their  difference  is  18, 
and  the  difference  between  3874  and  3882  is  8.  Therefore,  of  the  dif- 
ference between  the  numbers  corresponding  to  the  mantissas,  3874  and 
3802,  must  be  added  to  the  number  corresponding  to  the  mantissa  3874. 

The  number  corresponding  to  the  mantissa  3802  is  2460. 

The  number  corresponding  to  the  mantissa  3874  is  2440. 

The  difference  between  these  numbers  is  10,  and 

2440  +  A  of  10  =  2444. 
Therefore,  the  number  required  is  0.002444. 

(4)  Find  the  number  of  which  the  logarithm  is  0.3664. 

The  two  adjacent  mantissas  between  which  the  given  mantiwHa  3664 
lies  are  3656  and  3674 ;  their  difference  is  10,  and  the  difference  between 
3665  and  3664  is  0. 

The  number  corresponding  to  the  mantissa  3655  is  2320. 

Therefore,  the  number  required  is  2.320  + of  10  =  2.325. 
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EzerciM  45 

Find,  from  the  table,  the  common  logarithm  of : 

1.  60.         4.  3780.        7.  70,633.         10.  0.0004523. 

2.  101.       6.  5432.        8.  12,028.         H.  0.01342. 

3.  999.       6.  9081.        9.  0.00987.       12.  0.19873. 

Find  antilogarithms  to  the  following  common  l(^arithms : 

13.  4.2488.  16.  1.9730.  19.  9.0410  -  10. 

14.  3.6330.  17.  0.1728.  20.  9.8420-10. 
16.  4.7317.             18.  2.7635.  21.  7.7423-10. 

Find  the  cologarithm  of : 

22.  428.       26.  4872.  28.  62,784.  31.  0.14964. 

23.  667.       26.  9645.  29.  18,657.  32.  0.000762. 

24.  841.       27.  0.478.  30.  0.00634.  33.  0.01783. 

316.  Computation  tyy  Logarithms. 

(1)  Find  the  product  of  908.4  x  0.05392  x  2.117. 

log    908.4  =  2.9583 
log0.06392  =  8.7318 -10 
log    2.117  =  0.3267 

2.0168        =  log  103.7. 
Therefore,  the  required  product  is  103.7. 

When  any  factor  is  negative  find  its  logarithm  without  regard  to  the 
sign ;  write  n  after  the  logarithm  that  corresponds  to  a  negative  number. 
If  the  number  of  logarithms  so  marked  is  odd,  the  product  is  negative ; 
it  even,  the  product  is  poHtive, 

(2)  Find  the  product  of  4.52  x  (-  0.3721)  x  0.912. 

log    4.62  =  0.6561 

log  0,3721  =  9.5706 -lOn 

log  0.912  =  9.9600  -  10 

0.1867n        =  log -1.684. 
Therefore,  the  required  product  is  -  1.534. 
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(3)  Find  the  cube  of  0.01^. 

log  010197  =  8.0004  -  10 
3 

0.0002  -  10  =  log  0.0001228. 
Tbmfoce,  the  cube  of  0.0407  m  0.0001228. 

(4)  Find  the  fourth  root  of  0.00862. 

Ioga00862  =  7.0355  -  10 
30.  -30 
4)37.9:355-40 

0.4839-  10  =  log  0.3047. 

Tlierefore,  the  foozth  root  of  0.00802  is  0.3017. 


^5,  Find  the  value  of  ^3.1416x  4771.2x2.718* 
^30.13*  X  0.4343*  x  69.89* 

loc  3.1416  =  0.4971  =  0.4971 

k»g  4771.2  =  3.6788  =  3.6786 

}  log  2,718  =  J  (0.4343)        =  0.1448 
lcoloc30.13  =4(8.5210-10)=  4.0840-10 
}  coloe  0.4.^3  =  \  (0.3622)        =  0. 1811 
4  colog  tn♦.^9  =  4  (8.1556  -  10)  =  2.6224  -  10 

11.2060  -  20 
30.  -30 
5)41.2080  -  60 

8.2416-  10  =  logO.01744. 

Therefore,  the  required  vmlue  is  0.01744. 

S17.  An  exponential  eqwition,  that  is,  an  equation  in  which 
the  exjKment  involves  the  unknown  nuni)[)er^  is  easily  solved 
bv  logarithms. 

Find  the  value  of  x  in  81'  =  10. 

81*  =  10. 
log  (81')  =  log  10, 
X  log  81  =  log  10, 

logio^roooo^ 

log  81  1.9086 
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Find  by  logarithms : 

1.  948.76  x  0.043875. 

2.  3.4097x0.0087634. 

3.  830.75  x  0.0003769. 


10. 


8.4395  X  0.98274. 

70654 
54013' 

7.652 


11 


6.  7564  X  (- 0.003764). 

6.  3.765  X  (- 0.08345). 

7.  -  5.8404  X  (- 0.00178). 

8.  -8945x73.85. 
0.07654 


83.947  X  0.8395 


-  0.06875 

13.  1.1768*. 

14.  1.3178". 

15.  11*. 

16.  (if)". 

25.  aS^O.00476. 


212x  (-6.12)  X  (-2008) 
365  x(- 531)  X  2.576 


17.  m\ 

18.  906.80*. 

20.  (j^y-^. 


26.  V-  325. 

27.  (-400)'. 

28.  (0.00065)'. 

29.  (-0.0084)'. 

30.  (0.00872)*. 

31.  (0.8756)'^. 

32.  (-0.4762)'. 

33.  V'8462. 


34.  VaSsT. 

35.  (-286)'. 


21.  2.5637*. 

22.  (8})". 

23.  (5J|)«-^*. 

24.  (9iJ)». 

36.  (-4762)*. 

37.  (4.861)'. 

38.  (-0.00222)* 

39.  (-0.03654)'. 

40.  (-0.00008)'. 

41. 

2' 

_  ^0.00052 
43.     ,  — - 

VO.0068125 

44  m^23^, 
(-  257.14)' 
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J^aOQ8541«  X  8M1  X  4.276*  x  0.0084 
^  0.00854"  X  182.63*  x  82*  x  487.27* 

^    *.0.007543y  X  78.^43  x  8172.4*  x  0.00052 
^    64285*  X  154.27*  x  0.001  x  586.79* 

r 'O03271*  X  53.429  x  0.77542* 
^       32.769  x  0.000371* 

^_         7.1206  X  VO.13274  X  0.057389 


V0.4^i68  X  17.385  x  VO.0096372 

Find  X  from  the  equations  : 

49.  5*  =  12.       61.  7' =  25.  68.  (0.4)— =  7. 

50.  4' =  40.       62.  (1.3)' =  7.2.       64.  (0.9)- =  (4.7)-i 

318.  aumge  of  System.    Logarithms  to  any  base  a  may  be 
converted  into  logarithms  to  any  other  base  b  as  follows : 
Let  JV'  be  any  number,  and  let 

n  =  log,A"  and  m  =  log^i^. 
Then,  .V  =  a"  and  .V  =  6-. 

a-  =  ^. 

Taking  logarithms  to  any  base 

7ilog,a  =  mlog,6,  (§300) 
or,  log.a  X  log..V  =  log,5  x  logjJV, 

from  which  log^.V  may  be  found  when  log^a,  log^ft,  and  log.iV 
are  given ;  and  conversely,  log^A^  may  be  found  when  log^a, 
log^*,  and  \ogf,X  are  given. 
319.  If  a  =  10,  *  =  ^,  r  =  10,  and     =  10, 

logiolO  X  logiolO  =  logio«  X  log,10.        (§  318) 

.-.  log^lO  = ,  

logic* 
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From  tables,  logio^  =  0.4342945. 

.•.Iog.l0  =  2.3025861. 

320.  If  a  =  10,  6  =s  e,  r  =  10,  and  N  is  any  number, 

logiolO  X  logioiV  =  logioe  X  log,N.  (§  318) 

log.iV=  X  logioiV, 

and  logio  N  =  logw  e  x  log^  N. 

Hence,  to  convert  common  logarithms  into  natural  loga- 
rithms, multiply  by  2.3025851 ;  and  to  convert  natural  loga- 
rithms into  common  logarithms,  multiply  by  0.4342945. 

Bzerdae  47 

Find  to  four  digits  the  natural  logarithm  of  : 

1.  2.  3.  100.  5.  7.89.  7.  2.001. 

2.  3.  4.  32.5.  6.  1.23.  8.  0.0931. 

Find  to  four  digits : 

9.  log,7.         11.  log49.       13.  log98.       16.  log7l4. 
10.  log,4.         12.  logft7.       14.  log85.       16.  log,102. 

17.  Find  the  logarithm  of  4  in  the  system  of  which  ^  is 
the  base. 

18.  Find  the  logarithm  of  in  the  system  of  which  0.5 
is  the  base. 

19.  Find  the  base  of  the  system  in  which  the  logarithm 
of  8  is  f . 

20.  Find  the  base  of  the  system  in  which  the  logarithm 
of  f  is  -  f 
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N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

IV 

uuuu 

1/120 

0919 

09i^ 

voo* 

OS74 

11 
11 

(\AQO 
\rxa£ 

UOOi 

Olt07 

0Aft9 

0710 

Ul  OO 

12 

0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

1106 

IS 

1139 

1173 

1206 

1239 

1271 

1303 

1335 

1367 

1399 

1430 

14 

1461 

1492 

1523 

1563 

1584 

1614 

1644 

1673 

1703 

1732 

1701 

1 1  w 

lolo 

1ftl7 

1ft7A 

1Q03 

IVOl 

10AO 

10ft7 

XVOi 

9014 

la 

ID 

ZUuO 

9199 

9lJ.ft 

9901 

9997 

997Q 

17 

2304 

2330 

2355 

2380 

2405 

2430 

2455 

2480 

2504 

2529 

18 

2663 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2766 

19 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2967 

2989 

OUiU 

OU04 

OUlO 

SUA 

vl  lO 

01017 

3160 

3181 

OiBVl 

Al 

Q9ftJ. 

<15V11 

004U 

oouo 

ooou 

22 

3424 

3444 

3464 

3483 

3502 

3522 

3541 

3560 

3579 

3598 

23 

3617 

3636 

3655 

3674 

3692 

3711 

8729 

3747 

3766 

3784 

24 

3802 

3820 

3838 

3856 

3874 

3892 

3909 

3927 

3945 

3962 

OK 

Q07Q 

41114 

4065 

4082 

4099 

4116 

4133 

M 

4100 

4ZUU 

J.91  A 

4265 

4281 

4298 
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5888 

5899 

39 

5911 

5922 

5933 
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44 
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6444 
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6522 

OOO^ 
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UOOl 
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6998 
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7243 
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2 

3 

4 

5 

6 

7 

8 
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55 
56 

07 
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7451 
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7686 
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64 
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9117 

01 7ft 

9222 
9274 

9069 
9122 

017A 

9227 
9279 

9074 
9128 

Olftft 

9232 
9284 

9079 
9133 

01 

9238 
9289 

85 
86 

on 

Of 

88 
89 

9294 
9345 
wytfo 
9445 
9494 

9299 
9350 

9450 
9499 

9304 
9365 

9466 
9504 

9309 
9360 
oil  a 

9460 
9609 

9315 
9366 

9465 
9513 

9320 
9370 

9469 
9518 

9325 
9375 
049i) 

9474 
9623 

9330 
9380 

9479 
9528 

9335 
9385 

trxOO 

9484 

9633 

9340 
9390 

9489 
9538 

OO 

91 
92 

93 
94 

9542 
9590 
9638 
9685 
9731 

9647 
9596 
9643 
9689 
9736 

9652 
9600 
9647 
9694 
9741 

9567 
9606 
9662 
9699 
9746 

9562 
9009 
9667 
9703 
9760 

9666 
9614 
9661 
9708 
9754 

9671 
9619 
9666 
9713 
9769 

9676 
9624 
9671 
9717 
9763 

9681 
9628 
9675 
9722 
9768 

9686 
9633 
9680 
9727 
9773 

95 
96 
97 
98 
99 

9777 
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9791 
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9881 
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9969 
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9841 
9886 
9930 
9974 
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9846 
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9978 

9806 
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9894 
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CHAPTER  XXI 


OnSKIST  AMD  AHVUirnS 

9&.  latuMl  is  money  paid  for  the  use  of  money. 

3B.  Pdac^tL    The  sum  loaned  is  the  prineipaL 

SB.  Rate  of  latcmt  The  rate  of  interest  is  the  interest 
on  $1  for  one  year. 

SM.  ABMwmt  The  sum  of  the  principal  and  interest  is  the 
amount. 

SB.  CMBpouid  latcmt  -  Interest  is  compounded  when  it  is 
added  to  the  principal  and  becomes  a  part  of  the  principal  at 
specified  intervals. 

Compound  interest  is  compounded  annually,  semiannually, 
quarterly,  or  monthly  accordii^  to  agreement  Compound 
interest  is  understood  to  be  compounded  annually  unless 
otherwise  stated. 

326.  In  interest  prolilems  four  elements  are  considered: 
principal^  rate,  time,  and  interest  or  amount.  If  three  of 
the  elements  are  known,  the  fourth  may  be  found. 

337.  Let  r  stand  for  the  interest  on  $1  for  one  year ;  t  for 
the  time  in  years  between  two  successive  conversions  (com- 
poundings);  n  the  number  of  conversions;  the  original 
amount,  the  principal;  A,  the  amount  after  n  conversions  of 
interest  into  principal ;  and  /,  the  total  of  the  interest  con- 
verted in  the  n  conversions.  Then, 

^  =  ^o(l-frf), 

^,  =  ^,(l+rf)=^(l-f  rf)«, 

-4,  =  .4,(l+rf)=^(H-r^)», 
244 
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and  =     -  A^. 

If  Ris  written  for  (1  -f  rt),  these  equations  become 

A.=^A,R«  [1] 
and  I.  =  A^(R*-.l).  [2] 

Hence,  also,  log     =  log  i4o  +  n  log(l  +  rt). 

In  the  case  of  simple  interest,  n  =  1. 

328.  If  there  should  occur  a  broken  period  whose  time  in 
years  is  t',  t'  being  less  than  t,  the  rate  of  increase  for  t'  is 
by  commercial  usage  taken  to  be  1  + 

329.  Sinking  Funds.  If  the  sum  set  apart  at  the  end  of 
each  year  to  be  put  at  compound  interest  is  represented  by  5, 

The  sum  at  the  end  of  the 
first  year    =  5, 
second  year  =  5  -f  SR, 
third  year   =  S -h  SR SR*, 
nth  year     =  S -\- SR -j- SR*  +     -\-  SR*-\ 

That  is,  the  amount  A  =  S  -\-  SR     SR*  -]  -f  5/2—*. 

AR  =  SR'hSR*'^SR*-^-"  +  SR\ 
.'.AR-A^SR^-S. 

R-1  ' 

.  S(R'-l) 
or,  A-~^  ^. 

(1)  If  $10,000  is  set  apart  annually,  and  put  at  6  per  cent 
compound  interest  for  10  years,  what  will  be  the  amount  ? 

^  _         -  1)  _  <I10,000(1.061Q  ~  1) 
"       r       ~  0.06 
By  four-place  logarithms  the  amount  is  ^131, 600. 
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(2)  A  county  owes  $60,000.  What  sum  must  be  set  apart 
annually,  as  a  sinking  fund,  to  cancel  the  debt  in  10  years, 
provided  money  is  worth  6  per  cent  ? 

„       Ar       $60,000  X  0.06    .,.,o  /v  *       i  i 

8  =  -^^^  =  _  ^    =  $4658  (by  four-place  logs.). 

Note.  The  amount  of  tax  required  yearly  is  $3600  for  the  vntereA 
and  $4558  for  the  sinking  fund  ;  that  is,  $8158. 

330.  Annuities.  A  sum  of  money  that  is  payable  yearly,  or 
in  parts  at  fixed  periods  in  the  year,  is  called  an  annuity. 

To  find  the  amount  of  an  unpaid  annuity  when  the  interest, 
time,  and  rate  per  cent  are  given. 

The  sum  due  at  the  end  of  the 

first  year     =  5, 

second  year  =  5  -h  57?, 

third  year    =  s -\-  SR -\-  SR\ 

nth  year     =  S  -\-  SR  -\-  SR'^  -\  h  5/?— >. 

That  is,  ^^S(R»^-^1)  (§329) 

An  annuity  of  $1200  was  unpaid  for  6  years.  What  was 
the  amount  due  if  interest  is  reckoned  at  6  per  cent  ? 

^  $1200(1.06«~1)    ^Qo«A/u  *      1     1  V 

A  =   =   =  $8360  (by  four-place  logs.). 

r  O.Oo 

331.  To  find  the  present  worth  of  an  annuity  when  the  time 
it  is  to  continue  and  the  rate  per  cent  are  given. 

Let  P  denote  the  present  worth.    Then,  the  amount  of  P  for 
n  years  is  equal  to  A,  the  amount  of  the  annuity  for  n  years. 
But  the  amoimt  of  P  for  n  years 

=  P(l  +  r)»  =  P12",  (§327) 

and  ^=^?3T^- 
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^  S  R»  -  1 
P  =  —  X 


R  -  1 

This  equation  may  be  written 


S  i?"- 


As  n  increases  indefinitely,  the  expression  1  ~  —  ap- 
proximates to  1. 

Therefore,  if  the  annuity  is  perpetual^ 

S 

R-1  r' 

(1)  Find  the  present  worth  of  an  annual  pension  of  $105^ 
for  5  years,  at  4  per  cent  interest. 

„     S     R»-l     $105     1.046-1  ,  , 

^ = ^      = roi^ "  T043T = 

(2)  Find  the  present  worth  of  a  perpetual  scholarship  that 
pays  $300  annually,  at  6  per  cent  interest. 

r  0.06 

332.  To  find  the  present  worth  of  an  annuity  that  begins  in 
a  given  number  of  years,  when  the  time  it  is  to  continue  and  the 
rate  per  cent  are  given. 

Let  p  denote  the  number  of  years  before  the  annuity  begins, 
and  q  the  number  of  years  the  annuity  is  to  continue. 

Then,  the  present  worth  of  the  annuity  to  the  time  it  termi- 

^'^-Tri-  (5  331) 
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The  present  worth  of  the  annuity  to  the  time  it  begins  is 


^><-F3T-  (5331) 


Hence,      P  =  X  -^-^  j  -       X  —  j 


If  the  annuity  is  to  begin  at  the  end  of  p  years,  and  to  be 
perpetual,  the  formula 

S 


may  be  written        P  = 


ijp+ir     i2  -  1 

S 


i?'  —  1 

Since  — — —  approaches  1  as  y  increases  indefinitely  (§  331), 


RP(R-1) 

(1)  Find  the  present  worth  of  an  annuity  of  $5000,  to  begin 
in  6  years,  and  to  continue  12  years,  at  6  per  cent  interest. 

S       Ri-l     $6000     L06"-l  ,  , 

^= "      =i:o6i^  ^  "006- =^^'^<'y'^)- 

(2)  Find  the  present  worth  of  a  perpetual  annuity  of  $1000, 
to  begin  in  3  years,  at  4  per  cent  interest. 

P  =  =  — —  =  922,225  (byloffl.). 

Rp(R-l)     L04«x0.04    •^'^^  ^  ^ 

333.  To  find  the  annuity  when  the  present  worth,  the  time, 
and  the  rate  per  cent  are  given. 
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P=^(^'-^).  (§331) 
.•.S  =  PrX:  ^* 


What  anntiiiy  for  5  years  will  $4675  yield  when  interest  is 
reckoned  at  4  per  cent  ? 

8  =  Prx  :s^'=  W676  x  0.04  x  ,  l'^^  ,  =  $1063  (by  logs.), 
is"  —  1  1.04*  —  1 

334.  Life  Insurance.  In  order  that  a  certain  sum  may  be 
secured,  to  be  payable  at  his  death,  a  person  pays  yearly  a 
fixed  premium. 

If  P  denotes  the  pjemium  to  be  paid  for  n  years  to  insure 
an  amount     to  be  paid  immediately  after  the  last  premium, 

.  P^A(R-l)^  At 
R»  -  1       R»  -  1 
If  j4  is  to  be  paid  a  year  after  the  last  premium,  then 
p     A(R~1)^  At 
R(R»-1)  R(R*-1) 

NoTB.  In  the  calculation  of  life  insurance  it  is  necessary  to  employ 
tables  that  show  for  every  age  the  probable  duration  of  life. 

335.  Bonds.  If  P  denotes  the  price  of  a  bond  that  has  n 
years  to  run,  and  bears  r  per  cent  interest,  S  the  face  of  the 
bond,  and  q  the  current  rate  of  interest,  what  interest  on  his 
investment  will  a  purchaser  of  such  a  bond  receive  ? 

Let  X  denote  the  rate  of  interest  on  the  investment. 
Then  P(l-f-a;)*  is  the  value  of  the  purchase  money  at 
the  end  of  n  years. 
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Sr(l  +  '  +  5r(l  +  y)— *  -h  •  •  •  +  5r  4-  5  is  the  amoimt 
reoeiTed  <m  the  bond  if  the  interest  received  from  the  bond 
is  pat  immediately  at  compound  interest  at  q  per  cent. 

But  5r(l  +  +  Sr(l  +  g)— » +  -  •  •  +  A>  is  a  geometrical 
profession  in  which  the  first  term  is  Sr,  the  ratio  1  +  7,  and 
t&e  nnmber  of  terms  n. 

Therefore,  Sr(l  +  qY'^  +  5r  (1  4-  ?)— *  +  •  •  •  -h  -Sr  +  5 

^^(lY)"-^!.  (S276) 
rSq  +  Sr(l+q)'-Sr-|| 

 p5  ^J- 

(1  ^  What  interest  will  a  purchaser  receive  on  his  investment 
if  he  buys  at  114  a  4  per  cent  bond*  that  has  26  years  to  run, 
Ex-fiey  being  worth  3J  per  cent  ? 

■'■'""V       114  x  0.035  / 
Bt  k^mrithms,  1  +  x  =  1.083. 

T^u     xhe  parchMer  will  receive  3^  per  cent  for  his  money. 

At  what  price  must  7  per  cent  bonds,  running  12  years, 
w':i  int^w«t  payable  semiannually,  be  bought  in  order 
;i*i5  ;he  purv  baser  may  receive  on  his  investment  6  per  cent, 
uxt^K^  semiannual,  which  is  the  current  rate  of  interest  ? 

j,^Sg4  5r(l  +  g)''-gr 
g(l  +  x)« 

H       <«e»  5  =r  100 ;  Mid,  ss  the  interest  is  semiannual, 
f  =  a025,  r  =  0.036,  n  =  24,  x  =  0.025. 

2.5  4  3.6(1.025)a*-3.6 
^'^•^  ~        0.026  (1.025)«* 

Wu^Mk  p=iia 
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1.  In  how  many  years  will  $100  amonnt  to  $1050  at  5  per 
cent  compound  interest  ? 

2.  In  how  many  years  will  $^1  amount  to  $jB  (1)  at  simple 
interest,  (2)  at  compound  interest,  r  and  R  being  used  in  their 
usual  sense  ? 

3.  Find  the  difference  (to  five  places  of  decimals)  between 
the  amount  of  $1  in  2  years,  at  6  per  cent  compound  interest, 
according  as  the  interest  is  payable  yearly  or  monthly. 

4.  At  5  per  cent,  find  the  amount  of  an  annuity  of  $A 
which  has  been  left  unpaid  for  4  years. 

6.  Find  the  present  value  of  an  annuity  of  $100  for  5 
years,  reckoning  interest  at  4  per  cent. 

6.  A  perpetual  annuity  of  $1000  is  to  be  purchased,  to 
begin  at  the  end  of  10  years.  If  interest  is  reckoned  at  3^ 
-p&t  cent,  what  should  be  paid  for  the  annuity  ? 

7.  A  debt  of  $1850  is  discharged  by  two  payments  of 
$1000  each,  at  the  end  of  one  and  two  years.  Find  the  rate 
of  interest  paid. 

8.  Eeckoning  interest  at  4  per  cent,  what  annual  premium 
should  be  paid  for  30  years  in  order  to  secure  $2000  to  be 
paid  at  the  end  of  that  time,  the  premium  being  due  at  the 
beginning  of  each  year  ? 

9.  An  annual  premium  of  $150  is  paid  to  a  life-insurance 
company  for  insuring  $5000.  If  money  is  worth  4  per  cent, 
for  how  many  years  must  the  premium  be  paid  in  order  that 
the  company  may  sustain  no  loss  ? 

10.  What  may  be  paid  for  bonds  due  in  10  years,  and  bear- 
ing semiannual  coupons  of  4  per  cent  each,  in  order  to  realize 
3  per  cent  semiannually,  if  money  is  worth  3  per  cent  semi- 
annually ? 
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11.  When  money  is  worth  2  per  cent  semiannually,  if  bonds 
having  12  years  to  run,  and  bearing  semiannual  coupons  of 
per  cent  each,  are  bought  at  114^,  what  per  cent  is  realized 
on  the  investment  ? 

12.  If  $126  is  paid  for  bonds  due  in  12  years,  and  yield- 
ing 3^  -per  cent  semiannually,  what  per  cent  is  realized  on 
the  investment,  provided  money  is  worth  2  per  cent  semi- 
annually ? 

13.  A  person  borrows  $600.25.  How  much  must  he  pay 
annually  that  the  whole  debt  may  be  discharged  in  35  years, 
allowing  simple  interest  at  4  per  cent  ? 

14.  A  perpetual  annuity  of  $100  a  year  is  sold  for  $2600. 
At  what  rate  is  the  interest  reckoned  ? 

15.  A  perpetual  annuity  of  $320,  to  begin  10  years  hence, 
is  to  be  purchased.  If  interest  is  reckoned  at  3^  per  cent, 
what  should  be  paid  for  the  annuity  ? 

16.  A  sum  of  $10,000  is  loaned  at  4  per  cent.  At  the  end 
of  the  first  year  a  payment  of  $400  is  made,  and  at  the  end 
of  each  following  year  a  payment  is  made  greater  by  30  per 
cent  than  the  preceding  payment.  Find  in  how  many  years 
the  debt  will  be  paid. 

17.  A  man  with  a  capital  of  $100,000  spends  every  year 
$9000.  If  the  current  rate  of  interest  is  6  per  cent,  in  how 
many  years  will  he  be  ruined  ? 

18.  Find  the  amount  of  $365  at  compound  interest  for  20 
years,  at  5  per  cent. 

19.  A  railroad  company  bought  and  paid  for  850  freight 
cars  at  $360  each.  The  company  wishes  to  charge  the  cost 
of  the  cars  to  operating  expenses  in  six  equal  annual  amounts, 
the  first  charge  to  be  made  on  the  date  of  the  purchase.  If 
money  is  worth  4^,  what  annual  charge  to  operating  expenses 
should  be  made  ? 
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336.  Fandamental  Principle.  If  one  thing  can  be  dime  in  a 
different  wat/s,  and,  when  it  has  been  donSy  a  second  thing  can 
be  done  in  b  different  ways,  then  the  two  things  can  be  done 
together  tn  a  x  b  different  ways. 

For,  corresponding  to  the  first  way  of  doing  the  first 
thing,  there  are  b  different  ways  of  doing  the  second  thing; 
corresponding  to  the  second  way  of  doing  the  first  thing, 
there  are  b  different  ways  of  doing  the  second  thing ;  and  so 
on  for  each  of  the  a  different  ways  of  doing  the  first  thing. 

Therefore,  there  are  a  x  ^  different  ways  of  doing  the  two 
things  together. 

(1)  If  a  box  contains  four  capital  letters.  A,  B,  C,  D,  and 
three  small  letters,  x,  y,  z,  in  how  many  different  ways  may 
two  letters,  one  a  capital  letter  and  one  a  small  letter,  be 
selected  ? 

A  capital  letter  may  be  selected  in  four  different  ways,  since  any 
one  of  the  letters  A,  B,  C,  D  may  be  selected.  A  small  letter  may  be 
selected  in  three  different  ways,  since  any  one  of  the  letters  y,  z  may 
be  selected.   Any  small  letter  may  be  put  with  any  capital  letter. 

Thus,  with  A  we  may  put     or  or  z; 

with  B  we  may  put  x,  or  or  z ; 

with  C  we  may  put  x,  or  or  2 ; 

with  D  we  may  put  x,  or  or  z. 

Henoe,  the  number  of  ways  in  which  a  selection  may  be  made  is  4  x  3, 
or  12r   Tb<»e  ways  are  : 

Az         Bx  Cx  Dx 

Ay  By  Cy  Dy 

Az         Bz  Cz  J>z 
253 
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(2)  On  a  shelf  are  7  English,  5  French,  and  9  German 
books.  In  how  many  different  ways  may  two  books,  not  in 
the  same  language,  be  selected  ? 

An  EngliBh  book  and  a  French  book  can  be  selected  in  7  x  6,  or  36, 
ways.  A  French  book  and  a  German  book  in  5  x  0,  or  45,  waya  An 
English  book  and  a  German  book  in  7  x  9,  or  63,  waya 

Hence,  there  is  a  choice  of  36  +  46  +  63,  or  143,  waya 

(3)  Out  of  the  ten  figures  0,  1,  2,  3,  4,  5,  6,  7,  8,  9  how 
many  different  numbers  of  two  figures  each  can  be  formed? 

Since  0  has  no  value  in  the  left-hand  place,  the  left-hand  place  can  be 
filled  in  9  waya 

The  right-hand  place  can  be  filled  in  10  ways,  since  repeUUoM  of  the 
digits  are  allowed,  as  in  22,  33,  etc. 

Hence,  the  whole  number  of  numbers  is  9  x  10,  or  90. 

337.  By  successive  application  of  the  principle  of  §  336  it 
may  be  shown  that, 

If  one  thing  can  be  done  in  a  different  ways,  and  then  a 
second  thing  can  be  done  in  b  different  ways^  then  a  third  thing 
in  c  different  ways,  then  a  fourth  thing  in  d  different  waySy 
and  SO  on,  the  number  of  different  ways  of  daing  all  the  things 
together  waxbxcxdx-- 

For,  the  first  and  second  things  can  be  done  tc^ether  in 
axb  different  ways  (§  336),  and  the  third  thing  in  e  different 
ways ;  hence,  by  §  336,  the  first  and  second  things  and  the 
third  thing  can  be  done  together  in  (a  x  ft)  X  c  different  ways. 
Therefore,  the  first  three  things  can  be  done  in  a  x  ft  X  c  dif- 
ferent ways.    And  so  on,  for  any  number  of  things. 

In  how  many  different  ways  can  four  Christmas  presents  be 
given  to  four  boys,  one  to  each  boy  ? 

The  first  present  may  be  given  to  any  one  of  the  boys ;  hence,  there 
are  4  ways  of  disposing  of  it. 

When  the  first  present  has  been  disposed  of,  the  second  present  may 
be  given  to  any  one  of  the  other  three  boys ;  hence,  there  are  3  ways  of 
disposing  of  it. 
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When  the  first  and  second  presents  have  been  disposed  of,  the  third 
present  may  be  given  to  either  of  the  two  other  boys ;  hence,  there  are  2 
ways  of  disposing  of  it. 

When  the  first,  second,  and  third  presents  liave  been  disposed  of,  the 
foarth  present  must  be  given  to  the  last  boy ;  hence,  there  is  only  1  way 
of  disposing  of  it 

There  are,  then,  4  x  3  x  2  x  1,  or  24,  ways. 

338.  Coinbiiiations  and  Penuutations.  (1)  In  how  many  dif- 
ferent ways  can  a  vowel  and  a  consonant  be  chosen,  assuming 
that  the  alphabet  contains  6  vowels  and  20  consonants  ? 

A  vowel  can  be  chosen  in  6  ways  and  a  consonant  in  20  ways,  and 
both  (§  336)  in  6  X  20,  or  120,  ways. 

(2)  In  how  many  different  ways  can  a  two-lettered  word  be 
made,  containing  one  vowel  and  one  consonant  ? 

The  vowel  can  be  chosen  in  6  ways  and  the  consonant  in  20  ways ; 
and  then  each  combination  of  a  vowel  and  a  consonant  can  be  written  in 
2  ways ;  as,  oc,  ca. 

Hence,  the  whole  number  of  ways  is  6  x  20  x  2,  or  240. 

These  two  examples  show  the  difference  between  a  selection, 
or  combination,  of  different  things  and  an  arrangement,  or 
permutation,  of  the  same  things. 

Thus,  ac  forms  a  selection  of  a  vowel  and  a  consonant,  and  ac  and  ca 
form  two  different  arrangemenU  of  this  selection. 

From  (1)  it  is  seen  that  120  different  selections  can  be  made  with 
a  vowel  and  a  consonant;  and  from  (2)  it  is  seen  that  240  different 
arrangemefUa  can  be  made  with  these  selections. 

Again,  a,  6,  c  is  a  selection  of  three  letters  from  the  alphabet.  This 
selection  admits  of  6  different  arrangements,  as  follows : 
abc         bca  cab 
acb        hoc  cba 

A  aelectioii,  or  combination,  of  any  number  of  things  is  a  group 
of  that  number  of  things  put  together  without  regard  to  their 
order. 

An  arrangement,  or  permutation,  of  any  number  of  things  is 
a  group  of  that  number  of  things  put  together  in  a  definite 
order. 
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339.  Permutations,  Thinsrs  all  Dlffereiit  His  number  of  dif- 
ferent arrangements  or  permutations  of  n  different  things 
taken  all  together  is 

n(n  -  l)(n  -  2)(n  -  3)  x     X  3  x  2  x  1. 

For,  the  first  place  can  be  filled  in  n  ways,  then  the  second 
place  in  n  —  1  ways,  then  the  third  place  in  n  —  2  ways,  and 
so  on,  to  the  last  place,  which  can  be  filled  in  only  1  way. 

Hence  (§  337),  the  whole  number  of  arrangements  is  the 
continued  product, 

n  (n  -  1)  (n  -  2)  (n  -  3)  X  •  •  •  X  3  X  2  X  1. 

For  the  sake  of  brevity  this  product  is  often  written  [n 
or  n!  (read  factorial  n). 

Observe  that  lx2x--x(n  —  l)xn  =  |«. 

How  many  different  arrangements  of  nine  letters  each  can 
be  formed  with  the  letters  in  the  word  Cambridge  ? 

There  are  nine  letters.  In  making  any  arrangement  any  one  of  the 
letters  can  be  put  in  the  first  place.  Heifce,  the  first  place  can  be  filled 
in  9  ways. 

Then,  the  second  place  can  be  filled  with  any  one  of  the  remaining  eight 
letters  ;  that  is,  in  8  ways. 

In  like  manner,  the  third  place  can  be  filled  in  7  ways,  the  fourth  place 
in  0  ways,  and  so  on  ;  and,  lastly,  the  ninth  place  in  1  way. 

If  the  nine  places  are  indicated  by  Roman  numerals,  the  result  is  (f  337) 
as  follows : 

I    II  III  IV  V  VI VII  VIII IX 
9  x  8  x  7  x  6  x  6  x  4  x  3  x  2x1=  362,880  ways. 
Hence,  there  are  362,880  different  arrangements  possible. 

340.  The  number  of  different  permutations  of  n  different 
things  taken  t  at  a  time  is 

n(n  —  1)  (n  —  2)  •••  to  r  factors, 

that  is,  n(n  -  1)  (n  -  2)  . . .  [n  — (r  —  1)], 

or  n  (n  —  1)  (n  —  2)  •  •  •  (n  —  r  -|-  1). 
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Eor,  the  first  place  can  be  filled  in  n  ways,  then  the  second 
place  in  7»  —  1  ways,  then  the  third  place  in  n  —  2  ways,  and 
so  on,  and  then  the  rth  place  in  »  --  (r  —  1)  ways. 

Let  P.^  r  represent  the  number  of  arrangements  of  n  differ- 
ent things  taken  r  at  a  time.  Then, 

P^^  =  n(n  —  1) (n  —  2)     to  r  factors 
=  n(n  -  1)  (n  -  2)  . .  («  -  r  +  1). 

How  many  different  arrangements  of  four  letters  each  can 
be  formed  from  the  letters  in  the  word  Cambridge  ? 

There  are  nine  letters  and  four  places  to  be  filled. 

The  first  place  can  be  filled  in  0  ways.  Then,  the  second  place  can  be 
filled  in  8  ways ;  then,  the  third  place  in  7  ways ;  and  then,  the  loorth 
place  in  0  ways. 

If  the  places  are  indicated  by  I,  11,  III,  IV,  the  result  is  ($  337) 

I    II  III  IV 
9  x  8  x  7  x  6  =  3024  ways. 
Hence,  there  are  3024  different  arrangements  possible. 

34L  Combiiiations,  Things  all  Different  The  number  of  dif- 
ferent selections  or  combinations  of  n  different  things  taken  r  at 
a  tims  is 

n(n  -  1)  (n  -  2)  .  ■ .  (n  -  r  -h  1) 
[r 

To  prove  this,  let  C^^  represent  the  number  of  different 
selections  or  combinations  of  n  different  things  taken  r  at  a 
time. 

Take  one  selection  of  r  things;  from  this  selection  [r 
arrangements  can  be  made  (§  339). 

Take  a  second  selection ;  from  this  selection  [r  arrangements 
can  be  made.    And  so  on,  for  eacA  of  the  C„  selections. 

Henc^,  C^,.  X  is  the  number  of  arrangements  of  n  differ- 
ent things  taken  r  at  a  time. 

That  is,  C,.,x[r  =  P,,,. 
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In  how  many  different  ways  can  three  vowels  be  selected 
from  the  five  vowels  a,  e,  i,  Of  u? 

The  number  of  different  ways  in  which  we  can  arrange  3  vowels  out 
of  6  is  (§  840)  5  X  4  X  3,  or  60. 

These  60  arrangements  might  be  obtained  by  first  forming  all  the 
possible  selections  of  3  vowels  out  of  5,  and  then  arranging  the  3  vowels 
in  each  selection  in  as  many  ways  as  possible. 

Since  each  selection  can  be  arranged  in  [3,  or  6,  ways  ($  389),  the 
number  of  selections  is      or  10. 

The  formula  applied  to  this  problem  gives 
_6x'4x3 

^*'*-rT273-^^- 

342.  Combinations,  Second  Formula.  Multiplying  both  numer- 
ator and  denominator  of  the  expression  for  the  number  of 
combinations  in  the  last  example  by  2x1,  we  have 

5x4x3x2x1^ 
1x2x3x2x1  |3|2* 


In  general,  multiplying  both  numerator  and  denominator  of 
the  expression  for       in  §  341  by  \n  —  r,  we  have 

^    ^  n(n-l)-..(n-r+l)(n-r)...l  ^  \n 

[r  X     —  r) .  .  1  \r\n  —  r 

This  second  form  is  more  compact  than  the  first  and  is 
more  easily  remembered. 

Note.    In  the  reduction  of  such  a  result  In  —  r  cancels  all  the  factors 

  [12 

of  the  numerator  from  1  up  to  and  including  »  —  r.   Thus,  in  j^jy'  II 

cancels  all  the  factors  of  [12  from  1  up  to  and  including  7  ;  so  that 

Q2  ^  12  X  11  X  10  X  9  X  8  ^ 
[6|7  1x2x3x4x6 
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343.  Theorem.  The  number  of  combinations  of  n  things 
taken  t  at  a  time  is  the  same  as  the  number  of  combinations 
of  n  things  taken  n  —  r     a  time. 


For,  C, 


\n  \n 


n,m-r 


n  —  r\n  —  (n  —  r)     \n  r\r 


This  is  also  evident  from  the  fact  that  for  every  selection 
of  r  thmgs  taken,  a  selection  of  n  —  r  things  is  left. 

Thus,  out  of  8  things,  3  things  can  be  selected  in  the  same  number  of 
ways  as  5  things ;  namely, 

l§      8  X  7  X  6 
r— T-  =  - — - — -  =  66  ways. 
[3[5  1x2x3 

Out  of  10  things,  7  things  can  be  selected  in  the  same  number  of  ways 
as  3  things ;  namely, 

110  ^  10  X  9  x  8  ^ 
[t]S  1x2x3 


344.  Examples  in  Combinations  and  Permutations.    Of  the 

permutations  possible  with  the  letters  of  the  word  Cambridge, 
taken  all  tc^ether : 

(1)  How  many  begin  with  a  vowel  ? 

In  filling  the  nine  places  of  any  arrangement  the  first  place  can  be 
filled  in  only  3  ways,  the  other  places  in  |8  ways. 

Hence,  the  answer  is  3  x  [8  =  120,060.  (§  337) 

(2)  How  many  both  begin  and  end  with  a  vowel  ? 

The  first  place  can  be'  filled  in  3  ways,  the  last  place  in  2  ways  (one 
vowel  having  been  used),  and  the  remaining  seven  places  in  [7  waya 
Hence,  the  answer  is  3  x  2  x  [7  =  30,240.  (§  337) 

(3)  How  many  begin  with  Cam  ? 

The  answer  is  evidently  [6,  since  our  only  choice  lies  in  arranging  the 
remaining  six  letters  of  the  word. 

(4)  How  many  have  the  letters  cam  standing  together  ? 
This  may  be  resolved  into  arranging  the  group  cam  and  the  last 

six  letters,  regarded  as  seven  distinct  elements,  and  then  arranging  the 
letters  cam. 
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The  fint  can  be  done  in  [7  ways,  and  the  second  in  [3  ways.  Hence, 
both  can  be  done  in  [7  x  [3  =  80,240  ways. 

In  how  many  ways  can  the  letters  of  the  word  Cambridge 
be  written : 

(5)  Without  changing  the  pUice  of  any  vowel  ? 

The  second,  sixth,  and  ninth  places  can  be  filled  each  in  only  1  way ; 
the  other  places  in  [6  ways. 

Therefore,  the  whole  number  of  ways  is  [6  =  720. 

(6)  Without  changing  the  order  of  the  3  vowels  ? 

The  vowels  in  the  different  arrangements  are  to  be  kept  in  the  order 
o,  f,  c. 

One  of  the  0  consonants  can  be  placed  in  4  ways :  h^ore  a,  between 
a  and  i,  between  %  and  e,  and  ctfter  e. 

Then,  a  second  consonant  can  be  placed  in  6  ways,  a  third  consonant 
in  6  ways,  a  fourth  consonant  in  7  ways,  a  fifth  consonant  in  8  ways,  and 
the  last  consonant  in  9  ways.    Hence,  the  whole  number  of  ways  is 

4x5x6x7x8x9,  or  60,480. 

(7)  Out  of  20  consonants,  in  how  many  ways  can  18  be 
selected  ? 

The  number  of  ways  in  which  the  18  can  be  selected  is 
[20  20x19 


18  2  2 


=  190.  (f342) 


(8)  In  how  many  ways  can  the  same  choice  be  made  so  as 
always  to  include  the  letter  b  ? 

Taking  b  first,  we  must  then  select  17  out  of  the  remaining  19  conso- 
nants.  This  can  be  done  in 

Q?  19x18 
^  =  -^  =  171  ways.  (8342) 

(9)  In  how  many  ways  can  the  same  choice  be  made  so  as 
to  include  b  and  not  include  c  ? 

Taking  b  first,  we  have  then  to  choose  17  out  of  18,  c  being  excluded. 
This  can  be  done  in  18  ways. 
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(10)  From  20  Bepublicans  and  6  Democrats,  in  how  many 
ways  can  5  different  offices  be  filled,  of  which  3  particular 
offices  must  be  filled  by  Bepublicans,  and  the  other  2  offices 
by  Democrats  ? 

The  first  3  offices  can  be  assigned  to  3  Republicans  in 

20  X  19  X  18  =  6840  ways. 
The  other  2  offices  can  be  assigned  to  2  Democrats  in 

6  X  6  =  SO  ways. 
There  is,  then,  a  choice  of  6840  x  30  =  205,200  different  ways. 

(11)  Out  of  20  consonants  and  6  vowels,  in  how  many  ways 
can  we  ma^e  a  word  consisting  of  3  different  consonants  and 
2  different  vowels  ? 

20  X  10  X  18 

Three  consonants  can  be  selected  in  — =  1140  ways,  and 

6x5  1x2x3 

two  vowels  In  =  16  ways.    Hence,  the  5  letters  can  be  selected  in 

1x2 

1140  X  15  =  17,100  ways. 

When  5  letters  have  been  so  selected  they  can  be  arranged  in 
[5  =  120  different  orders.  Hence,  there  are  17,100  x  120  =  2,052,000 
different  ways  of  making  the  word. 

Observe  that  the  letters  are  first  selected  and  then  arranged. 

(12)  A  society  consists  of  50  members,  10  of  whom  are 
physicians.  In  how  many  ways  can  a  committee  of  6  mem- 
bers be  selected  so  as  to  include  at  least  1  physician  ? 

Six  members  can  be  selected  from  the  whole  society  in 
160 

Six  members  can  be  selected  from  the  whole  society,  so  as  to  include 
no  physician,  by  choosing  them  all  from  the  40  members  who  are  not 
physicians,  and  this  can  be  done  in 

140 

„  160  140 

'  [6^  ~        ^     J^^™1»^  of  ways  of  selecting  the  committee 

so  as  to  include  at  least  1  physician. 
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345.  Greatest  Number  of  Combinations.  To  find  for  what 
value  of  r  the  number  of  selections  of  n  things^  taken  r  at  a 
time,  is  the  greatest 

The  formula 

^n(n~l)(n~2).-.(n-rH-l) 
Ix2x3x-r 

may  be  written 

n    — ?     ^  —  1       —  2  n  —  r  4- 1 

C-  -  ""-iX         ^        X         r%  X***X 

The  numerators  of  the  factors  on  the  right  side  of  this 
equation  begin  with  n,  and  form  a  descending  series  with 
the  common  difference  1 ;  and  the  denominators  begin  with  1, 
and  form  an  ascending  series  with  the  common  difference  1. 
Therefore^  from  some  point  in  the  series^  these  factors  become 
less  than  1.  Hence^  the  maximum  product  is  reached  when 
that  product  includes  cdl  the  factors  greater  than  1. 

1.  When  n  is  an  odd  number  the  numerator  and  the  denomi- 
nator of  each  factor  are  alternately  both  odd  and  both  even, 
80  that  the  factor  greater  than  1,  but  nearest  to  1,  is  the  factor 
whose  numerator  exceeds  the  denominator  by  2.  Hence,  in 
this  case,  r  must  have  such  a  value  that 

^  

n  —  r4-l  =  r  +  2,  or  r  =  — ^ — 

2.  When  n  is  an  even  number  the  numerator  of  the  first 
factor  is  even  and  the  denominator  odd ;  the  numerator  of  the 
second  factor  is  odd  and  the  denominator  even ;  and  so  on, 
alternately,  so  that  the  factor  greater  than  1,  but  nearest  to  1, 
is  the  factor  whose  numerator  exceeds  the  denominator  by  1. 
Hence,  in  this  case,  r  must  have  such  a  value  that 

n 

n  —  r  +  l  =  r-|-l,  or  ^=2* 

(1)  What  value  of  r  will  give  the  greatest  number  of  com- 
binations out  of  7  things  ? 
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Here  n  is  odd,  and      r  =  - — -  =  ^ — -  =  3. 

2  2 

1x2x3 

T*  7x6x5x4 

If  r  =  4,  then         C7. 4  =   =  35. 

*      1  X  2  X  3  X  4 

When  the  number  of  things  is  odd  there  are  two  equal  numbers  of 
combinations,  namely,  when  the  number  of  things  taken  together  is  Just 
under  and  jutt  over  one^fuHf  of  the  whole  number  of  things. 

(2)  What  value  of  r  will  give  the  greatest  number  of  selec- 
tions out  of  8  things  ? 

n  8 

Here  n  is  even,  and    r  =  -  =  -  =  4. 

2  2 

^  8x7x6x5 

••^••*  =  lx2x3x4  =  ^^' 

so  that,  when  the  number  of  things  is  eoen,  the  number  of  selections 
will  be  greatest  when  one-haJf  of  the  whole  are  taken  together. 

346.  Division  into  Two  Groups.  The  number  of  different 
ways  in  which  p  g  things,  all  different,  can  be  divided  into 
two  groups  of  p  things  and  q  things  respectively  is  the  same 
as  the  number  of  ways  in  which  p  things  can  be  selected  from 

p  4-  g  thmgs,  or  • 

Por,  to  each  selection  of  p  things  taken  corresponds  a  selec- 
tion of  q  things  leftf  and  each  selection  therefore  effects  the 
division  into  the  required  groups. 

(1)  In  how  many  ways  can  18  men  be  divided  into  2  groups 
of  6  and  12  each  ? 

18,564  ways. 

(2)  A  boat's  crew  consists  of  6  men,  of  whom  2  can  row 
only  on  the  stroke  side  of  the  boat,  and  1  can  row  only  on  the 
bow  side.    In  how  many  ways  can  the  crew  be  arranged  ? 
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There  are  left  3  men  who  can  row  on  either  side ;  1  of  theee  most  row 
on  the  stroke  side,  and  2  on  the  bow  side. 

The  number  of  ways  in  which  these  3  can  be  selected  is 

When  the  stroke  side  is  completed  the  3  men  can  be  arranged  in 
[8  ways;  likewise,  the  8  men  of  the  bow  side  can  be  amnged  in  |3 
ways.   Henoe,  the  arrangement  can  be  made  in  *~ 

8  X  [3  X  [3  =  108  ways. 

S47.  DiTision  into  Three  or  More  Gnmps.  The  number  of 
different  ways  in  which  p  +  q  things,  all  different,  can  be 
divided  into  three  groups  of  p  things,  q  things,  and  r  things 

^pectively  is  "-^^^ 

For,  p  -\-q       things  may  be  divided  into  two  groups  of  p 
\p  ^  q  -f  r 

things  and  y  +  r  things  in  ' »    i       ~  ways ;  then,  the  group 


of  ^  +  r  things  may  be  divided  into  two  groups  of  q  things 
\q-\-r 

and  r  things  in  ways.    Hence,  the  division  into  thrte 

groups  may  be  effected  in 

l/^-l-y-hr     [7-hr  \p^q-\-r 

and  so  on,  for  any  number  of  groups. 

In  how  many  ways  can  a  company  of  100  soldiers  be 
divided  into  3  squads  of  50,  30,  and  20  respectively  ? 
[100 

The  answer  is  nT^r—r^  ways. 


[50ljiO[20 

348.  When  the  number  of  things  is  the  same  in  two  or  more 
groups,  and  there  is  no  distinction  to  he  made  between  these 
groupsy  the  number  of  ways  given  by  the  preceding  section  is 
too  large. 
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(1)  Divide  the  letters  <ijby  c^d  into  two  groups  of  2  letters 
each. 

[4 

The  number  of  ways  given  by  §  346  is        —  ^  >         ways  are : 

I.  06  cd.  m.  od  be.  V.  hd  ac. 

11.  ac  bd,  IV.  6c   ad,  VI.  cd  ab. 

Since  there  is  no  distinction  between  the  groups,  IV  is  the  same  as 
m,  V  the  same  as  II,  aud  VI  the  same  as  I. 

1  K 

Hence,  the  correct  answer  is  -  x  r=?- ,  or  8. 

2  f2l2' 


If,  however,  a  distinction  is  to  be  made  between  the  two  groups  in  any 
one  division,  the  answer  is  0. 

In  the  case  of  three  similar  groups  the  result  given  by  §  347 
is  to  be  divided  by  [3,  the  number  of  ways  in  which  three 
groups  can  be  arranged  among  themselves ;  in  the  case  of  four 
groups,  by  [4 ;  and  so  on,  for  any  number  of  groups. 

(2)  In  how  many  ways  can  18  men  be  divided  into  two 
groups  of  9  each? 

lis 

According  to  §  846,  the  answer  would  be  • 

The  two  groups,  considered  as  groups,  have  no  distinction ;  therefore, 
permuting  them  gives  no  new  arrangement,  and  the  true  result  is  obtained 

118 

by  dividing  the  preceding  by  [2,  and  is  .  V—.  • 

(2 [9 [9 

If  any  condition  is  added  that  will  make  the  two  groups  diS^erent,  —  if, 
for  example,  one  group  wear  red  badges  and  the  other  blue,  —  then  the 
118 

answer  will  be  r^==- . 

(3)  In  how  many  ways  can  a  pack  of  52  cards  be  divided 
equsdly  among  4  players,  A,  B,  C,  D  ? 

Here  the  assignment  of  a  particular  group  to  a  different  player  makes 
the  divUion  different,  and  there  is,  therefore,  a  distinction  between  the 

groups;  the  answer  IS 
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(4)  In  how  many  ways  can  52  cards  be  divided  into  4  piles 
of  13  each  ? 

Here  there  ie  no  distinction  between  the  groups,  and  the  answer  is 

[62 

[4  [18  [18  [18  [13' 
BmtoIm  49 

1.  How  many  numbers  of  5  figures  each  can  be  formed 
with  the  digits  1,  2,  3|  4,  5,  no  digit  being  repeated? 

2.  How  many  even  numbers  o£  4  figures  each  can  be  formed 
with  the  digits  1,  2,  3,  4,  5,  6,  no  digit  being  repeated  ? 

8.  How  many  odd  numbers  between  1000  and  5000  can 
be  formed  with  the  figures  1,  2,  3,  4,  5,  6;  7,  S,  9,  0,  no 
figure  being  repeated?  How  many  of  these  numbers  will 
be  divisible  by  5? 

4.  How  many  three-lettered  words  can  be  made  from  the 
alphabet,  no  letter  being  repeated  in  the  same  word  ? 

6.  In  how  many  ways  can  4  persons,  A,  B,  sit  at  a 
round  table  ? 

6.  In  how  many  ways  can  6  persons  form  a  ring  ? 

7.  How  many  words  can  be  made  with  9  letters,  3  letters 
remaining  inseparable  and  keeping  the  same  order  ? 

8.  What  will  be  the  answer  to  the  preceding  problem  if  the 
3  inseparable  letters  can  be  arranged  in  any  order  ? 

9.  A  captain,  having  under  his  command  60  men,  wishes 
to  form  a  guard  of  8  men.  In  how  many  different  ways  can 
the  guard  be  formed  ? 

10.  A  detachment  of  30  men  must  furnish  each  night  a 
guard  of  4  men.  For  how  many  nights  can  a  different  guard 
be  formed,  and  how  many  times  will  each  soldier  serve  ? 
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11.  Out  of  12  Democrats  and  16  Republicans^  how  many 
different  committees  can  be  formed,  each  committee  consist- 
ing of  3  Democrats  and  4  Bepublicans  ? 

12.  Out  of  26  Republicans  and  14  Democrats,  how  many 
different  committees  can  be  formed,  each  committee  consist- 
ing of  10  Republicans  and  8  Democrats  ? 

13.  There  are  m  different  things  of  one  kind  and  n  different 
things  of  another  kind ;  how  many  different  sets  can  be  made, 
each  set  containing  r  things  of  the  first  kind  and  a  of  the 
second  ? 

14.  With  12  consonants  and  6  vowels,  how  many  different 
words  can  be  formed  consisting  of  3  different  consonants  and 
2  different  vowels,  any  arrangement  of  letters  being  consid- 
ered a  word  ? 

15.  With  10  consonants  and  6  vowels,  how  many  words 
can  be  formed,  each  word  containing  5  consonants  and  4 
vowels  ? 

16.  How  many  words  can  be  formed  with  20  consonants 
and  6  vowels,  each  word  containing  3  consonants  and  2 
vowels,  the  vowels  occupying  the  second  and  fourth  places  ? 

17.  An  assembly  of  stockholders,  composed  of  40  mer- 
chants, 20  lawyers,  and  10  physicians,  wishes  to  elect  a 
commission  of  4  merchants,  1  physician,  and  2  lawyers.  In 
how  many  ways  can  the  commission  be  formed  ? 

18.  Of  8  men  forming  a  boat's  crew,  1  is  selected  as  stroke. 
How  many  arrangements  of  the  rest  are  possible  ?  When  the 
4  men  who  row  on  each  side  are  decided  on,  how  many  arrange- 
ments are  still  possible  ? 

19.  A  boat's  crew  consists  of  8  men.  Either  A  or  B  must 
row  stroke.    Either  B  or  C  must  row  bow.    D  can  pull  only 
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on  the  starboard  side.  In  how  many  ways  can  the  crew  be 
seated  ? 

NoTB.   Stroke  and  bow  are  on  opposite  sides  of  the  boat 

20.  A  boat's  ciew  consists  of  8  men.  Of  these,  3  can  row 
only  on  the  port  side,  and  2  can  row  only  on  the  starboard 
side.    In  how  many  ways  can  the  crew  be  seated  ? 

21.  Of  a  base  ball  nine,  either  A  or  B  must  pitch ;  either  B 
or  C  must  catch ;  D,  E,  and  F  must  play  in  the  outfield.  In 
how  many  ways  can  the  nine  be  arranged  ? 

22.  How  many  signals  may  be  made  with  8  flags  of  differ^ 
ent  colors,  which  can  be  hoisted  either  singly,  or  any  number 
at  a  time,  one  above  another  ? 

23.  Of  30  things,  how  many  must  be  taken  together  in 
order  that,  having  that  number  for  selection,  there  may  be 
the  greatest  possible  variety  of  choice? 

24.  The  number  of  combinations  of  n  +  2  objects,  taken  4 
at  a  time,  is  to  the  number  of  combinations  of  n  objects,  taken 
2  at  a  time,  as  11  is  to  1.    Find  n. 

25.  The  number  of  combinations  of  n  things,  taken  r 
together,  is  3  times  the  dumber  of  combinations  when  r  —  1 
are  taken  together,  and  half  the  number  of  combinations  when 
r  -f  1  are  taken  together.    Find  n  and  r. 

26.  At  a  game  of  cai-ds,  3  being  dealt  to  each  person,  any 
one  can  have  425  times  as  many  hands  as  there  are  cards  in 
the  pack.    How  many  cards  are  there  in  the  pack  ? 

27.  It  is  proposed  to  divide  15  objects  into  lots,  each  lot 
containing  3  objects.  In  how  many  ways  can  the  lots  be 
made  ? 

28.  The  number  of  combinations  of  2  n  things,  taken  n  —  1 
together,  is  to  the  number  of  combinations  of  2  (n  —  1)  things, 
taken  n  together,  as  132  to  35.    Find  n. 
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349.  Permutations^  Repetitions  allowed.  Suppose  we  have 
n  letters,  which  are  all  different,  and  that  repetitions  are 
allowed. 

Then,  in  making  any  arrangement,  the  first  place  can  be 
filled  in  n  ways. 

When  the  first  place  has  been  filled  the  second  place  can 
be  filled  in  n  ways,  since  repetitions  are  allowed.  Hence,  the 
first  two  places  can  be  filled  in  n  x  /i,  or  n^,  ways  (§  336). 

Similarly,  the  first  three  places  can  be  filled  in  n  x  n  x  n, 
or  n»,  ways  (§  337). 

In  general,  r  places  can  be  filled  in  n*"  ways ;  or,  the  number 
of  arrangernents  of  n  different  things  taken  t  at  a  time,  when 
repetitions  are  allowed^  is  n'. 

(1)  Ho^  many  three-lettered  words  can  be  made  from  the 
alphabet  when  repetitions  are  allowed. 

Here  the  first  place  can  be  filled  in  26  ways ;  the  second  place  in  26 
ways ;  and  the  third  place  in  26  ways.  The  number  of  words  is,  there- 
fore, 26»  =  17,676. 

(2)  In  the  common  system  of  notation  how  many  num- 
bers can  be  formed,  each  number  consisting  of  not  more  than 
5  figures  ? 

Each  of  the  possible  numbers  may  be  regarded  as  consisting  of  6  fig- 
ures, by  prefixing  zeros  to  the  numbers  consisting  of  less  than  5  figures. 
Thus,  247  may  be  written  00247. 

Hence,  every  possible  arrangement  of  6  figures  out  of  the  10  figures, 
except  00000,  will  give  one  of  the  required  numbers,  and  the  answer  is 
106  -  1  =  99,009,  that  is,  all  the  numbers  between  0  and  100,000. 

350.  Permutations,  Things  Alike,  All  together.  Consider  the 
number  of  arrangements  of  the  letters  a,  a,  5,  h,  b,  c,  d. 

Suppose  the  d*B  to  be  different  and  the  6*s  to  be  different,  and  dis- 
tinguish them  by  ai,  Os,  6i,  63,  65. 

The  7  letters  can  now  be  arranged  in  [7  ways  (§  339). 

Now  suppose  the  two  a's  to  become  alike,  and  the  three  6*s  to  become 
alike.    Then,  where  we  before  had  [2  arrangements  of  the  a*8  among 
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tbemselyeB,  we  now  have  bat  one  amngement,  aa ;  and  where  we  before 
had  [8  ansngemento  of  the  6*8  among  ihemeelTes,  we  now  have  bat  odg 
anangement,  566. 

Hence,  the  number  of  «»ngemente  i.  jl^  =  420. 

In  generalj  the  number  of  arrangements  of  n  things^  of  which 
p  are  alikey  q  others  are  alike,  and  r  others  are  alikey  •  •  is 

(1)  In  how  many  ways  can  the  letters  of  the  word  college 
be  arranged? 

If  the  two  Va  were  different  and  the  two  e's  were  different,  the  namber 
of  ways  woald  be  [7.  Instead  of  two  arrangements  of  the  two  1%  we  ha?e 
bat  one  arrangement,  U ;  and  instead  of  two  arrangements  of  the  two  e's, 
we  have  bat  one  airangement,  ee.   Hence,  the  number  of  ways  is 

rij-  =  im 

HI? 

(2)  In  how  many  ways  can  the  letters  of  the  word  Missis- 
sippi be  arranged ?  . 

(3)  In  how  many  different  orders  can  a  row  of  4  white  balls 
and  3  black  balls  be  arranged  ? 

351.  Combiiiations,  Repetitions  allowed.  We  shall  illustrate 
by  two  examples  the  method  of  solving  problems  which  come 
under  this  head. 

(1)  In  how  many  ways  can  a  selection  of  3  letters  be  made 
from  the  letters  a,  b,  c,  d,  e,  if  repetitions  are  allowed  ? 

The  selections  will  be  of  three  classes : 

(a)  All  three  letters  alike. 

(b)  Two  letters  alike. 

(c)  The  three  letters  all  different. 
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(a)  There  will  be  5  aelectioiis,  since  any  one  of  the  6  letters  may  be 
taken  3  times. 

(b)  Any  one  of  the  6  letters  may  be  taken  twice,  and  with  these  may 
be  put  any  one  of  the  other  4  letters.  Hence,  the  number  of  selectionB 
is  6  X  4,  or  20. 

(c)  The  number  of  selections  (§  341)  is  ^  ^  ^  ^  ^ »  or  10. 
Hence,  the  tot^  number  of  selections  is  5  +  20  +  10  =  36. 

(2)  How  many  different  throws  can  be  made  with  4  dice  ? 
The  throws  may  be  divided  into  five  classes  : 

(a)  All  four  dice  alike. 

(b)  Three  dice  alike. 

(c)  Two  dice  alike,  and  the  other  two  alike. 

(d)  Two  dice  alike,  and  the  other  two  different. 

(e)  The  four  dice  different. 

(a)  There  are  6  throws. 

(b)  Any  of  the  6  numbers  may  be  taken  3  times,  and  with  these  may 
be  put  any  one  of  the  other  5  remaining  numbers.  Hence,  the  number  ot 
throws  is  6  X  6,  or  30. 

(c)  Any  two  of  the  0  pairs  of  doublets  may  be  selected.    Hence,  the 

number  of  throws  is  ^  ^  ^  *  or  16. 

1x2 

(d)  Any  pair  of  doublets  may  be  put  with  any  selection  of  2  different 
numbers  from  the  remaining  6.    Hence,  the  number  of  throws  is 

1x2 

yvr«v        1.  ,6x6x4x3  ^- 

(e)  The  number  of  throws  is  =  16. 

^ '  1x2x3x4 

The  answer  is,  then,  6  +  30  +  15  +  60  +  16  =  126. 


352.  Combinations  and  Permutations,  Thins;8  Alike.  We  shall 
illustrate  by  an  example  the  method  of  solving  problems 
which  come  under  this  head. 

How  many  selections  of  4  letters  each  can  be  made  from 
the  letters  in  the  word  proportion  ?  How  many  arrangements 
of  4  letters  each  ? 
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Then  are  10  letten  m  foUom : 

o    p    r    t    i  n 
o    p  r 
o 

SeLedianM :  The  eelecUons  may  be  diyided  into  four  < 

(a)  Three  lettere  alike. 

(b)  Two  leUen  alike,  two  others  alike. 

(c)  Two  letters  alike,  other  two  different. 

(d)  Four  letters  different 

(a)  With  the  3  o's  we  may  pat  any  one  of  the  5  other  letters,  giving 
6  selections. 

•  (b)  We  may  choose  any  2  oat  of  the  3  pairs,  o,o;  J),  p;  r,r. 

^  ^  ^  =  8  selections. 
1  X  2 

(c)  With  any  one  of  the  3  pairs  we  can  put  any  two  of  the  6  remaising 
letters  in  the  first  line. 

3  X         =  30  selecUons. 
1x2 

?Ai2Llii3  =  15eelectiona 
1x2x3x4 

Hence,  the  total  number  of  sdections  is6  +  3  +  30  +  15  =  63. 

[4 

Arrangements :  (a)  Each  selection  can  be  arranged  in     =  4  ways. 
5  X  4  =  20  arrangements. 

li 

(b)  Each  selection  can  be  arranged  in        =  6  ways. 

3  X  6  =  18  arrangements. 

I* 

(c)  Each  selection  can  be  arranged  iu     ~  ways. 

30  X  12  =  300  arrangements. 

(d)  Each  selection  can  be  arranged  in  [4  =  24  ways. 

15  X  24  =  360  arrangements. 

Hence,  the  total  number  of  arrangements  is 

20  +  18  +  300  +  360  =  758. 
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353.  Total  Number  of  Combinations.  I.  The  whole  number  of 
ways  in  which  a  combination  (of  soms,  or  all)  can  be  made  from 
n  different  things  is  2^  —  1, 

For,  each  thing  can  be  either  taken  or  left ;  that  is,  can  be 
disposed  of  in  2  ways. 

There  are  n  things ;  hence  (§  337),  they  can  all  be  disposed 
of  in  2"  ways.  But  among  these  ways  is  included  the  case  in 
which  all  are  rejected ;  and  this  case  is  inadmissible. 

Hence,  the  number  of  ways  of  making  a  selection  is  2"  —  1. 

(1)  In  a  shop  window  20  different  articles  are  exposed  for 
sale.    What  choice  has  a  purchaser  ? 

The  number  of  ways  in  which  a  purchaser  may  make  a  selection  is 
2»  -  1  =  1,048,676. 

(2)  How  many  different  amounts  can  be  weighed  with 
1-pound,  2-pound,  4-pound,  8-pound,  and  16-pound  weights? 

The  number  of  different  amounts  that  can  be  weighed  is 
26  -  1  =  31. 

Note.    Let  the  student  write  out  the  31  weights. 

II.  The  whole  number  of  ways  in  which  a  selection  can  be 
made  from  p  -f  q  +  r  -|-  •  •  •  things,  of  which  p  are  alike,  q  are 
cUike,  T  are  alike,  "',is  |(p  +  l)(q  +  l)(r  +  !)•  • —  1. 

For,  the  set  of  p  things  may  be  disposed  of  in  jt?  +  1  ways, 
since  none  of  them  may  be  taken,  or  1,  2,  3,  •  •  •,  or  p,  may  be 
taken. 

In  like  manner,  the  q  things  may  be  disposed  of  in  y  -f  1 
ways ;  the  r  things  in  r  -f- 1  ways ;  and  so  on. 

Hence  (§  337),  all  the  things  may  be  disposed  of  in 
(P  +  IXs'  +  l)(r  +  1)  ...  ways. 

But  the  case  in  which  all  the  things  are  rejected  is  inad- 
missible ;  hence,  the  whole  number  of  ways  is 
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In  how  many  ways  can  2  boys  divide  between  them  10 
oranges  all  alike,  15  apples  all  alike,  and  20  peaches  all  alike? 

Here  the  cue  in  which  the  first  ho7  takes  none,  and  the  case  in  which 
the  eeoond  hoy  takes  none,  most  be  rejected. 

Therefore,  the  answer  is  one  less  than  the  residt,  aocordiiig  to  XL 

11  X  16  X  21  -  2  =  3004. 
BMTOiae  50 

1.  How  many  three-lettezed  words  can  be  made  from  the 
6  vowels  when  repetitions  are  allowed  ? 

2.  A  railway  signal  has  3  arms,  and  each  arm  may  take  4 
different  positions,  inclading  the  position  of  rest  How  many 
signals  in  all  can  be  made? 

3.  In  how  many  different  orders  can  a  row  of  7  white  balls, 
2  red  balls,  and  3  black  balls  be  arranged  ? 

4.  In  how  many  ways  can  the  letters  of  the  word  mathe- 
matics, taken  all  together,  be  arranged? 

6.  How  many  different  signals  can  be  made  with  10  flags, 
of  which  3  are  white,  2  red,  and  the  rest  blue,  always  hoisted 
all  together  and  one  above  another? 

6.  How  many  signals  can  be  made  with  7  flags,  of  ^ich 
2  are  red,  1  white,  3  blue,  and  1  yellow,  always  displayed  all 
together  and  one  above  another  ? 

7.  In  how  many  ways  can  6  letters  be  selected  from  a,  6, 
c,  e,  f,  if  each  letter  may  be  taken  once,  twice,  three  times, 
four  times,  or  five  times,  in  making  the  selection? 

8.  In  how  many  ways  can  6  rugs  be  selected  at  a  shop 
where  two  kinds  of  rugs  are  sold  ? 

9.  How  many  dominos  are  there  in  a  set  numbered  from 
double  blank  to  double  ten  ? 
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10.  In  how  many  ways  can  3  letters  be  selected  from  n  dif- 
ferent letters,  when  repetitions  are  allowed  ? 

11.  Five  flags  of  different  colors  can  be  hoisted .  either 
singly,  or  any  number  at  a  time,  one  above  another.  How 
many  different  signals  can  be  made  with  them? 

12.  If  there  are  m  kinds  of  things,  and  1  thing  of  the  first 
kind,  2  of  the  second,  3  of  the  third,  and  so  on,  in  how  many 
ways  can  a  selection  be  made  ? 

13.  How  many  selections  of  6  letters  each  can  be  made 
from  the  letters  in  the  word  democracy  ?  How  many  arrange- 
ments of  6  letters  each? 

14.  It  of  p  -\-  q -\- r  things,  p  are  alike,  and  q  are  alike,  and 
the  rest  different,  show  that  the  total  number  of  selections  is 


16.  Show  that  the  total  number  of  arrangements  of  2n 
letters,  of  which  some  are  a's  and  the  rest  5's,  is  greatest 
when  the  niunber  of  a's  is  equal  to  the  number  of  ft's. 

16.  If  in  a  given  number  the  prime  factor  a  occurs  m  times, 
the  prime  factor  b,  n  times,  the  prime  factor  c,  p  times,  and 
these  are  all  the  factors,  find  the  number  of  different  divisors 
of  the  given  number. 

17.  If  represents  the  total  number  of  permutations  of  n 
different  letters,  aj,  Oj,  ag,  ",a^,  and  Q„  represents  the  number 
of  arrangements  in  which  no  letter  occupies  the  place  denoted 
by  its  index  (the  complete  disarrangement),  show  that 


Q,  =  />,-3P.  +  3Pi-Po, 

04  =  i*4  -  IP,  +  6P,  -  4Pi  +  P, 


and,  in  general,  Q,  =  P, 


»(»  —  !)  (i 
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CHAHGB 

354.  Drilnitkinii  If  an  event  can  happen  in  a  ways  and  fail 
in  b  ways,  and  all  these  a  +  6  ways  are  equally  likely  to  occur ; 
if y  also,  one,  and  only  oney  of  these  a  +  6  ways  can  occur,  and 
one  must  occur;  then,  the  chance  of  the  event  happening  is 

a  h 

 r  >  and  the  chance  of  the  event  failing  is  r  • 

a  -\-b  a-fo 

Thus,  let  the  event  be  the  throwing  of  an  even  number  with  a  single 
die. 

The  event  can  happen  in  8  ways,  by  the  die  toming  up  a  two,  a  four, 
or  a  six  ;  and  fail  in  3  ways,  by  the  die  taming  up  a  one,  a  three,  or  a 
five  ;  and  all  these  6  ways  are  equally  likely  to  occur. 

Moreover,  one,  and  only  one,  of  these  6  ways  can  occur,  and  one  vnusL 
occur  (for  it  is  assumed  that  the  die  is  to  be  thrown). 

Consequently,  by  the  definition,  the  chance  of  throwing  an  even  num- 
3  1 

ber  is  1  or  - ;  and  the  chance  of  throwing  a  number  not  even,  that 

3  +  3  2 

18,  odd,  18  - — - 1  or  - . 
3  +  3  2 

The  above  may  be  regarded  as  giving  a  definition  of  the 
term  chance  as  that  term  is  used  in  mathematical  works. 
Instead  of  chance,  probability  is  often  used. 

355.  Odds.  In  the  case  of  the  event  in  §  354  the  adds  are 
said  to  be  a  to  ^  in  favor  of  the  event,  if  a  is  greater  than  b ; 
and  6  to  a  against  the  event,  if  *  is  greater  than  a. 

If  a  =  ft,  the  odds  are  said  to  be  even  on  the  event 

Thus,  the  odds  are  5  to  1  against  throwing  a  six  in  one  throw  with  a 
single  die,  since  there  are  6  unfavorable  ways  and  1  favorable  way,  and 
all  these  6  ways  are  equally  likely  to  occur. 
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356.  Rules.    From  the  definitions  it  is  evident  that, 

The  chance  of  an  event  happening  is  expressed  by  the  fraction 
of  which  the  numerator  is  the  number  of  favorable  ways^  and  the 
denominator  the  whole  number  of  ways  favorable  and  unfavor- 
able. 

Tor  example,  take  the  throwing  of  a  six  with  a  single  die.  The  num- 
ber of  favorable  ways  is  1 ;  the  whole  number  of  ways  is  6.  Hence,  the 
chance  of  throwing  a  six  with  a  single  die  is  |. 

The  chance  of  an  event  not  happening  is  expressed  by  the 
fraction  of  which  the  numerator  is  the  number  of  unfavorable 
ways,  and  the  denominator  the  whole  number  of  ways  favorable 
and  unfavorable. 

For  example,  take  the  throwing  of  a  six  with  a  single  die.  The  num- 
ber of  unfavorable  ways  is  6  ;  the  whole  number  of  ways  is  6.  Hence, 
the  chance  of  not  throwing  a  six  with  a  single  die  is  }. 

357.  Certainty.  If  the  event  is  certain  to  happen,  there  are 
no  ways  of  failing,  and  ft  =  0.    The  chance  of  the  event  hap- 

a 

pening  is  then  ^  ^  ^  =  1.   Hence,  certainty  is  expressed  by  1. 

It  is  to  be  observed  that  the  fraction  which  expresses  a 
chance  or  probability  is  less  than  1,  unless  the  event  is  cer- 
tain to  happen,  in  which  case  the  chance  of  the  event  happen- 
ing is  1. 

358.  Since  — ^  -f  — ^  =  1, 
we  have  — ^— r  =  1  — 


a  -\-b  a  -h  ft 

Hence,  if  p  is  the  chance  of  an  event  happening,  1  —  j9  is 
the  chance  of  the  event  failing. 

359.  Examples;  Simple  Event  (1)  What  is  the  chance  of 
throwing  double  sixes  in  one  throw  with  2  dice  ? 

Each  die  may  fail  in  6  ways,  and  all  these  ways  are  equally  likely  to 
occur.    Hence,  the  2  dice  may  fall  in  6  x  6,  or  36,  ways  (§  336),  and 
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these  36  ways  are  all  equally  likely  to  occur.  MoreoTer,  only  one  of  the 
36  ways  can  occur,  and  one  mutt  occur. 

There  is  only  one  way  which  will  give  double  sixes.  Hence,  the 
chance  of  throwing  double  sixes  is  j^. 

Beuark.  It  may  seem  as  though  the  number  of  ways  in  which  the 
dice  can  fall  ought  to  be  21,  the  number  of  different  throws  that  can  be 
made  with  two  dice.  These  throws,  however,  are  not  all  equally  likely 
to  occur. 

To  obtain  ways  that  are  equally  likely  to  occur  we  must  go  back  to  the 
case  of  a  single  die.  One  die  can  fall  in  6  ways,  and  from  the  construction 
of  the  die  it  is  evident  that  these  6  ways  are  all  equally  likely  to  occur. 

Also  the  second  die  can  fall  in  6  ways,  all  equally  likely  to  occur. 
Hence,  the  2  dice  can  fall  in  36  ways,  all  equally  likely  to  occur  (§  336). 

In  this  ciuse  the  throw,  first  die  five,  second  die  six,  is  considered  a 
different  throw  from  first  die  six,  second  die  five.  Consequently,  the 
chance  of  throwing  a  five  and  a  six  is  A,  or  while  the  chance  of 
throwing  double  sixes  is  only  ^.  This  verifies  the  statement  ahready 
made,  that  the  21  different  throws  are  not  all  equally  likely  to  occur. 

(2)  What  is  the  chance  of  throwing  one,  and  only  one,  five 
in  one  throw  with  two  dice  ? 

The  whole  number  of  ways,  all  equally  likely  to  occur,  fai  which  the 
dice  can  fall  is  36.  In  6  of  these  36  ways  the  first  die  will  be  a  five,  and 
the  second  die  not  a  five ;  in  five  of  these  36  ways  the  second  die  will  be 
a  five,  and  the  first  not  a  five.  Hence,  in  10  of  these  ways  one  die,  and 
only  one  die,  will  be  a  five ;  and  the  required  chance  is  or 

The  odds  are  13  to  6  against  the  event. 

(3)  In  the  same  problem  what  is  the  chance  of  throwing  at 
least  one  five  ? 

Here,  we  have  to  include  also  the  way  in  which  both  dice  fall  fives,  and 
the  required  chance  is  1}. 

The  odds  are  26  to  11  against  the  event. 

(4)  What  is  the  chance  of  throwing  a  total  of  5  in  one 
throw  with  2  dice? 

The  whole  number  of  ways,  all  equally  likely  to  occur,  in  which  the 
dice  can  fall  is  36.  Of  these  ways  4  give  a  total  of  5  ;  viz.,  1  and  4,  2 
and  3,  3  and  2,  4  and  1.    Hence,  the  required  chance  is      or  ^. 

The  odds  are  8  to  1  against  the  event. 
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(5)  From  an  urn  containing  5  black  and  4  white  balls, 
3  balls  are  to  be  drawn  at  random.    Find  the  chance  that 

2  balls  will  be  black  and  1  white. 

There  are  9  balls  in  the  am.   The  whole  number  of  ways  in  which 

9x8x7 

3  balls  can  be  selected  from  9  is  ,  or  84. 

1x2x3 

From  the  5  black  balls  2  can  be  selected  in  ,  or  10,  ways :  from 

1x2 

the  4  white  balls  1  can  be  selected  in  4  ways ;  hence,  2  black  balls  and 

1  white  ball  can  be  selected  in  10  x  4,  or  40,  ways. 

The  required  chance  is  = 

The  odds  are  11  to  10  against  the  event. 

(6)  From  a  bag  containing  10  balls  4  are  drawn  and  re- 
placed ;  then  6  are  drawn.  Find  the  chance  that  the  4  first 
drawn  are  among  the  6  last  drawn. 

The  second  drawing  could  be  made  altogether  in 
110 

Lg  =  210  ways. 

Bat  the  drawing  can  be  made  so  as  to  include  the  4  first  drawn  in 
^  =  16  ways, 

since  the  only  choice  consists  in  selecting  2  balls  from  the  6  not  previously 
drawn.    Hence,  the  required  chance  is  ^  =  ^. 

(7)  If  4  coppers  are  tossed,  what  is  the  chance  that  exactly 

2  will  turn  up  heads  ? 

Since  each  coin  may  fall  in  2  ways,  the  4  coins  may  fall  in  2«  =  16 
ways  (§  337).    The  2  coins  to  turn  up  heads  can  be  selected  from  the  4 
4x3 

coins  in  ^  ^  ^  =  6  ways.    Hence,  the  required  chance  is     =  f . 
The  odds  are  5  to  3  against  the  event 

(8)  In  one  throw  with  2  dice,  which  sum  is  more  likely  to 
be  thrown,  9  or  12? 

Out  of  the  36  possible  ways  of  falling,  four  give  the  sum  9  (namely, 
6  +  3,  3  +  6,  6  4-  4,  4  +  5),  and  only  one  way  gives  12  (namely,  6  +  6). 
Hence,  the  chance  of  throwing  9  is  four  times  that  of  throwing  12. 
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Note.  It  will  be  observed  in  the  above  examples  that  we  sometimes 
use  arrangements  and  sometimes  use  selections.  In  some  problems  the 
former,  in  some  problems  the  latter,  will  give  the  ways  which  are  all 
equally  likely  to  occur. 

In  some  problems  we  can  use  either  selections  or  arrangements. 

Ejcerciae  51 

1.  The  chance  of  an  event  happening  is  f .  What  are  the 
odds  in  favor  of  the  event  ? 

2.  If  the  odds  are  10  to  1  against  an  event,  what  is  the 
chance  of  the  event  happening  ? 

3.  The  odds  against  an  event  are  3  to  1.  What  is  the 
t3hance  of  the  event  happening  ? 

4.  The  chance  of  an  event  happening  is  |.  Find  the  odds 
against  the  event. 

5.  In  one  throw  with  a  pair  of  dice  what  number  is  most 
likely  to  be  thrown?  Find  the  odds  against  throwing  that 
number. 

6.  Find  the  chance  of  throwing  doublets  in  one  throw  with 
a  pair  of  dice. 

7.  If  4  cards  are  drawn  from  a  pack  of  52  cards,  what  is 
the  chance  that  there  will  be  1  of  each  suit  ? 

8.  If  4  cards  are  drawn  from  a  pack  of  52  cards,  what  is 
the  chance  that  they  will  all  be  hearts  ? 

9.  If  10  persons  stand  in  a  line,  what  is  the  chance  that  2 
assigned  persons  will  stand  together  ? 

10.  If  10  persons  form  a  ring,  what  is  the  chance  that  2 
assigned  persons  will  stand  together  ? 

11.  Three  balls  are  to  be  drawn  from  an  um  containing 
5  black,  3  red,  and  2  white  balls.  What  is  the  chauoe  of 
drawing  1  red  ball  and  2  black  balls? 
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12.  In  a  bag  are  5  white  and  4  black  balls.  If  4  balls 
are  drawn,  what  is  the  chance  that  they  will  all  be  of  the 
same  color  ? 

13.  If  2  tickets  are  drawn  from  a  package  of  20  tickets 
marked  1,  2,  3,  what  is  the  chance  that  both  will  be 
marked  with  odd  numbers  ? 

14.  A  bag  contains  3  white,  4  black,  and  5  red  balls ;  3  balls 
are  drawn.  Find  the  odds  against  the  3  being  of  three  dif- 
ferent colors. 

16.  Show  that  the  odds  are  35  to  1  against  throwing  16  in 
a  single  throw  with  3  dice. 

16.  There  are  10  tickets  numbered  1,  2,  9,  0.  Three 
tickets  are  drawn  at  random.  Find  the  chance  of  drawing  a 
total  of  22. 

17.  Find  the  probability  of  throwing  15  in  one  throw  with 
3  dice. 

18.  With  3  dice,  what  are  the  relative  chances  of  throwing 
a  doublet  and  a  triplet  ? 

19.  If  3  cards  are  drawn  from  a  pack  of  52  cards,  what  is 
the  chance  that  they  will  be  king,  queen,  and  knave  ? 

360.  Dependent  and  Independent  Events.  Thus  far  we  have 
considered  only  single  events.  We  proceed  to  cases  in  which 
there  are  two  or  more  events. 

Two  or  more  events  are  dependent  or  independent,  according 
as  the  happening  (or  failing)  of  one  event  does  or  does  not 
affect  the  happening  (or  failing)  of  the  other  events. 

.  Thus,  throwing  a  six  and  throwing  a  five  in  any  particular  throw  with 
one  . die  are  dependent  events,  since  the  happening  of  one  excludes  the 
happening  of  the  other. 

Bat,  with  2  dice,  throwing  a  six  with  one  die  and  throwing  a  five  with 
Ibe  4lllier  lun  independent  events,  since  the  happening  of  one  has  no  effect 
upon  the  happening  of  the  other. 
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361.  Eyents  mutnally  Exdusive.  When  several  dependent 
events  are  so  related  that  one,  and  only  one,  of  the  events  can 
happen,  the  events  are  said  to  be  mutually  exclusive. 

Thosj^let  a  single  die  be  thrown,  and  regard  its  falling  one  up,  two 
up,  three  up,  and  so  on,  as  six  different  events.  Then,  these  six  events 
are  evidently  mutually  exclusive. 

362.  If  there  are  several  evevUs  of  which  one,  and  only  one, 
can  happen,  the  chance  that  one  will  happen  is  the  sum  of  the 
respective  chances  of  happening. 

To  prove  this,  let  a,  a',  a",  be  the  number  of  ways 
favorable  to  the  first,  second,  third,  •••  events  respectively, 
and  m  the  number  of  ways  unfavorable  to  all  the  events, 

these  a  -f  a'  4-  a"  H  h     ways  being  all  equally  likely  to 

occur,  and  such  that  one  mttst  occur. 

Kepresent  by  n  the  sum  a  -f  a'  +  a"  +  .  • .  +  m. 

Of  the  n  ways  which  may  occur,  a,  a',  a",  ways  are 
favorable  to  the  first,  second,  third,  .••  events  respectively. 

Hence,  the  respective  chances  of  happening  are 

a  a'  a" 
n    n  n 

Of  the  n  ways  which  may  occur,  a a'  -\-  a"  -\  ways  are 

favorable  to  the  happening  of  some  one  of  the  events.  Hence, 
the  chance  that  some  one  of  the  events  will  happen  is 

a  -f  a'  -f  a"  H   a     a'  a" 

— —  or  -4- --f  — +  ••• 

n  n     n  n 

If,  then,  p,  p'y  p",  "'  are  the  respective  chances  of  happen- 
ing of  the  first,  second,  third,  •  •  •  of  several  mutually  exclusive 
events,  the  chance  that  some  one  of  the  events  will  happen 
isp  +p*  +p"  -\  

Thus,  let  the  throwing  of  two,  a  four,  and  a  six,  with  a  single  die,  be 
three  evente.    These  three  events  are  evidently  mutually  exclusive* 
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There  are  6  ways,  all  equally  likely  to  occur,  in  which  the  die  can  fall ; 
of  these  6  ivays,  one  must  occur,  and  only  one  can  occur. 

The  chance  of  throwing  a  two  is  }  ;  of  throwing  a  four,  ^ ;  of  throwing 
a  six,  I ;  since  there  is  but  one  favorable  way  in  each  case. 

The  chance  of  throwing  an  even  number  is  |,  sinc^  3  out  of  the  6  ways 
are  favorable  ways. 

But  i  =  i  +  i  +  i  ;  hence,  }  is  the  sum  of  the  respective  chances  of 
throwing  a  two,  a  four,  a  six.    (Compare  §  364.) 

363.  Compoand  Events.  If  there  are  two  or  more  eyents, 
the  happening  of  them  together,  or  in  succession,  may  be 
regarded  as  a  compound  event. 

Thus,  the  throwing  of  double  sixes  with  a  pair  of  dice  may  be  regarded 
as  a  compound  event  compounded  of  the  throwing  of  a  six  with  the  first 
die  and  the  throwing  of  a  six  with  the  second  die. 

364.  Concurring  Independent  Events.  ITie  chance  that  two  or 
more  independent  events  will  happen  together  is  the  product  of 
the  respective  chances  of  happening. 

To  prove  this,  let  a  and  a'  be  the  number  of  ways  favorable 
to  the  first  and  second  events  respectively,  and  h  and  the 
number  of  ways  unfavorable  to  the  first  and  second  events 
respectively ;  the  a  -f  6  ways  being  all  equally  likely  to  occur, 
and  such  that  one  must  occur,  and  only  one  can  occur ;  and 
the  a'  +  h-  yrs,y8  being  all  equally  likely  to  occur,  and  such  that 
one  must  occur,  and  only  one  can  occur. 

Then,  the  respective  chances  of  happenings  are  ^  ^  ^  and 

,^  ;  and  the  respective  chances  of  failing  are  — ^-7  and 
a'  +  ft'  a  +  b 

-T—Tf'  Represent  the  former  by  p  and  p']  then,  the  latter 
a  "4"  0 

will  be  1  —p  and  1  —pK 

Consider  the  compound  event.  It  is  evident,  by  §  336,  that 
there  are  (a  +  b)  (a'  -f  b^  ways,  all  equally  likely  to  occur.  Of 
these,  one  must  occur,  and  only  one  can  occur. 
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The  number  of  ways  in  which  both  events  can  happen  is 
oa' ;  hence,  the  chance  that  both  events  will  happen  is 
aa'  a  a'  , 

Similarly,  the  chance  that  both  events  will  fail  is 
the  chance  that  the  first  will  happen  and  the  second  fail  is 

the  chance  that  the  first  will  fail  and  the  second  happen  is 

(a  +  J)(a'  +  &')=<^--P>^- 
Similarly  for  three  or  more  events. 

365.  Suooessive  Dependent  Brents.  By  a  slight  change  in 
the  meaning  of  the  symbols  of  §  364,  we  can  find  the  chance 
of  the  happening  together  of  two  or  more  dependent  events. 

For,  suppose  that,  after  the  first  event  has  happenedy  tiie 
second  event  can  follow  in  a'  ways  and  not  follow  in  6*  ways. 

Then  the  two  events  can  happen  in  — tt:  ways;  and 

so  on,  as  m  §  364.  \  ^  /\   ^  / 

Hence,  if  p  is  the  chance  that  the  first  event  will  happen, 
and  p^  the  chance  that  after  the  first  event  has  happened  the 
second  will  follow,  pp'  is  the  chance  of  both  happening; 
(1  —p)(l  —p'),  the  chance  of  both  failing;  and  so  on. 

Similarly  for  three  or  more  events. 

366.  Examples.  (1)  What  is  the  chance  of  throwing  doable 
sixes  in  one  throw  with  2  dice  ? 

Regard  this  as  a  compound  event.  The  chance  that  the  first  die  will 
turn  up  a  six  is  i  ;  the  chance  that  the  second  die  will  turn  up  a  six  is  ) ; 
the  chance  that  each  die  will  turn  up  a  six  is  }  x  \t  or 

The  events  are  here  independent.  In  Example  (1),  {  869,  the  throwing 
of  double  sixes  is  regarded  as  a  simple  event. 
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(2)  What  is  the  chance  of  throwing  one,  and  only  one,  five 
in  a  single  throw  with  2  dice  ? 

The  chance  that  the  first  die  will  be  a  five,  and  the  second  not  a  five, 
is  I  X  {  =  ^ ;  the  chance  that  the  first  die  will  not  be  a*  five,  and  the 
second  die  a  five,  is  {  x  |  =  A.  These  two  events  are  dependent  and 
mutually  exclusive,  and  the  chance  that  one  or  the  other  of  them  will 
happen  is  (§  962)  A  +  A  =  A-    (Compare  Example  (2),  {  359.) 

(3)  What  is  the  chance  of  throwing  a  total  of  5  in  one 
throw  with  2  dice  ? 

There  are  four  ways  of  throwing  5  :  1  and  4,  2  and  3,  3  and  2, 4  and  1. 
The  chance  of  each  of  these  ways  happening  is  The  events  are  mutu- 
ally exclusive;  hence,  the  chance  of  some  one  happening  is  (|  362) 
A  + A  + A  + A  =  i-    (Compare  Example  (4),  $369.) 

(4)  A  bag  contains  3  balls,  2  of  which  are  white ;  another 
bag  contains  6  balls,  5  of  which  are  white.  If  a  person  is  to 
draw  1  ball  from  each  bag,  what  is  the  chance  that  both  balls 
drawn  will  be  white  ? 

The  chance  that  the  ball  drawn  £rom  the  first  bag  will  be  white  is  } ; 
the  chance  that  the  ball  drawn  from  the  second  bag  will  be  white  is  |. 
The  events  are  independent;  hence,  the  chance  that  both  balls  will  be 
white  is  }  X  I  =  { (S  364). 

(5)  In  the  last  example,  if  all  the  balls  are  in  one  bag,  and 
2  balls  are  to  be  drawn,  what  is  the  chance  that  both  balls 
will  be  white  ? 

The  chance  that  the  first  ball  will  be  white  is  J ;  the  chance  that,  after 
1  white  ball  has  been  drawn,  the  second  will  be  white  is  { ;  the  chance  of 
drawing  2  white  balls  is  (§  365)  }  x  {  =  ^j. 

(6)  The  chance  that  A  can  solve  this  problem  is  };  the 
chance  that  B  can  solve  it  is  If  both  try,  what  is  the 
chance  (1)  that  both  solve  it ;  (2)  that  A  solves  it,  and  B  fails ; 
(3)  that  A  fails,  and  B  solves  it ;  (4)  that  both  fail  ? 

A's  chance  of  snccess  is  f ;  A's  chance  of  failure  is  }. 
B's  chance  of  suooess  is     ;  B's  chance  of  failure  is 
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Therefore,       the  chance  of  (1)  »  f  x     =  }f ; 

the  chance  of  (2)  is  |  x  |^  =  ; 
the  chance  of  (3)  is  |  x  A  =  A ; 
the  chance  of  (4)  is  (  x  = 

The  sam  of  these  four  chances  is  If  +  }t  +  A  +  =  1»  it  ought  to 
be,  since  one  of  the  four  results  is  certain  to  happen. 

(7)  In  Example  (6)  what  is  the  chance  that  the  problem 
will  be  solved  ? 

The  chance  that  both  fail  is  Hence,  the  chance  that  both  do  not 
fail,  or  that  the  problem  will  be  solved,  i8l-A  =  ii(§ 

(8)  From  an  urn  containing  5  black  and  4  white  balls, 
3  balls  are  to  be  drawn  at  random.  Find  the  chance  that  of 
the  3  balls  drawn  2  will  be  black  and  1  white. 

There  are  9  balls  in  the  um.  Suppose  the  balls  to  be  drawn  one  at  a 
time.  The  white  ball  may  be  either  the  first,  second,  or  third  ball  drawn. 
In  other  words,  1  white  ball  and  2  black  balls  may  be  drawn  in 

ji|  =  3ways{§346). 

The  chance  of  the  order,  white  black  black,  is  }  x  {  x  f  =  |}. 
The  chance  of  the  order,  black  white  black,  is{x}xi  =  ^{. 
The  chance  of  the  order,  black  black  white,  is{x|x^  =  j[}. 
Hence,  the  required  chance  is  H  +  iJ  +  iS  =  i?  (§  362). 
The  method  of  Example  (6),  §  359,  is,  however,  recommended  for 
problems  of  this  nature. 

(9)  When  6  coins  are  tossed  what  is  the  chance  that  one, 
and  o/i/y  one,  will  fall  with  the  head  up  ? 

The  chance  that  the  first  alone  falls  with  the  head  up  is  (§  364) 
1  X  I  X  i  X  i  X  I  X  }  =  )  chance  that  the  second  alone  falls  with 
the  head  up  is  A  J  *°d  so  on,  for  each  of  the  6  coins. 

Hence,  the  chance  that  some  one  coin,  and  only  one  coin,  falls  with 
the  head  up  is  A  +  A  +  «  r  +  A  +  A  +  A  =  A  =  A- 

(10)  When  6  coins  are  tossed  what  is  the  chance  that  at 
hast  one  will  fall  with  the  head  up  ? 

The  chance  that  all  will  fall  heads  down  isixjxjxjxjxj  =  ^. 
Hence,  the  chance  that  this  will  not  happen  is  1  —  A  =  H* 
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(11)  A  purse  contains  9  silver  dollars  and  1  gold  eagle,  and 
another  contains  10  silver  dollars.  If  9  coins  are  taken  out 
of  the  first  purse  and  put  into  the  second,  and  then  9  coins  are 
taken  out  of  the  second  and  put  into  the  first  purse,  which 
purse  now  is  the  more  likely  to  contain  the  gold  coin<* 

The  gold  eagle  will  not  be  in  the  second  purse  unless  it  (1)  was  among 
the  9  coins  taken  oat  of  the  first  and  put  into  the  second  purse ;  (2)  and 
not  among  the  9  coins  taken  out  of  the  second  and  put  into  the  first  purse. 
The  chance  of  (1)  is  and  when  (1)  has  happened  the  chance  of  (2) 
is  1).  Hence,  the  chance  of  both  happening  is  A  x  ^  =  Therefore, 
the  chance  that  the  eagle  is  in  the  second  purse  is  and  the  chance  that 
it  is  in  the  first  purse  is  1  ~  A  =  Since  |(  is  greater  than  the 
gold  coin  is  more  likely  to  be  in  the  first  purse  than  in  the  second. 

NoTB.  The  expectation  from  an  uncertain  event  is  the  product  of  the 
chance  that  the  event  will  happen  by  the  amount  to  be  realized  in  case 
the  event  happens. 

(12)  In  a  bag  are  2  red  and  3  white  balls.  A  is  to  draw  a 
ball,  then  B,  and  so  on  alternately ;  and  whichever  draws  a 
white  ball  first  is  to  receive  $10.    Find  their  expectations. 

A*8  chance  of  drawing  a  white  ball  at  the  first  triaT  is  {.  B*s  chance 
of  Jiaving  a  trial  is  equal  to  A's  chance  of  drawing  a  red  ball,  or  {.  In 
case  A  drew  a  red  ball,  there  would  be  1  red  and  3  white  balls  left  in  the 
bag,  and  B^s  chance  of  drawing  a  white  ball  would  be  }.  Hence,  B^s 
chance  of  having  the  trial  and  drawing  a  white  ball  is  f  x  |  =  ^ ;  and 
B*s  chance  of  drawing  a  red  ball  is  i  x  }  =  3^. 

A*s  chance  of  Jiaving  a  second  trial  is  equal  to  B*s  chance  of  drawing 
a  red  ball,  or  In  case  B  drew  a  red  ball,  there  would  be  3  white  balls 
left,  and  A's  chance  of  drawing  a  white  ball  would  be  certainty^  or  1. 

A's  chance,  therefore,  is  |  +     =  A ;  and  B's  chance  is 

A*s  expectation,  then,  is  |7,  and  B's  $3. 

367.  Repeated  Trials.  Given  the  chance  of  an  event  hap- 
pening in  one  trial,  to  find  the  chance  of  its  happening  exactly 
once,  twice,  •  •  •,  r  times  in  n  trials. 

Let  p  be  the  chance  of  the  event  happening,  and  q  the 
chance  of  the  event  failing,  in  one  trial ;  so  that  q  =  1  —p. 
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In  n  trials  the  event  may  happen  exactly  n  times,  n  —  1 
times,  n  —  2  times,  •  •  •  down  to  no  times.  The  respective 
chances  of  happening  are  as  follows: 

n  times.    The  required  chance,  by  §  364,  is  p^. 

nT—  1  times.  The  one  failure  may  occur  in  any  one  of  the 
n  trials;  that  is,  in  n  ways.  The  chance  of  any  particular  way 
occurring  is  p'^^^q ;  the  required  chance  is,  therefore,  np*~*y. 

n  —  2  tim^.  The  two  failures  may  occur  in  any  two  of  the 
n  trials;  that  is,  in  ^^ck—^-  ways.    The  chance  of  any  par- 

ticular  way  occurring  is  p^^^q*]  the  required  chance  is,  there- 
,      n(n  —  1)   .  ,  , 
'      [2 — " 

r  tim^.    The  «  —  r  failures  may  occur  in  any  n  —  r  of  the 

In 

n  trials;  that  is,  in  r  r-  ways.   The  chance  of  any  particu- 

\n  —  r  Ir 

lar  way  occurring  is  p''^^''',  the  required  chance  is,  therefore, 
[n 


In 

Similarly,  the  chance  of  exactly  r  failures  is  ^/^""y- 

The  coefficients  of  the  chance  of  r  successes  and  of  r  failures 
are  the  same,  by  §  343. 

If,  then,  (p  4-  qY  is  expanded  by  the  binomial  theorem,  it 
is  evident  that  the  successive  terms  are  the  chances  that  the 
event  will  happen  exactly  n  times,  n  —  1  times,  •  •  •  down  to 
no  times. 

The  chances  that  the  event  will  happen  cU  least  r  times  in 

[n 

n  trials  is  evidently  j^*  -f  np*-^q  H  h _ 

NoTX.    Since  p  +  g  =  1,  we  have,  whatever  the  value  of  n, 
1  =  p»  4-  ni>*-ig  +  •  •  •  +  npg^-i  +  g", 
a  somewhat  remarkable  equation  inasmuch  as  there  exists  but  one 
relation  between  p  and  g,  mz.,  p  +  ^  =  1. 
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368.  Examples.  (1)  What  is  the  chance  of  throwing  with 
a  single  die  a  six  exactly  3  times  in  5  trials?  at  least  3 
times? 

There  are  to  be  2  failures.   The  2  failures  may  occur  in  any  2  of 
5x4 

the  6  trials ;  that  is,  in  — — ,  or  10,  ways.   In  any  particular  way  there 

will  be  3  sixes  and  2  failures,  and  the  chance  of  this  way  occurring  is 
(i)'  (I)' ;  the  chance  of  throwing  exactly  3  sixes  is,  therefore, 

\6/  V6  /  3888 

The  chance  of  throwing  at  least  3  sixes  is  found  by  adding  the  respec- 
tive chances  of  throwing  5  sixes,  4  sixes,  3  sixes ;  and  is 

(t)*  +  6(i)MJ) +  10  =  M. 

(2)  A's  skill  at  a  game^  which  cannot  be  drawn,  is  to  B's 
skill  as  3  to  4.  If  they  play  3  games,  what  is  the  chance  that 
A  will  win  more  games  than  B  ? 

Their  respective  chances  of  winning  a  particular  game  are  f  and  |. 
For  A  to  win  more  games  than  B,  he  must  win  all  3  games  or  2  games. 
The  chance  that  A  wins  all  3  games  is  (f  )*  =  The  chance  that  A 
wins  any  particular  set  of  2  games  out  of  the  3  games,  and  that  B  wins 
the  third  game,  Is  (f)^  x  (^).  As  there  are  3  ways  of  selecting  a  set  of 
2  games  out  of  3,  the  chance  that  A  wins  2  games,  and  B  wins  1  game, 
is  3  X  (f  )^  X  f  =  |}|.    Hence,  the  chance  that  A  wins  more  than  B  is 

(3)  In  the  last  example  find  B's  chance  of  winning  more 
games  than  A. 

B's  chance  of  winning  all  3  games  is  (f  )*  =  The  chance  that  B 
wins  2  games,  and  A  wins  1  game,  is  3  x  (^)^  x  f  =  Hence,  B's 
chance  of  winning  more  games  than  A  is      +      =  f f|. 

Notice  that  A*s  chance  added  to  B*s  chance,  |D  +  f^,  is  1.  Why 
should  this  be  so  ? 

(4)  A  and  B  throw  with  a  single  die  alternately,  A  throw- 
ing first ;  and  the  one  who  throws  an  ace  first  is  to  receive  a 
prize  of  $110.    What  are  their  respective  expectations  ? 
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The  chance  of  winning  the  prize  at  the  first  throw  is  )  ;  of  winning  at 
the  second  throw,  }  x  )  ;  of  winning  at  the  third  throw,  x  ^ ;  of  win- 
ning at  the  fourth  throw,  ({)*  x  i ;  and  so  on. 

Hence,  A's  chance  is  }  +        a^d  B's  chance  is 

+  +  +  "*  Evidently  B's  chance  is  {  of  A*8  chance. 
Since  A's  chance  +  B*s  chance  =  1,  A's  chance  is  ^  and  B's  ^.  A's 
expectation  ib^oI  $110,  or  $60 ;  and  B's  ^  of  $110,  or  $50. 

Bxarciae  52 

1.  One  of  two  events  must  happen.  If  the  chance  of  the 
first  is  §  that  of  the  other,  find  the  odds  against  the  first 

2.  There  are  three  events,  A,  B,  C,  of  which  one  must  hap- 
pen, and  only  one  can  happen.  The  odds  are  3  to  8  on  A,  and 
2  to  5  on  B.    Find  the  odds  on  C. 

3.  In  one  bag  are  9  balls  and  in  another  6  ;  and  in  each 
bag  the  balls  are  marked  1,  2,  3,  and  so  on.  If  one  ball  is 
drawn  from  each  bag,  what  is  the  chance  that  the  two  balls 
will  have  the  same  number  ? 

4.  What  is  the  chance  of  throwing  at  least  one  ace  in  2 
throws  with  one  die? 

5.  Find  the  probability  of  throwing  a  number  greater  than 
9  in  a  single  throw  with  a  pair  of  dice. 

6.  The  chance  that  A  can  solve  a  certain  problem  is  J,  and 
the  chance  that  B  can  solve  it  is  f .  What  is  the  chance  that 
the  problem  will  be  solved  if  both  try  ? 

7.  A,  B,  C  have  equal  claims  for  a  prize.  A  says  to  B: 
"  You  and  C  draw  lots,  and  the  winner  shall  draw  lots  with 
me  for  the  prize."    Is  this  fair  ? 

8.  A  bag  contains  5  tickets  numbered  1,  2,  3,  4,  6.  Three 
tickets  are  drawn  at  random,  the  tickets  not  being  replaced 
after  drawing.    Find  the  chance  of  drawing  a  total  of  10. 
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9.  A  bag  contains  10  tickets,  5  marked  1,  2,  3,  4,  5,  and 
6  blank.  Three  tickets  are  drawn  at  random,  each  being 
replaced  before  the  next  is  drawn.  Find  the  probability  of 
drawing  a  total  of  10. 

10.  Find  the  probability  of  drawing  in  Example  9  a  total 
of  10  when  the  tickets  are  not  replaced. 

11.  A  bag  contains  four  $10  gold  pieces  and  six  silver 
dollars.  A  person  is  entitled  to  draw  2  coins  at  random. 
Find  the  value  of  his  expectation. 

12.  Six  $5  gold  pieces,  four  $3  gold  pieces,  and  5  coins  which 
are  either  all  gold  dollars  or  all  silver  dimes  are  thrown  together 
into  a  bag.  Assuming  that  the  unknown  coins  are  equally 
likely  to  be  dimes  or  dollars,  what  is  a  fair  price  to  pay  for 
the  privilege  of  drawing  at  random  a  single  coin  ? 

13.  A  bag  contains  six  $5  gold  pieces,  and  4  other  coins 
which  all  have  the  same  value.  The  expectation  of  drawing 
at  random  2  coins  is  worth  $8.40.  Find  the  value  of  each 
of  the  unknown  coins. 

14.  Find  the  probability  of  throwing  at  least  one  ace  in  4 
throws  with  a  single  die. 

16.  A  copper  is  tossed  3  times.  Find  the  chance  that  it 
will  fall  heads  once  and  tails  twice. 

16.  What  is  the  chance  of  throwing  double  sixes  at  least 
once  in  3  throws  with  a  pair  of  dice  ? 

17.  Two  bags  contain  each  4  black  and  3  white  balls.  A 
ball  is  drawn  at  random  from  the  first  bag,  and  if  it  is  white, 
it  is  put  into  the  second  bag,  and  a  ball  diawn  at  random  from 
that  bag.    Find  the  odds  against  drawing  two  white  balls. 

18.  A  and  B  play  at  chess,  and  A  wins  on  an  average  2 
games  out  of  3.  Find  the  chance  of  A's  winning  exactly 
4  games  out  of  the  first  6,  drawn  games  being  disregarded. 
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19.  At  temiifl  A  on  an  aven^  beats  B  2  games  out  of  3. 
If  they  play  one  set,  find  the  chance  that  A  will  win  by  the 
score  of  6  to  2. 

20.  A  and  B,  two  players  of  equal  skill,  are  playing  tennis. 
A  needs  2  games  to  win  the  set,  and  B  needs  3  games.  Find 
the  chance  that  A  will  win  the  set 

21.  If  n  coins  are  tossed  up,  what  is  the  chance  that  one, 
and  only  one,  will  turn  up  head? 

22.  A  bag  contains  n  balls.  A  person  takes  out  one  ball, 
and  then  replaces  it.  He  does  this  n  times.  What  is  the 
chance  that  he  has  had  in  his  hand  eveiy  ball  in  the  bag  ? 

23.  If  on  an  average  9  ships  out  of  10  return  safely  to  port, 
what  is  the  chance  that  out  of  5  ships  expected  at  least  3  will 
safely  return  ? 

24.  At  tennis  A  beats  B  on  an  average  2  games  out  of  3 ; 
if  the  score  is  4  games  to  3  in  B's  favor,  find  the  chance  of 
A's  winning  6  games  before  B  does. 

26.  The  odds  against  a  certain  event  are  5  to  4,  and  the  odds 
for  another  independent  event  are  6  to  5.  Find  the  chance 
that  at  least  one  of  the  events  will  happen. 

26.  A  draws  5  times  (replacing)  from  a  bag  containing  3 
white  and  7  black  balls,  drawing  each  time  one  ball ;  every 
time  he  draws  a  white  ball  he  is  to  receive  $1,  and  every  time 
he  draws  a  black  ball  he  is  to  pay  50  cents.  What  is  his 
expectation  ? 

27.  From  a  bag  containing  2  eagles,  3  dollars,  and  3  quarter- 
dollars,  A  is  to  draw  1  coin  and  then  B  3  coins ;  and  A,  B,  and 
C  are  to  divide  equally  the  value  of  the  remainder.  What 
are  their  expectations  ? 

28.  What  is  the  chance  of  throwing  with  a  single  die  a  five 
at  least  twice  in  four  throws  ? 
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3G9.  Existence  of  Causes.  In  the  problems  thus  far  con- 
sidered we  have  been  concerned  only  with  future  events ;  we 
now  proceed  to  a  different  class  of  problems,  problems  of 
which  the  following  is  the  general  type. 

An  event  has  happened.  There  are  several  possible  causes, 
of  which  one  mitst  have  existed,  and  only  one  can  have  existed. 
From  the  several  possible  causes  a  particular  cause  is  selected ; 
required  the  chance  that  this  was  the  true  cause. 

Before  proceeding  to  the  general  problem  we  shall  consider 
some  examples. 

(1)  Ten  has  been  thrown  with  2  dice.  Required  the  chance 
that  the  throw  was  double  fives. 

Ten  can  be  thrown  in  8  ways :  6,  4 ;  4,  6 ;  6,  6.  One  of  these  three 
ways  must  have  occurred,  and  only  one  can  have  oocurred. 

Brfore  the  event  the  chances  that  these  respective  ways  would  occur 
were  all  equal. 

We  shall  aasume  that  after  the  event  the  chances  that  these  respective 
ways  have  occurred  are  all  equal. 

Then,  precisely  as  in  §  354,  the  chance  that  the  throw  was  double  fives 
is    and  the  chance  that  the  throw  was  a  six  and  a  four  is  i  +  i  =  f  * 

(2)  Fifteen  has  been  thrown  with  3  dica  Required  the 
chance  that  the  throw  was  3  fives. 

Fifteen  can  be  thrown  in  10  ways : 

664  646  466  668  366 
646         664         466         636  666 

One  of  these  10  ways  must  have  occurred,  and  only  one  can  have 
occurred. 

Before  the  event  the  chances  that  these  respective  ways  toouXd  occur 
were  all  equal. 

We  shall  assume  that  c^fter  the  event  the  chances  that  the  respective 
ways  have  occurred  are  all  equal. 

Then,  precisely  as  in  §  364,  the  chance  that  the  throw  was  3  fives  is 

(3)  A  box  contains  4  white  balls  and  2  black  balls.  Two 
balls  are  drawn  at  random  and  put  into  a  second  box.  From 
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the  second  box  1  ball  is  then  drawn  and  found  to  be  white. 
Required  the  chance  that  the  two  balls  in  the  second  box  are 
both  white. 

Brfore  the  eoewt  there  were  three  cases  which  might  exist.  These 
caaes,  with  the  respectiye  chances  of  existence,  were  as  follows: 
The  second  box  might  contain : 

(a)  2  white  balls,  of  which  the  chance  was  |. 

(b)  I  white  and  I  black  ball,  of  which  the  chance  was  A* 

(c)  2  black  balls,  of  which  the  chance  was 

Since  1  white  ball  has  been  drawn,  (c)  is  impossible ;  we  have,  there- 
fore, only  (a)  and  (b)  to  consider. 

Supposing  (a)  to  exist,  the  chance  of  drawing  a  white  ball  from  the 
second  box  was  1 ;  supposing  (b)  to  exist,  the  chance  of  drawing  a  white 
ball  from  the  second  box  was  i. 

Hence,  the  chance  brfore  the  event  that  (a)  exists,  and  we  draw  a  white 
ball,  that  is,  the  chance  that  we  draw  a  white  ball  from  2  white  balls, 
was  {  X  1  =  { ;  the  chance  b^ore  the  eoeiU  that  (b)  exists,  and  we  draw  a 
white  ball,  that  is,  the  chance  that  we  draw  a  white  ball  from  a  white 
ball  and  a  black  ball,  was  A  X  }  =  A. 

Represent  by  Qi  the  chance  after  the  event  that  (a)  existed,  and  by  Qg 
the  chance  <nfter  the  event  that  (b)  existed. 

We  shall  assume  that  Qi  and  Qa  are  proportional  to  the  chance  brfore 
the  event  that  a  white  ball  would  be  drawn  from  (a),  and  the  chance 
brfore  the  event  that  a  white  ball  would  be  drawn  from  (b). 

This  assumption  corresponds  to  the  assumption  in  Examples  (1)  and  (2), 
in  which  the  cases  were  equally  likely  to  occur.    We  assume,  then,  that 

"I    A  I+A' 

But  Qi  +  Qa  =  1,  since  either  (a)  or  (b)  miat  exist ;  also  i  +  A  =  i- 

I    A  I 

...  Qi  =  f.  and  Q,  =  |. 
The  chance  that  both  balls  are  white  is  }. 

370.  In  general,  let  Pu  Pt,  Pt,  be  the  chance  before  the 
event  that  the  first,  second,  third,  •  •  •  cause  exists ;  and  pi, 
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•  •  •  the  chance  before  the  event  that,  when  the  first,  second, 
third,  •  •  •  cause  exists,  the  event  will  follow.  Let  Qi,  <2„  Qj, 
•  -  •  be  the  chance  after  the  event  that  the  first,  second,  third, 
■  ■  •  cause  existed. 

Then  Pipi  is  the  chance  before  the  event  that  the  event 
will  happen  from  the  first  cause ;  P^pt,  the  chance  before  the 
event  that  the  event  will  happen  from  the  second  cause ;  and 
so  on. 

We  shall  assume  that  Qi,  Q3,  Qs,  •••  are,  respectively,  pro- 
portional to  PiPiy  PiPi,  PtPzi  '  •  • 

Thatis,  ^  =  ^  =  -^  =  ... 

'  PiPi     PiP%  PtPz 

Therefore,  by  §  246, 

Qi        Qt       Qz  Qi  4-  d  4-  Os  -f  • '  • 


PiPi     P^Pt    PzP%  PxPy.  4-  P%P%  +  PzPz  4-  •  • 

But  Qi  4-  Qs  4-  Qs  H  =     since  some  one  of  the  causes 

must  exist.  Hence, 

PxPx     P^P^     PzPz     "'     PiPi-hPiPt-^  PtPt-h  "' 
from  which  Qi,  Q^,  Qsy  "  -        readily  be  found. 


Bzercise  53 

1.  An  even  number  greater  than  6  has  been  thrown  with 

2  dice.    What  is  the  chance  that  doublets  were  thrown  ? 

2.  A  number  divisible  by  3  has  been  thrown  with  2  dice. 
What  is  the  chance  that  the  number  was  odd  ? 

3.  Fourteen  has  been  thrown  with  3  dice.  Find  the  chance 
that  one,  and  only  one,  of  the  dice  turned  up  a  six. 

4.  An  even  number  greater  than  10  has  been  thrown  with 

3  dica    Find  the  chance  that  the  number  was  14. 
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6.  From  a  bag  containing  6  white  and  2  black  balls  a  per- 
son draws  3  balls  at  random  and  places  them  in  a  second  bag. 
A  second  person  then  draws  from  the  second  bag  2  balls  and 
finds  them  to  be  both  white.  Find  the  chance  that  the  third 
ball  in  the  second  bag  is  white. 

6.  A  bag  contains  4  balls,  each  of  which  is  equally  likely  to 
be  white  or  black.  A  person  is  to  receive  $12  if  all  four  are 
white.    Find  the  value  of  his  expectation. 

Suppose  he  draws  2  balls  and  finds  them  to  be  both  white. 
What  is  now  the  value  of  his  expectation  ? 

7.  A  and  B  obtain  the  same  answer  to  a  certaui  problem. 
It  is  found  that  A  obtains  a  correct  answer  11  times  out  of 
12,  and  B  9  times  out  of  10.  If  it  is  100  to  1  against  their 
making  the  same  mistake,  find  the  chance  that  the  answer 
they  both  obtain  is  correct. 

8.  From  a  pack  of  52  cards  one  has  been  lost;  from  the 
imperfect  pack  2  cards  are  drawn  and  found  to  be  both  spades. 
Required  the  chance  that  the  missing  card  is  a  spade. 

371.  Expectation  of  Life.  The  subjoined  table  gives  the 
mortality  experience  of  thirty-five  life  insurance  companies. 
Columns  A  show  the  age-year ;  columns  D  show  the  number 
of  deaths  during  the  corresponding  age-years  in  columns  A ; 
and  columns  S  show  the  number  who  survive  at  the  end  of 
the  year;  that  is,  the  number  who  attain  the  full  age  in 
columns  A. 

Thus,  out  of  1000  healthy  persons  who  attain  the  age  of  10  years,  4  die 
at  that  age,  that  is,  during  their  11th  year,  and  906  surriye  to  attain  the 
full  age  of  11  years.  Again,  looking  opposite  the  31  in  column  A,  we 
find  that  of  the  1000  persons  arriving  at  the  age  of  10  years,  7  die  during 
their  Slst  year  and  883  survive  to  attain  the  full  age  of  31.  Hence,  890 
out  of  the  1000  must  have  survived  to  the  full  age  of  30,  and  110  had  died 
without  attaining  that  age. 
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976 
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7 

862 
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53 

12 
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23 

359 
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7 
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5 

967 
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8 

846 
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13 
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24 

335 
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8 

838 
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91 
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6 

956 
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8 

880 
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644 
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25 

285 
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259 

93 
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40 

8 

814 
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615 
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938 
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209 
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796 

60 

16 
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96 

0.9 

1.5 

25 

7 

925 
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17 
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7 
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44 
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21 
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27 

7 

911 
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9 
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18 
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81 

20 
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99 
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0.2 

28 

7 

904 

46 

9 

760 

64 

19 

512 

82 

18 

104 

100 

0.2 

0 

(1)  What  is  the  chance  that  a  person  who  has  just  completed 
his  51st  year  dies  before  he  is  52  ? 

Oat  of  every  707  healthy  persons  who  complete  the  51st  year  of  their 
lives,  12  die  during  their  52d  year  and  695  survive.  Hence,  the  chance 
of  the  death  during  his  52d  year  of  the  person  in  question  is 

(2)  What  is  the  chance  that  a  person  aged  20  lives  till  he 
is  60? 

Out  of  every  956  persons  who  attain  the  age  of  20  years,  718  survive  to 
attain  the  full  age  of  50.  Hence,  the  chance  that  the  person  in  question 
Uves  till  he  is  50  is  ^t- 

(3)  What  is  the  expectation  of  life  of  a  person  who  has  just 
completed  his  90th  year  ? 

The  chance  that  he  will  die  during  his  91st  year  is  during  his 
92d  year  ^5^,  during  his  93d  year  during  his  94th  year  and  so 
on  as  per  table.   But  if  he  dies  during  his  91st  year,  he  may  die  with 
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equal  probability  in  any  part  of  it ;  hence,  his  expectation  of  life  is  year. 
So  if  he  dies  during  his  92d  year,  his  expectation  will  be  li  years.  If  he 
dies  during  his  03d  year,  his  expectation  will  be  2^  years,  and  so  on. 
Hence,  his  whole  expectation  will  be 

44xl+88x8-h26x6-fl8x7-f  13x0-f9xll4-6xl3+4xl5-f3xl7-h2xl9 

167x2 
=  Hi  =  2iii  years  of  life. 

(4)  What  is  the  expectation  of  life  of  a  person  who  has  just 
completed  his  80th  year  ? 

The  chance  that  he  will  die  daring  his  Slst  year  is       his  82d  year  is 
his  83d  year  is       and  so  on.   His  expectation  of  life  prior  to  the 
completion  of  his  00th  year  is 

20xl-fl8x3-fl7x6-fl6x7-fl3xO+-'  +  6.3xlO 
142x2 
=  itH  =  8.6. 

The  chance  that  he  will  survive  his  00th  year  is  ^f^.  Therefore,  his 
expectation  of  life  subsequent  to  his  00th  year  is 

the  10  years  being  added  to  the  result  of  Example  (3). 
Hence,  his  whole  expectation  is  3.5  +  1.4  =  4.0  years. 

Bzerciae  54 

1.  If  B  has  just  attained  the  age  of  21,  what  is  the  chance  of 
his  death  within  a  year  ?   Within  6  years  ?   Within  10  years  ? 

2.  If  A  is  just  25  years  old,  what  is  the  chance  of  his  living 
till  he  is  50?   .Till  he  is  60?    Till  he  is  75? 

3.  B  and  C  are  twins  just  18  years  old.  What  is  the  chance 
that  they  will  both  attain  the  age  of  50  ?  That  one,  but  not 
both,  will  die  before  the  age  of  50  ? 

4.  A  bridegroom  of  24  marries  a  bride  of  21.  What  is  the 
chance  that  they  will  live  to  celebrate  their  golden  wedding  ? 

5.  What  is  the  expectation  of  life  of  a  person  who  has 
attained  the  age  of  75?    Of  70?    Of  60? 
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VARIABLES  AND  LIMITS 

372.  Constants  and  Variables.  A  number  that,  under  the 
conditions  of  the  problem  into  which  it  enters,  may  take 
different  values  is  called  a  variable. 

A  number  that,  under  the  conditions  of  the  problem  into 
which  it  enters,  has  a  fixed  value  is  called  a  constant 

Variables  are  generally  represented  by  x,  y,  «,  etc.;  con- 
stants, by  the  Arabic  numerals,  and  by  a,  b,  c,  etc. 

373.  Functions.  Two  variables  may  be  so  related  that  a 
change  in  the  value  of  one  produces  a  change  in  the  value 
of  the  other.  In  this  case  the  second  variable  is  said  to  be  a 
fanction  of  the  first. 

Thus,  if  a  man  walkB  on  a  road  at  a  uniform  rate  of  a  miles  per  hour, 
the  number  of  miles  he  walks  and  the  number  of  hours  he  walks  are  both 
variables,  and  the  first  is  a  function  of  the  second.  If  y  is  the  number 
of  miles  he  has  walked  at  the  end  of  x  hours,  y  and  x  are  connected  by 

y 

the  relation  y  =  ox,  and  y  is  a  function  of  x.  Also,  x  =  - ;  hence,  x  \a 
also  a  function  of  y. 

When  one  of  two  variables  is  a  function  of  the  other,  the 
relation  between  them  is  generally  expressed  by  an  equation. 
If  any  value  of  the  variable  is  assumed,  the  corresponding 
value  or  values  of  the  function  can  be  found  from  the  given 
equation. 

The  variable  of  which  the  value  is  assumed  is  generally 
called  the  independent  variable;  and  the  function  is  called 
the  dependent  variable. 
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In  the  last  example  we  may  assume  values  of  x,  and  find  the  corre- 
sponding values  of  y  from  the  relation  y  =  ax;  or  assume  values  of  y,  . 

and  find  the  corresponding  values  of  z  from  the  relation  '  =  |-   In  the 

first  case  x  is  the  independent  variable,  and  y  the  dependent;  in  the 
second  case  y  is  the  independent  variable,  and  z  the  dependent. 

374.  Limits.  As  a  variable  changes  its  value,  it  may 
approach  some  constant;  if  the  variable  can  be  made  to 
approach  the  constant  as  near  as  we  please,  the  variable  is 
said  to  approa^ih  the  constant  as  a  limit ,  and  the  constant  is 
called  the  limit  of  the  variable. 

Let  X  represent  the  sum  of  n  terms  of  the  infinite  series 

l  +  i  +  t  +  t  +  --- 

Then  (§276),     x=^V  /=:l^=:2-~^. 

Suppose  n  to  increase ;  then,  -^zi  ^^^c^^o^uBes,  and  x  approaches  2. 

Since  we  can  take  as  many  terms  of  the  series  as  we  please,  n  can  be 

made  as  large  as  we  please ;  therefore,         can  be  made  as  small  as  we 

please,  and  x  can  be  made  to  approach  2  as  near  as  we  please. 

If  we  take  any  assigned  positive  constant,  as  y^js^^  we  can  make  the 
difference  between  2  and  x  less  than  this  assigned  constant ;  for  we  have 

only  to  take  n  so  large  that        is  less  than  —^—r ;  that  is,  that  2*-'  is 

^         2'«-^  10000 
greater  than  10,000 :  this  is  accomplished  by  taking  n  as  large  as  15. 
Similarly,  by  taking  n  large  enough,  we  can  make  the  difference  between 
2  and  x  less  than  any  assigned  positive  constant. 

Since  2  —  x  can  be  made  as  small  as  we  please,  it  follows  that  the  sum 

of  n  terms  of  the  series  1  +    +  }  +   ,asniB  constantly  increased, 

approaches  2  as  a  limit, 

375.  Test  for  a  Limit    In  order  to  prove  that  a  variable 

approaches  a  constant  as  a  limit,  it  is  necessary  and  sujgieient 
to  prove  that  the  difference  in  absolute  value  between  the 
variable  and  the  constant  can  become  and  remain  less  than 
any  assigned  constant y  however  small. 
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A  variable  may  approach  a  constant  without  approaching  it 
as  a  limit. 

Thus,  in  the  last  example  z  approaches  3,  but  not  as  a  limit ;  for  3  —  z 
cannot  be  made  as  near  to  0  as  we  please,  since  it  cannot  be  made  less 
than  1. 

376.  Infinitesimals.  As  a  variable  changes  its  value,  it  may 
constantly  decrease  in  absolute  value ;  if  the  variable  can 
become  and  remam  less  in  absolute  value  than  any  assigned 
constant  however  snuUl,  the  variable  is  said  to  decrease  with- 
out  limit,  or  to  decrease  indefinitely.  In  this  case  the  variable 
approaches  zero  as  a  limit.  ^ 

When  a  variable  that  approaches  zero  as  a  limit  is  conceived 
to  become  and  remain  less  in  absolute  value  than  any  assigned 
constant  however  small,  the  variable  is  said  to  become  infini- 
tesimal ;  such  a  variable  is  called  an  infinitesimal  number,  or 
simply  an  InfinitesimaL 

377.  Infinites.  As  a  variable  changes  its  value,  it  may 
constantly  increase  in  absolute  value;  if  the  variable  can 
become  greater  in  absolute  value  than  any  assigned  constant 
however  great,  the  variable  is  said  to  increase  without  limit, 
or  to  increase  indefinitely. 

When  a  variable  is  conceived  to  become  and  remain  greater 
in  absolute  value  than  any  assigned  constant  however  great, 
the  variable  is  said  to  become  infinite  ;  such  a  variable  is  called 
an  infinite  number,  or  simply  an  infinite. 

Infinites  and  infinitesimals  are  variables,  not  constants. 
There  is  no  idea  of  fia^  value  implied  in  either  an  iufinite 
or  an  infinitesimaL 

A  constant  whose  absolute  value  can  be  shown  to  be  less 
than  the  absolute  value  of  any  assigned  constant  however 
small  can  have  no  other  value  than  zero. 

378.  Finites.  A  number  that  cannot  become  an  infinite 
or  an  infinitesimal  is  said  to  be  a  finite  number,  or  simply  a 
finite. 
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379.  ReUtions  between  Infiiiites  and  InilniteBunala. 

1,  If  xis  infinitesimal  and  a  is  finite  and  not  0,  then  ax 
is  infinitesimal. 

For,  ax  can  be  made  less  in  absolute  value  than  any  assigned 
constant  since  x  can  be  made  less  than  any  assigned  constant 

II.  If  X.is  infinite  and  a  is  finite  and  not  0,  then  aX  is 
infinite. 

For,  aX  can  be  made  larger  in  absolute  value  than  any 
assigned  constant  however  large  since  X  can  be  made  larger 
in  absolute  value  than  any  assigned  constant  however  large. 

III.  If  X  is  infinitesimal  and  a  is  finite  and  not  0,  then  - 
is  infinite. 

a 

For,  -  can  be  made  larger  in  absolute  value  than  any 

X 

assigned  constant  however  large  since  x  can  be  made  less  in 
absolute  value  than  any  assigned  constant  however  small 

a 

IV.  If  'X.  is  infinite  and  a  is  finite  and  not  0,  then  —  is 
infinitesimal. 

For,     can  be  made  less  in  absolute  value  than  any  assigned 

constant  however  small  since  X  can  be  made  larger  in  abso- 
lute value  than  any  assigned  constant  however  large. 

In  the  above  theorems  a  may  he  a  constant  or  a  variable  ;  the 
only  restriction  on  the  value  of  a,  is  tha^t  it  shall  not  become 
either  infinite  or  zero. 

380.  From  §  197  one  root  of  the  quadratic  equation 
ax^  4-  fta;  4-  c  =  0  is  infinite  when  a  is  infinitesimal,  and 
both  roots  are  infinite  when  a  and  b  are  both  infinitesimal 

381.  Abbreviated  Notation.  An  infinite  is  often  represented 
by  00.    In  §  379,  III  and  lY  are  sometimes  written 
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The  eipEcnioii  ^  cannoi  be  inteipieted  litenlly  since  we  cannot  divide 
by  0 ;  neitiier  can  —  =  0  be  inleipieted  UtexaUy  since  we  can  find  no 

00 

number  soch  that  the  quotient  obtained  by  dividing  a  by  that  number  ia 
zero. 

(g  a 

-  =  00  is  simply  an  abbreviated  way  of  writing :      -  =  X,  and  x 

approaeka  0  om  a  timtt,  X  mereaaes  withmU  limiL 

^  =  0  is  simply  an  abbreviated  way  of  writing :      ^  =  z  and  X 

tncreoMS  wUkout  limUj  x  approaches  0  as  a  limit. 

The  symbol  ==  is  used  for  the  phrase  a^pro<iehes  as  a  limit. 
Thus,  z  =  a  means  and  is  read  as  x  approaches  has  a  limit, 

382.  Approach  to  a  Limit  When  a  variable  approaches  a 
limit  it  may  approach  its  limit  in  one  of  three  ways : 

1.  The  variable  may  be  always  less  than  its  limit. 

2.  The  variable  may  be  always  greater  than  its  limit. 

3.  The  variable  may  be  sometimes  less  and  sometimes  greater 
than  its  limit. 

If  z  represents  the  sum  of  n  terms  of  the  series  I  +  i  +  i  +  i  +  '**t 
X  is  always  less  than  its  limit  2. 

If  z  represents  the  sum  of  n  terms  of  the  series  3  —  |  —  i  —  — 
X  is  always  greater  than  its  limit  2. 

If  z  represents  the  sum  of  ntermsof  the  series  3  —  }  +  }  —  {  +  we 
have  (§276) 

As  n  is  indefinitely  increasedf  z  evidently  approaches  2  as  a  limit.. 
If  n  is  even,  z  is  less  than  2  ;  if  n  is  odd,  z  is  greater  than  2.  Hence, 
if  n  is  increased  by  taking  each  time  one  more  term,  z  is  alternately  less 
than  and  greater  than  2.    If,  for  example, 

n  =  2,         3,         4,         6,         6,  7, 
z  =  Ii,       2i,        If       2tV,      Hh  Vj. 

In  whatever  way  a  variable  approaches  a  constant,  the  test 
for  a  limit  given  in  §  375  always  applies. 
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383.  Equal  Variables.  If  tvoo  variablea  are  always  equal, 
and  each  approaches  a  limit,  then  their  limits  are  equal. 

Let  X  and  y  be  increasing  yariables,  a  and  b  their  limits. 

Now,  a  =  a;  -h  a'  and  ft  =  y  4-  y',  (S  375) 

where  x'  and  y'  are  variables  which  approach  0  as  a  limit 

Then,  since  the  equation  x  =  y  always  holds  true, 
a  -  ft  =    -  y'. 

But  x*—y*  can  be  made  less  than  any  assigned  constant  since 
x'  and  y'  can  each  be  made  less  than  any  assigned  constant 

Since  x'  —  y'  is  always  equal  to  the  constant  a  —  ft,  —  y' 
must  be  a  constant.  But  the  only  constant  which  is  less  than 
any  assigned  constant  is  0.  (§  337) 

Therefore,  —  y'  =  0. 

Henoe,  a  —  ft  =  0,  or  a  =  ft. 

384.  Limit  of  a  Sum.  The  limit  of  the  algebraic  sum  of 
any  finite  number  of  variables  is  the  algebraic  sum  of  their 
limits. 

Let  a;,  y,  «,  •  •  •  be  variables,  and  a,  ft,  e,  •  •  •  their  limits.  Then, 
a  —  Xyb  —  yyC  —  z,"'  are  variables  which  can  each  be  made  less 
than  any  assigned  constant  (§  375).  Then,  (a  —  a)  -f  (ft  —  y) 
-f  (c  —  «)  H  can  be  made  less  than  any  assigned  constant 

For,  let  c  be  the  numerically  greatest  of  the  variables  a  —  x,  6  —  y, 
c  —  z,  •  •    and  n  the  number  of  variables. 

Then,  (a  -  x)  +  (6  —  y)  +  (c  -  2)  +  •••<«  +  «  +  »•••  to  n  terms. 

But  c  +  «  +        to  n  terms  =  nc. 

Now  nv  can  be  made  less  than  any  assigned  constant  since  n  is  finite, 
and  V  can  be  made  less  than  any  assigned  constant  (§  370, 1). 

Therefore,  (a  -  x)  +  (6  -  y)  +  (c  -  «)  +  •  • .,  which  is  less  than  nv,  can 
be  made  less  than  any  assigned  constant. 

.'.  (a  -f  ft  -f  c  H  )  —  (35  4-  y  -f  «  H  )  can  be  made  less  than 

any  assigned  constant 

a  -h  ft  4-  c  H  is  the  limit  of      +  y  -|-  x  H  ).    (§  375) 
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385.  Lixnit  of  a  Product  The  limit  of  the  product  of  two  or 
more  variables  is  the  prodttet  of  their  limits. 

Let  X  and  y  be  variables,  a  and  b  their  limits. 
To  prove  that  ab  is  the  limit  of  xy. 

Put  a  =  a  —  a;',  y  =  ft  —  y ' ;  then  x'  and  y'  are  variables  that 
can  be  made  less  than  any  assigned  constant  (§  375) 

Now,  ay  =  (a  —  x*)  (b  —  y') 

=  ab—  ay'  —  bx*  -f  x'y', 
.*.  ab  —  xy  =  ay'     bx'  —  x'y'. 

Since  every  term  on  the  right  contains  x'  or  y',  the  right 
member  can  be  made  less  than  any  assigned  constant.  (§  384) 
Hence,  ab  —  xy  can  be  made  less  than  any  assigned  constant 
Therefore,  ab  is  the  limit  of  xy.  (§  375) 

Similarly  for  three  or  more  variables. 

386.  Limit  of  a  Quotient  The  limit  of  the  quotient  of  two 
variables  is  the  quotient  of  their  limits,  if  the  divisor  ^  zero. 

Let  X  and  y  be  variables,  a  and  b  their  limits. 
Put  a  —  x  =  x'f  and  b  —  y  =  y';  then  x'  and  y'  are  varia- 
bles with  limit  0.  (§  375) 

We  have        x  =  a  —  x\  y  =  b  —  y'  and  -  =  ^  ^« 

y     b  —  y' 

•K  5^  —  5     a  —  x'  _  bx'  —  ay' 

The  numerator  of  the  last  expression  approaches  0  as  a 
limit,  and  the  denominator  approaches  ft*  as  a  limit;  hence, 
the  expression  approaches  0  as  a  limit.  (§  379, 1) 

Therefore,  ^     ~  approaches  0  as  a  limit 

Therefore,  ^  is  the  limit  of  ^-  (§  375) 
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387.  Vanlnhing  FracdonB.  When  variables  are  inyolyed  in 
both  numerator  and  denominator  of  a  fraction  it  may  happen 
that  for  certain  values  of  the  variables  the  numerator  and  the 
denominator  both  vanish.     The  fraction  then  assumes  the 

form  ~9  a  form  without  meaning;  as  even  the  interpretation 

of  §  381  fails,  since  the  numerator  is  0.    If,  however,  there  is 
but  one  variable  involved,  we  may  obtain  a  value  as  follows : 
Let  X  be  the  variable,  and  a  the  value  of  x  for  which  the 

fraction  assumes  the  form  ^*    Give  to  a;  a  value  a  little  greater 

than  a,  as  a  +  « ;  the  fraction  now  has  a  definite  value.  Find 
the  limit  of  this  last  value  as  is  indefinitely  decreased. 
This  limit  is  called  the  limiting  valae  of  the  fraction. 

x^  —  a} 

(1)  Find  the  limiting  value  of   as  x  =  a. 

When  X  has  the  value  a  the  fraction  aasumes  the  form  ^. 
Put  x  =  a-^z;  the  fraction  becomes 

(g  -f  z)'  -  g*  _  2  oz  +  g» 

(a  -f  z)  -  g  2 

Since  z  is  not  0,  we  divide  by  z  and  obtain  2  g  + 

As  z  is  indefinitely  decreased,  this  approaches  2  g  as  a  limit. 

Hence,  2  g  is  the  limiting  value  of  the  fraction  as  x  =  g. 

(2)  Find  the  limiting  value  of  3^8^2g'~l  x  =  oo  . 

2-i  +  A 

Wehave  2x»-4x  +  6^      x«  x»^ 

3x»  + 2x2-1  8^2_1^ 
X  x" 

As  X  increases  indefinitely,  — ,  — ,  - »  —  approach  0  as  a  limit  (§  379, 

x'   X  x' 
2 

IV),  and  the  fraction  approaches  ^  ^  ^  limit. 
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TiTflToliiia  55 
Find  the  limiting  value  of : 
1 


(4:X     3)  (1 — 2x^  when  x  becomes  infinitesimal. 
7     —  6  a  +  4 


2.  ^  5)(g  +  7)  ^j^gj^  ^  becomes  infinite. 

X*  +  35 

3.  ^)  when  x  becomes  infinitesimal, 
a;^  -f  4 

4.  ^5 — 3  a;  +  15  ^^^^^  ^  approaches  3. 

a;*  —  9 

6.  -5 —  tt;  when  a;  approaches  —  3. 

a;*  +  9x  +  18 

a;(a:"4-4a;  +  3)       ,  ,  ^ 

x»-H3a;^4-5:.  +  3  ^^"^  ^  approaches  -  1. 

4-  x^  2 

7.  -z — zr-z — r  7  when  x  approaches  1. 

-h  2a;' —  2a;  —  1 

^  4x_-f — X     1  ^j^^^  ^  approaches  1. 
2x-V^TT 

*  when  X  approaches  1. 


Vx^-1  + Va--1 

10.  ^  ^  when  X  approaches  2. 

V^T2- V3x-2 

Vx  —  a  -h  Vx  —  Va    ,  , 

11.   ===          when  X  approaches  a. 

Vx*  —  a* 

'  12.  If  X  approaches  a  as  a  limit,  and  n  is  a  positive  integer, 
show  that  the  limit  of  x"  is  a\ 

13.  If  X  approaches  a  as  a  limit,  and  a  is  not  0,  show  that 
the  limit  of  x*  is  a*,  where  n  is  a  negative  integer. 
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CONVERGENCY  OF  SERIES 

388.  Ghren  Series.  A  series  of  numbers  is  said  to  be  given 
if  a  law  is  known  by  which  any  term  of  the  series  can  be 
calculated  when  its  rank  in  the  series  is  given. 

389.  An  infinite  series  is  a  series  in  which  the  number  of 
terms  may  be  made  greater  than  any  finite  number. 

Thus,  if  we  divide  the  numerator  of -the  fraction  — —  by  the  denom* 

1  —  « 

inator,  we  obtain  the  series         +  ^  +    +       Since  we  may  cany 
the  division  as  far  as  we  please,  it  is  evident  that  we  may  make  the 
namber  of  terms  in  the  series  greater  than  any  finite  number. 
Hence,  l  +  z  +  a^  +  x^H  isan  infinite  series. 

390.  Conyergent  Series.  An  infinite  series  is  a  convergent 
series  if  the  limit  of  the  sum  of  the  first  n  terms,  when  n 
increases  indefinitely,  is  a  definite  finite  number. 

Thus,  if  «  <  1,  the  series  l+x  +  x*  +  a^+--i8an  infinite  decreasing 
geometrical  series  and 

s  =  -J--.  (§280) 
1  —  X 

That  is,  the  limit  of  the  sum  of  the  first  n  terms  of  the  series,  when  n 

1 

is  made  to  increase  indefinitely,  is  the  definite  finite  namber  - — -»  and 
the  series  is  convergent. 

Every  finite  series  is  a  convergent  series. 

391.  Sam  of  Convergent  Series.  The  limit  of  the  sum  of 
the  first  n  terms  of  an  infinite  convergent  series,  when  n 
increases  indefinitely,  is  called  the  sum  of  the  series. 
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392.  Divergent  Series.  An  m^mte^Tieaias^  divergent  series 
if  the  sum  of  the  first  n  terms  may  be  made  greater  than  any 
assigned  finite  number  if  n  is  made  large  enough. 

ThuB,  ifx  =  lor«>lmthe  infinite  series  +  ^  +  itis 
eyident  that  by  making  n  large  enough  we  can  make  the  sum  of  the  first 
n  terms  greater  than  any  assigned  finite  number. 

Hence,  if  x  =  1  or  x  >  1,  the  series  l  +  x  +  2^  +  ^  +  *"i8  divergent. 

393.  Oscillating  Series.  An  infinite  series  is  an  oscillating 
series  if  the  sum  of  the  first  n  terms  approaches  different 
finite  numbers  as  n  is  increased. 

Thus,  if  X  =  —  1  in  the  infinite  series  1  +  9^  +  2?  +  ^  +  -*  *»  the  series 
becomes  1  —  1  +  1  —  If  we  take  an  even  number  of  terms,  their 

sum  is  0 ;  if  an  odd  number,  their  sum  is  1. 

Hence,  if  x  =  -  1,  the  series  l+x  +  x*  +  «*  +  --  'is  oscUlating. 

394.  In  general,  we  let  i/„  w»  w^,  ...  represent  any 
infinite  series  each  of  whose  terms  is  finite. 

395.  Residue  of  a  Series.  The  difference  between  the  sum 
of  an  infinite  series  and  the  sum  of  the  first  n  terms  if  n 
increases  indefinitely  is  called  the  residue  of  the  series. 

Let        S  represent  the  sum  of  a  series, 

represent  the  sum  of  the  first  n  terms, 
and  represent  the  residue  after  the  first  n  terms. 

Then,  by  the  definition  of  the  residue, 

396.  If  an  infinite  series  is  convergent,  its  residue  is  an 
infinitesimal. 

For  S^S,  =  R,.  (§  395) 
Since  by  hypothesis  the  series  is  convergent, 

5  =  the  limit  of  5,.  (§  390) 

5  —  5^  is  an  infinitesimal.  (§  375) 

i?,  is  an  infinitesimal.  (§  395) 
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397.  If  an  infinite  series  is  convergent,  the  nth  term  is 
an  infinitesimal  when  n  increases  indefinitely. 

For  S  —        is  an  infinitesimal,  (§  396) 

also  5  —  5.  is  an  infinitesimal. 

Hence,        S  —        —  (5  —  S^)  is  an  infinitesimal, 
or,  —        is  an  infinitesimaL 

But  S,-S,^,'^u^. 

Therefore,       is  an  infinitesimal. 

398.  If  an  infinite  series  is  convergent,  m  can  he  made  so 
large  that  the  sum  of  p  consecutive  terms  beginning  with  the 
(m  +  l)th  will  he  an  infinitesinuUf  however  great  p  may  be 
m^de. 

Let  S  =  the  sum  of  the  series, 

=  the  sum  of  the  first  m  terms, 
Wid  S^^j,  =  the  sum  of  the  first  m-\-p  terms. 

Then,  S  ^     =  the  sum  of  all  the  terms  after  the  mth, 
and      S  —  S^^p  =  the  sum  of  all  the  terms  after  the  (m  +l')th. 

Hence,  5  -  5^  -  (5  -  5^^,)  =  u^^^  +       +  -  •  -  + 
or,  =  tt^+i  +       +  •  •  •  +  u^+p'  [1] 

Let  m4-^  =  n.  [2] 

Then  [1]  becomes      -  5^  =  u^^  +       +  •  ■  •  -f  [3] 

Now  let  p  increase  indefinitely. 

Then,  by  [2]  n  must  also  increase  indefinitely, 
and  limit     —  S, 

Then  [3]  becomes 

Now  let  m  be  made  to  increase  indefinitely. 

Then,  5  —      is  an  infinitesimal.  (§  396) 

Therefore,  p^\^i}^m+\  +        H  )  is  ^  infinitesimaL 
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Therefore,  by  making  m  large  enough  we  can  make 

an  infinitesimal,  however  large  p  may  ba 

399.  If  in  an  infinite  series  the  sum  of  p  eansectUive  terms 
beginning  with  the  (m  +  V)th  is  an  infinitesimal,  however*  great 
p  may  he  made,  then  the  series  is  convergent. 

Let  e  represent  any  positive  number  taken  as  small  as  we 
please. 

Since  by  hypothesis 

-f         +  w,«+s  +  •  •  •  +  [1] 
is  an  infinitesimal,  then 

^m+i  +        +  M«+8  4-  •  •  •  +  w«+p  <  e.  (§  376) 
But            +        +        +  •  •  •  +  w«+p  =  iS.+p  - 

r.S^^^--S^<e.  [2] 

Let                           m4-j5  =  n.  [3] 

Then  [2]  becomes       5,  -     <  e.  [4] 

Now  let  p  increase  indefinitely. 
By  [3]  n  must  also  increase  indefinitely, 
and  limit  5,  =  -S. 

Then  [4]  becomes  S  —  S^<e,  [5] 
Since  by  [5]  5  —  5^  is  an  infinitesimal, 

S  =  limit  S^.  (§  375) 

Therefore,  the  series  is  convergent.  (§  390) 

400.  If  an  infinite  series  is  convergent,  the  residue  B^is  an 
infinitesimal. 

For,  when  p  is  made  to  increase  indefinitely  (§  399), 

+  ««+2  +  «m+8  H  h  «*«+p  is  an  infinitesimal. 

But       tt^+i  +  +  W«+8  +  •  •  •  +  = 

Therefore,      is  an  infinitesimal. 
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40L  The  theorems  of  §§  399  and  400  may  be  stated. 

If  the  residue  R„  of  an  infinite  series  is  an  infinitesimal^  the 

series  is  convergent;  and,  conversely j  if  an  infinite  series  is 

convergent,  B^is  an  infinitesimal. 

402.  If  an  infinite  series  has  positive  terns  only  and 
remains  less  than  a  known  finite  ma^itude       however  great 
n  may  he  made,  then  the  series  is  convergent. 

For,  if  the  series  could  be  divergent, 

limit  8n  ^ 
n  =  00  ' 

and  it  would  be  possible  to  make  n  so  great  that  5.  would  be 
greater  than  M,  which  is  contrary  to  the  hypothesis. 
Therefore,  the  series  is  convergent 

403.  If  the  infinite  series  Vj  +  v,  +  Vj  H  has  positive  terms 

only  and  is  convergent,  and  if  from  a  definite  term  onwards 

a=      or  Un  <  Vn,  then  the  series  Uj  -h  u,  +  Uj  H  is  also 

convergent. 

Let  ^»  =    -h  »i  +    H  H 

and  t/„  =     +     +  w,  H  h 

Since  the  first  series  is  convergent  by  hypothesis,  we  can 
take  m  so  great  that 

4-        +        +  •  •  •  +  t;^+p  <  e, 
however  great  p  may  be  made.  (§  398) 

Hence,         w^+i  +  m^+j  +  •  •  •  4-  w«+p  <  e. 

Therefore,  the  series  Wj  -h  t^j  +    H  is  convergent.  (§  399) 

404.  If  the  infinite  series  Vj  +  Va  +  v,  H         has  positive 

terms  only  and  is  divergent,  and  if  from  a  definite  term  onwards 
u.  =  Vb  or  u^  >  Vnf  series  u^  +  u,  +  u,  +  •  • .  is  also 

divergent. 
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For,  if  the  u  series  could  be  convergent,  then,  since  by 
hypothesis  v.  the  v  series  by  §  403  would  be  convergent, 
which  is  contrary  to  the  hypothesis. 

Therefore,  the  series  Wi  -f  Wi  +     +  •  •  •  is  divergent 

405.  If  the  infinite  series  Ui  +  Uf  -f  u,  H  has  positive 

terms  only,  and  if  from  a  given  term  onwards,  say  from  the 

nth,        >  k  <  1,  where  k  is  a  constant  independent  of  n,  then 

the  series  is  convergent. 

By  hypothesis,  after  the  nth  term  >  k  for  every  value 
of ». 

Hence,  w.+i  >  ujc  for  every  value  of  n. 
Therefore,  we  may  make  the  following  table : 

>  u^k, 

w«+8  >  w^+jAj     >  u^k*, 
We  see  that  each  term  of  the  series 

is  not  greater  than  the  corresponding  term  of  the  series 

+  u^k  +  u^k^  +  «^A:«  +  •  •  •  [2] 
But  series  [2]  is  a  geometrical  progression  whose  ratio  is  k, 
and,  since  by  hypothesis  k<l,  the  progression  is  a  decreasing 
geometrical  progression,  and  therefore  convergent.       (§  390) 
Hence,  series  [1]  is  convergent.  (§  403) 

Therefore,  the  series     +  t/,  -f  w,  H  is  also  convergent 

406.  If  the  infinite  series  Uj  -h  u,  +  u,  H  ?uis  positive  terms 

only,  and  if  from  a  definite  term  onwards,  say  from  the  nth, 

^<l,  the  smieeU  divergent. 

For  all  values  of  n  less  than  m,  u^^i  < 
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Theief orey  we  mnj  make  the  following  table : 

=««, 

+  «  + 

Now  the  aeries     +     +  ^  +     is  diyergent        (§  392) 

Hence,  the  series  m.  +  ti^,  +  ti^,  H  is  divergent.  (§  404) 

Hence,  the  series  ih  +  ti,  H  +     +        +  ■  •  is 

also  diyergent 

407.  An  infifdte  series  tkat  contains  both  positive  and  negor 
tive  terms  is  convergent  if  the  series  consisting  of  the  absolute 
values  of  its  terms  is  convergent. 

Let  the  given  series  be 

+     +     +     +  [1] 
and  let       5.^,  -  5.  =  u.+,  + 1*.^,  +  -  •  +  [2] 
Let  |u,|  represent  the  absolute  value  of  u^  and  let 

S  =  |«,|  +  |«,|  +  K|+...  [3] 
Then,  since  series  [3]  is  convergent  by  hypothesis,  by  §  398, 
-      =  |««+ il  4-  +  •  •  •  +  |u.+p|  <  [4] 

Let   tt^+i  +  ttr  +  «  +  «r  +  »  +  •  •  •  +  «r+p  [5] 

contain  all  the  positive  terms  in  series  [2], 
and  let      w.+i +       +       +     -f  ti,+^  [6] 
contain  the  absolute  values  of  all  the  negative  terms  in 
series  [2]. 

Since  [5]  contains  only  a  part  of  the  terms  in  [4], 

ttr+i  +  tt,+8-ft«r+8+ +  [7] 
Since  [6]  contains  only  a  part  of  the  terms  in  [4], 

-f  w,^.,  +  M,^3  +  . . .  4-  w.+p  < e.  [8] 
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or,  t*r+l  +  «*r+l+---  +  W,+p-<*H-I-«^H-«  «kH,<«-  [10] 

Since  [10]  contains  all  the  terms  in  [2], 

Therefore,  Wi-f«,4-w,H  l-w,  is  convergent'       (S  399) 

406.  If  the  absolute  values  of  the  terms  of  a  given  series 
form  a  convergent  series,  the  given  series  is  said  to  be  abso- 
lutely oonver^geiit 

409.  Examples.    (1)  For  what  values  of  x  is  the  infinite 

series  «  —  Tr  +  "T  ±  —        convergent ? 

Here.  r^"^^  (-^)x  =  (l  ^)x. 

tt»      Vn  +  l/      \      n  +  1/ 

As  n  is  indefinitely  increased,  r  approaches  x  as  a  limit. 
Hence,  the  series  is  convergent  when  x  ia  numerically  less  than  1 
(§§       406),  and  divergent  when  z  is  numerically  greater  than  1. 
When  X  =  1  the  series  is  convergent  by  §  403. 
When  X  =  —  1  the  series  becomes 


-( 


and  the  series  is  divergent.  (S  392) 

(2)  For  what  values  of  x  is  the  infinite  series 


Here, 


As  n  is  indefinitely  increased,  r  approaches  x  as  a  limit. 

If  X  is  numerically  less  than  1,  the  series  is  convergent.  (§  406) 

If  X  is  numerically  greater  than  1,  the  series  is  divezgent  (§  406) 

If  X  =  1,  the  series  is  convergent.  (§  406) 

If  X  =  —  1,  the  series  is  convergent.  (1 407) 
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Determine  whether  the  following  infinite  series  are  conver- 
gent or  divergent : 

05*      05*  X*  35* 

^  05*      «•  7?      7^  05^ 

^      ^1  «*^1.3  X*  .  13-5  , 


FACTORIAL  BINOMIAL  THEOREM 

410.  Factorial  Notation.  The  expression  n!%  in  which  r  is 
a  positive  integer,  denotes  the  product 

1  X  «  X  (n  -  1)  X  (n  -  2)  X  •  •  •  X  (n  -  r  +  2)  X  (»  -  r  4- 1), 
and  is  read  factorial  n  of  order  r ;  n  is  the  primitive  (factor), 
and  r  is  the  index  of  the  order.    If  the  primitive  and  the  index 
of  the  order  are  equal,  the  latter  is  omitted. 
Thus,  n!"  is  written  simply  n!. 

In  writing  out  a  factorial  as  a  product,  the  initial  unit- 
multiplicand  is  usually  omitted,  so  that  the  general  practice 
is  to  write 

nl*-  =  n(n  -  1)  (n  —  2)  . . .  (n  —  r  4- 1), 
and  wl  =n(n-l)(n-2)...3.2.1. 

However,  inserting  the  initial  unit-multiplicand  gives  at 
once  the  interpretation  of  the  zero  index,  nl®=  1,  and  the 
extension  to  negative  indices, 

 1  

'^^  '-(n  +  l)(n  +  2)...(n  +  r)' 

Thus,  6 1>  =  6x5x4  =  120;  aiid6!  =  5x4x3x2xl  =  ia0. 
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Find  the  value  of : 

1.  7!«  ^   nr  16.  3M. 

2.  7!*  '  rl'  16.  0!-^ 

3.  7!.  ®-  (-2)!^  (-6)!-'. 

4-    of-  10.  (-n)!*-.  ^ 

6!       u.  my.. 

8!  13.  21.  + 

4!4!'         14.  (-!)!•.         22.  (n  +  1)(«  +  2)(»!). 

Assuming  that  Formula  [A],  §  288,  is  true  and  that  n  is  a 
positive  integer,  show  that : 

23.  (*  +  y)"  =  !c-  +  -^a;"-'y  +  -^«— V+  .. 

24.  (.+j,).=„!{^  +  ^-5i^+^£:^+... 


26.  (x  +  yy  =     +  »!*0!-V-y  +  7i!»0!-*a;»-y  H  

+  n>01— "x^-y +  ••• 

4U.  Show  that  = 

r!      (r— 1)!  r! 

Now    !^  ^     -  »•  +  1) ^  =  'J^. 
t\  r\  (r— 1)!  rl 

r!  1)!  r! 

^(n  +  l)(nr'^)^(n+l)r 
rl  rl 
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412.  The  Factorial  Binomial  Tlieorem.  If  r  is  a  poaitiye 
integer  and  m  and  n  any  numbers  whateyer, 

(m  +  n) !-  =  m r  +  J  m !••  - »n +  ^^^"^^  ^ ^ -«n I«  +  •  •  • 

By  successive  multiplications  we  obtain  the  following 

identities : 

(m  +  n) !»  =  m!»  +  3  m!«n    +  3  mW*  +  n!» ; 

The  proper  method  of  obtaining  the  expanded  forms  on  the 
right  is  aB  follows : 

m  +  n  =  m  +  n 

m-fn  — l  =  (m  — l)-fn;  m-Kn  — 1) 
m(m  — 1)  +  WW 

 -f  mn  +n(n  —  1) 

.•.(TO  +  n)!«  =  m!«  +2mn  +nP  (i) 

m  +  n-2  =  (m-2)+n;  (m-l)+(tt-l);  m-Kn -2) 

m!2(w--2)+2mn(m-  l)+m(n!«)  (ii) 

 -fmPn  •f2mn(n~  l)  +  nP(n-2)  (iii) 

.•.(m  +  n)l»  =  ml»  +3m!2n!i       +3mlin!«      +nl»  fiv) 

In  the  preceding  multiplication  the  line  (ii)  is  formed  by 
multiplying  the  first  term  of  line  (i)  by  (m  —  2),  the  second 
term  by  (m  —  1),  and  the  third  term  by  m.  Line  (iii)  is 
formed  by  multiplying  the  first  term  of  line  (i)  by  n,  the 
second  term  by  (» —  1),  and  the  third  term  by  (n  —  2). 
Hence,  line  (iv),  which  is  the  sum  of  lines  (ii)  and  (iii), 
contains  the  first  term  of  line  (i)  multiplied  by  (m  —  2)  -f  n, 
the  second  term  multiplied  by  (m  —1)  +  (»  —  1),  and  the  third 
term  multiplied  by  m  +  (n  —  2).  Therefore,  line  (iv)  is  equal 
to  line  (i)  multiplied  by  (m-^n  —  2). 
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Continuing  this  process  to  form  a  line  (y)  by  multiplying 
tlie  first  term  of  line  (iv)  by  (m  —  3),  the  second  term  by 
(m  —  2),  the  third  term  by  (m  —  1),  and  the  fourth  term  by  m ; 
and  a  line  (yi)  by  multiplying  the  first  term  of  line  (iy)  by 
the  second  term  by  (n  —  1),  the  third  term  by  (n  —  2),  and 
the  fourth  term  by  (n  —  3),  we  have 

(m+n)!»  =  m!«  +8m!«n!i  +3m!inl«  +n!«  (iv) 

fn  +  n-8=(m-3)+n;  (m-2)  +  (n-l);  (m-l)-f  (yi-2);  m-f(n-3) 


These  expansions  may  be  written  in  a  form  better  adapted 
to  show  the  formation  of  the  coefficients  of  their  terms : 


(a  +  as  given  in  §  286,  we  observe  that  corresponding 
terms  up  to  the  fourth  order  and  the  fourth  power  have 
the  same  coefficients  and  have  the  same  indices  of  order  as 
exponents. 

To  prove  that  the  corresponding  coefficients  and  indices  of 
order  are  the  same  as  the  coefficients  and  exponents  in  the 
expansion  of  the  Binomial  Theorem  for  all  positive  integral 
values  of  index  of  order  and  exponent,  we  proceed  exactly  as  in 
§  288.  We  assume  that  laws  1,  2,  and  3  (§  286)  hold  true  up 
to  a  given  value,  r,  of  the  index  of  order,  and  prove  that  in  such 
case  they  hold  true  for  the  value  r  +  1  of  the  index  of  order. 


+8m!%!a  +  w!inl«  (v) 
+3m!%!«  -famnnl'-fnl*  (vi) 
+6w!2nia       +4OTlinI»+n!*  (vU) 


.•.(m  +  n)I*=m!* 
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Let  it  be  granted  that 

(m  +  n)!*-  =  mK  +  !^m\^^n\^'h^^^^^ mishit*  +  •  •  •  +  —  m!'^nl'+--  [1] 
1  1  '  2  Ci 

Multiply  the  first  term  on  the  right  of  [1]  by  (m  ~  r),  the 
seoond  term  by  (m  —  r  +  1),  the  third  term  by  (m  —  r  +  2), 
and  so  on ;  writing  the  partial  products  in  order  in  a  line. 

Form  a  second  line  by  multiplying  the  first  term  on  the 
right  of  [1]  by  n,  the  second  term  by  (n  —  1),  the  third  term 
by  (n  ~  2),  and  so  on ;  writing  the  first  partial  product  of  this 
line  under  the  second  partial  product  of  the  first  line. 

Add  the  two  lines  of  partial  products,  simplifying  the  coeffi- 
cients of  the  sum  by  §  411,  and  we  obtain  the  product  of  the 
right  member  of  [1]  by  (w  -h  n  —  r).    Thus : 

1  1*2  ti 

(m-r)-fn;  (m-r-f l)-f(n-l) ;  (m~r-f 2)-f(n-2) ;  (m-r^-Q-f (n-t) 

mr+i  +  -mlfili      +  ml'^inl«  +  •  •  •  +  —  ml'^i-^nl'         +  •  •  • 

1  1*2  t\ 

r  r!<— 1 

 I  fLzJil  

1  1  *  ^  £1 

=  (m  +  n)m  [2] 

Hence,  if  the  expansion  [1]  is  true  for  any  given  positive 
integer  r,  it  is  true  for  (r  4- 1).  Now  expansion  [1]  is  true  for 
r  s  4,  as  shown  on  page  319.  Therefore,  it  is  true  for  r  =  6 ; 
and,  being  true  for  r  =  5,  it  is  true  f or  r  ==  6  ;  and  so  on.  In 
short.  Formula  [1]  is  true  for  all  positive  integral  values  of 
the  index  of  order. 

Hence,  for  all  positive  integral  values  of  r, 

(m  +  n)l'  =  ml'  +  rml'-*nl*  +  '^^^""^^  ml'-*nl«  +  - . . 

rl» 

+  _ml'-*nl»  +  ... 

Note.  Theorem  [1],  §  412,  is  often  named  Vandermonde's  Factorial 
Theorem,  and  Theorem  [A],  §  288,  Newton*8  Binomial  Theorem. 
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BINOMUL  THEOREM 

413.  BinomiAl  Theorem;  Any  Exponent  Let  m  and  n  be  any 
two  scalar  numbers  and  let  the  value  of  x  be  so  taken  as  to 
render  convergent  each  of  the  three  series 

m       m(wt  — 1)  J  ml*  . 

l-hjx+  ^g^+  --h-^g'  +  '-,  (1) 

l+??L±^^^i^L±^l^^  (iii) 

Then,  series  (iii)  is  the  product  of  series  (i)  and  series  (ii). 

Per,  on  forming  the  product  of  series  (i)  and  series  (ii)  and 
arranging  it  according  to  descending  powers  of  x,  the  coeffi- 
cient of  a:'  is 

ml*       mV-^n        w!'-»n!«  m!'-'n!' 
(*-l)!l!*     (t-  2)!2!     (t-  3)!3! 


+       1.2. 3 


^i^^^'.  (§412) 

Hence,  if  a;  is  so  taken  as  to  make  all  three  series  con- 
vergent, we  may  write 

,  m     ,  m(m  — 1)  ,  ,  1/^  ,  n     ,  n(n  — 1)  ,  ,  \ 
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fiA.  If  ai  is  waj  pontm  iatoger,  tfam  liy  S  291  aeries  (i) 
is  equal  to  (1  +  xjT-  ^  *  =  —  •»  n  +  m  =  0, 
F<nmU  [13,  S  413,  heeamm 

-»(— -ix-i-z)  1 

^  1-23  j-  X. 

Diride  by  (1  +  x)r, 

1  1-2  (1+*)-    ^      ^  ' 

.•.(l+x)-=l-Hy«  +  ~"*<~*~^>x' 

^"'^"V2T'"'^-'-^-  PI 

Comparing  this  theorem  with  Formula  [A],  §  288,  we  see 
that  [2j  merely  extends  [A]  to  all  n^ative  int^:ral  exponents. 
416.  Let  »  =  11  in  [1],  §413.  Then, 

Multiply  bf         l  +  jx-H*^*~^^x*  +  —, 

and  reduce  the  resulting  rightlisnd  member  fay  [1],  §  413. 
Then, 

.  *    ."("-l)-*.      I*    .  .  3.1    .  3n(3n-l)  ,  . 

Multiplj  again  bj  1  +      +  ^  * 

reduce  by  [1  j,  §  413,  and  repeat  to  q  factors,  q  being  any 
positive  integer.  Then, 
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Let  n  =  —f  in  which  p  is  any  integer,  positive  or  negative. 
Then,  ^ 


by  Formula  [A],  §  288,  or  Formula  [2],  §  414,  according  as  p 
is  positive  or  negative. 

Take  the  arithmetical  ^th  root  of  each  side.  Then, 

P 

If  p  is  prime  to  g,  (1  +  x)ff  has  q  different  values,  and  series  [3]  gives 
the  arithmetical  or  principal  value. 

416.  On  comparing  [A],  §  288,  [2],  §  414,  and  [3],  §  415, 
it  will  be  seen  that  [2]  and  [3]  are  in  form  included  in  [A]. 
Hence,  for  any  rational  scalar  value  of  n, 

(l-Kx)-=l+-;x  +  i<^x«  +  °(°-y3-^)x»  +  ...[A] 

provided  x  is  so  taken  as  to  render  the  series  of  the  expansion 
convergent. 

For  irrational  scalar  values  of  n  we  may  substitute  approxi- 
mate rational  values,  carrying  the  approximation  to  any 
required,  degree;  or  we  may  carry  the  approximation  closer 
than  any  assigned  difference,  however  small  in  absolute 
value,  and  thus  prove  that  Formula  [A]  holds  true  for  all 
scalar  values  of  n. 
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417.  If  n  is  fractional  or  negative,  the  expansion  of  (a  4-  by 
must  be  in  the  form  a*  ^1  +        if  a  >  ft ;  and  in  the  fonn 


ft-^l  +  ^y  if  ft>a. 


418.  Conyergency  of  the  BinomiAl  Soles.  In  the  expansion 
of  (1  -h  the  ratio  of  the  (r  -h  l)th  term  to  the  rth  term  is 
(§  294) 

or  -i;^. 

n  4- 1 

If  «  is  positive,  and  r  greater  than  n  -f- 1,  1  is 

negative.  Hence,  the  terins  in  which  r  is  greater  than  n  +  1 
are  alternately  positive  and  negative. 

If  X  is  negative,  the  terms  in  which  r  is  greater  than  n  +  1 
are  all  positive.    In  either  case  we  have 


as  r  is  indefinitely  increased,  this  approaches  the  limit  —  x. 
Hence  (§  405),  the  series  is  convergent  if  x  is  numerically  less 
than  1. 

419.  Examples.    (1)  Expand  (1  +  x)K 

2  2*6 

=  1  +  4x  -  — x«  +  z»  

3  6  ^369 

The  above  equation  is  true  only  for  those  values  of  x  that  make  the 
series  convergent. 

(2)  Expand  —  ^ 


Vrri  =  ^'"'^"*  =  '"^"*^'-''^-2  -  1.2.3 

^*^4.8     ^4.812  ^ 
if  X  is  so  taken  that  the  series  is  convergent. 


**  .  **+• 
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A  root  may  often  be  extracted  by  means  of  an  expansion. 
(S)  Extiact  the  cube  root  of  344  to  six  decimal  places. 
344  =  343(1 +  ^iT)  =  7»(l  +  ^). 

.•.^  =  7(1+Tiy)* 

L      3V843/        1  2    V343/  J 
=  7(1  4-  0.000971817  -  0.000000944) 
=  7.006796. 

BxerolM  58 

Expand  to  four  terms : 

1.  (!+«)*.  4.  (l-x)-\  7.  V^2-3aj. 


Find: 

10.  The  eighth  term  of  (1  —  2x)K 

11.  The  tenth  term  of  (a  -  3 

12.  The  (r  +  l)th  term  of  (a  +  x)K 

13.  The  (r  +  l)th  term  of  (a*  -  4  x^'K 

14.  The  square  root  of  65  to  five  decimal  places. 
16.  The  seventh  root  of  129  to  six  decimal  places. 

16.  Expand  (1  —  2  «  4-  3  x*)"'  to  four  terms. 

f  1  +  2  xY 

17.  Find  the  coefficient  of  x*  in  the  expansion  of  ^  5^8' 

18.  By  means  of  the  expansion  of  (1  +  a;)*  show  that  V2 
is  the  limit  of  the  series 

1+1 ^    .    13         135  . 


2     2  2^  •  2-3. 2«     2. 3. 4. 2* 
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19.  Find  the  first  n^ative  term  in  the  expansion  of 

20.  Expand  \  '^^  in  ascending  powers  of  x  to  six  terns. 

21.  If  n  is  a  positive  integer,  show  that  the  coefficient 
of  a""*  in  the  expansion  of  (1  —  «)""■  is  always  twice  the 
coefficient  of  as""". 

22.  If  m  and  n  are  positive  integers,  show  that  the  coeffi- 
cient of  05*  in  the  expansion  of  (1  —  is  the  same  as  the 
coefficient  of  a"  in  the  expansion  of  (1  —   

23.  Find  the  coefficient  of  x**"  in  the  expansion  of  -y^j' 

in  ascending  powers  of  a;.  ~^  ^ 

24.  Prove  that  the  coefficient  of  as^  in  the  expansion  of 

a  ixr*ix»^-^'^"-^^ 


SERIES  OF  DIFFERENCES 

420.  Definitions.  If,  in  any  series,  we  subtract  the  first  term 
from  the  second,  the  second  term  from  the  third,  and  so  on, 
we  obtain  a  first  series  of  differences ;  in  like  manner,  from  this 
last  series  we  may  obtain  a  second  series  of  differences ;  and 
so  on.  In  an  arithmetical  series  the  second  differences  all 
vanish. 

There  are  series,  allied  to  arithmetical  series,  in  which  not 
the  first,  but  the  second,  or  third,  etc.,  differences  vanish. 

Thus,  take  the  series 

1      5      12      24      43      71  110 
Fiist  differences,       4      7       12      19      28  39 
Second  dififerences,        8       6       7       9  11 
Third  differences,  2        2        2  2 

Fourth  differences,  0       0  0 
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such  a  series,  we  have 

'h        O'A        ^5        ^6  ^ 
^»        ^4        ^«  ^« 
C4 

I        <^        ^8  ^4 

61  «8 

ices  which  all  vanish, 
a.    For  simplicity  let  us  take  a 
cries  of  differences  vanishes.  Any 

ed  in  a  manner  precisely  similar. 

ich  the  successive  series  are  formed 


1  r 


=  a,  -f  ft,  =  tti  +  2  ^1  4- 
^»  =  ^2  +     =  ^1  +  2  Ci  +  rfi 
~      ~  =     -f     =     4-  2  + 

^»  =  ^2  +  «2  =  ^1  +  2  ex 
e,  =  e, 

+      =  'A  +  3 

=  ^4  +  /j^  =     +  4  ftj  +  6  Cj  -f  4    +  61 
—  ii^  +     =  //,  +  4  Cj  +  6  rfj  +  4 
=     -h  t/^  =     -f  4  rfi  +  6  61 


+  16ci  +20^1  +  1661 


w  on. 
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The  stedent  will  obnrre  that  the  eoefficients  in  the  expies- 
sioo  f  or     are  those  of  the  expanakm  of  {x  +  y)*,  md  simi- 
larlj  tor  a«  and       Hence,  in  geDeial,  if  we  repraeoi  a„  i„ 
etc^  hy  ^     Cy  etc,  and  put  a.^^  for  the  (a  +  l)th  term, 
we  obtain  the  fonnnla 

^   .  .  .  a(a^l)(a-2)^  . 

1x2  1x2x3 

Find  the  11th  term  of  1,  5, 12,  34,  43,  71, 110,  -  • 
Hexe(S4dO),  «  =  l,ft  =  4.c  =  3,  4  =  2,  e  =  0;  aods^ia 
«u  =  «  +  106  +  45c  U04 
•  r=l +404  135  +  240==  410. 


4S1  Su  ef  dtt  SeriML  Fonn  a  new  aeries  of  which  the 
first  term  is  0,  and  the  first  series  of  differences  ai,  Od  th*  "* 
This  series  is  the  following: 

0,  fli.  Hi  +      a,  +  flt  4-  a«r  fli  +  at  +  As  +  "* 
The  (fi  +  l)th  term  of  this  series  is  the  sum  of  n  terns  of 
the  series  Oi,  a«,      •  •  • 

(1 )  Find  the  sum  of  11  terms  of  the  series  1,  5, 12, 24, 43, 
71,... 

The  new  seriei  is      0      1      «      18      42      85  156 
Tirsi  diSennom,  1      5     12      24      43  71 

Second  differences,  4      7      12      10  28 

Third  differences,  3      5        7  0 

Foarth  differences.  2       2  2 

Here,  a  =  0,5=  1,  c  =  4,    =  3.  e  =  2 ;  and  a  =  IL 

«  =  a  +  11 5  +  55c  +  165<l  +  390e 
=  II  +220  +  405  +  600 
=  1386. 

If  *  is  the  sum  of  m  terms  of  the  series  02,0^,0^,"- 

1x2     ^  1x2x3 

Find  the  sum  of  the  squares  of  the  first  n  natural 
uuiuU'nt.  1»  i>«  5t  4»  ..  ^  ,» 
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GiTen  aeries,  1      4      9      16      26  n* 

Fiist  diff ereaces,  3      6      7       9    •  •  • 

Second  differences,  2      2      2     •  •  • 

Third  differences,  0  0 

Therefore,  a  =  1,  6  =  3,  c  =  2,  d  =  0. 

These  Tallies  suhstltuted  in  the  general  formula  give 

1x2  1x2x3 

=  ?(6  +  9n-9  +  2n«-6n  +  4} 
6 

6  o 

423.  Piles  of  Spherical  Shot  I.  When  the  pile  is  in  the 
form  of  a  triangular  pyramid  the  summit  consists  of  a  single 
shot  resting  on  three  below ;  and  these  three  rest  on  a  course 
of  six ;  and  these  six  on  a  course  of  ten ;  and  so  on,  so  that 
the  courses  form  the  series 

1, 1  +  2, 1-1-2  +  3, 1  +  2  +  3  +  4, 1  +  2  +  .  . +  »k 

Given  series,  1      3      6      10  16 

First  differences,  2      3      4       6  **• 

Second  differences,  1      1       1     >  •  • 

Third  differences,  0      0  >*' 

Here,  a  =  1,  6  =  2,  c  =  1,  d  =  0. 

These  valaes  snhstitnted  in  the  general  formula  give 

.  »(»^-  1)    o  .  n(n-l)(n-2) 

t  =  n  +  -i— — ^  X  2  +  -^^ —  i 

2  2x3 

_tt»4-3n^  +  2n 

6 

^n(n  +  l)(n  +  2) 
^  1x2x3 


In  which  n  is  the  number  of  balls  in  the  side  of  the  bottom  course,  or  the 
number  of  courses. 
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II.  When  the  pile  is  in  the  form  of  a  pyramid  with  a  square 
base  the  summit  consists  of  one  shot,  the  next  course  consists 
of  four  ballsy  the  next  of  nine,  and  so  on.  Therefore  the 
number  of  shot  is 

lt  +  2«  +  3*  +  4«  +  ...  +  n* 

Tto^fa  n(n.fl)(2n  +  l)^ 

1x2x8  \»  f 

in  which  » Is  the  number  of  balls  in  the  aide  of  the  bottom  coune,  or  the 
number  of  ooonea 

III.  When  the  pile  has  a  base  which  is  rectangular,  but 
not  square,  the  pile  terminates  with  a  single  row.  Suppose  j? 
the  number  of  shot  in  this  row ;  then  the  second  course  con- 
sists of  +  1)  shot;  the  third  course  of  3(p  +  2) ;  and 
the  nth  course  of  n(p  +  n  —  1).   Hence,  the  series  is 

2/>  +  2,  3i>  +  6,  .      n(i>  +  n-l). 

Given  series,        p        2p  +  2        8p  +  6        4p  +  12 

FiiBt  differences,      p  +  2  p  +  4  p  +  6 

Second  differences,  2  2 

Third  differences,  0 

Here,  a  =  p,  6  =  p  +  2,  c  =  2,  d  =  0. 

These  valaes  sabstitated  in  the  general  formula  give 

=  ?{«p  +  8(n- +  8)  +  2<»  -  IXn -2)} 

=  5(6p  +  Snp-$p  +  6«-6  +  2M-««  +  4) 
0 

=  2(8np  +  Sp  +  2n»-2) 
o 

=  2(«  +  l)(3p  +  2n-2). 
o 

If  nf  denotes  the  nnmber  in  the  longest  row,  then  =  p  +  n  —  1,  and 
therefore  p  =    -  n  +  1.   The  formula  may  then  be  written 

t  =  ?(n+l)(8n'-n  +  l), 
e 

in  which  n  denotes  the  number  of  shot  in  the  width,  and  n'  in  the  length, 
of  the  bottom  course. 
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When  the  pile  is  incomplete  compute  the  number  in  the 
pile  as  if  complete,  then  the  number  in  that  part  of  the  pile 
which  is  lacking,  and  take  the  difference  of  the  results. 

Ezmrdse  59 

1.  Find  the  fiftieth  term  of  1,  3,  8,  20,  43,  •  •  • 

2.  Find  the  sum  of  the  series  4, 12, 29, 55,     to  20  terms. 

3.  Find  the  twelfth  term  of  4, 11,  28,  55,  92,  •  • 

4.  Find  the  sum  of  the  series  43,  27, 14,  4,  —  3,  •  to  12 
terms. 

6.  Find  the  seventh  term  of  1,  1.236,  1.471,  1.708, 

6.  Find  the  sum  of  the  series  70,  66,  62.3,  58.9,  •  •  to  15 
terms. 

7.  Find  the  eleventh  term  of  343,  337,  326,  310, . . . 

8.  Find  the  sum  of  the  series  7  x  13,  6  x  11,  5  x  9,  •  •  •  to 
9  terms. 

9.  Find  the  sum  of  n  terms  of  the  series  3  x  8,  6  x  11, 
9x14, 12x17,... 

10.  Find  the  sum  of  n  terms  of  the  series  1,  6, 15,  28, 45,  >  >  > 

11.  Show  that  the  sum  of  the  cubes  of  the  first  n  natural 
numbers  is  the  square  of  the  sum  of  the  numbers. 

12.  Determine  the  number  of  shot  in  a  side  of  the  base  of  a 
triangular  pile  which  contains  286  shot 

13.  The  number  of  shot  in  the  top  course  of  a  square  pile 
is  169,  and  in  the  lowest  course  1089.  How  many  shot  are 
there  in  the  pile  ? 

14.  Find  the  number  of  shot  in  a  rectangular  pile  having 
17  shot  in  one  side  of  the  base  and  42  in  the  other. 

16.  Find  the  number  of  shot  in  the  five  lowest  courses  of  a 
triangular  pile  which  has  15  in  one  side  of  the  base. 
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16.  Th6  number  of  shot  in  a  triangular  pile  is  to  the  num- 
ber in  a  square  pile,  of  the  same  number  of  courses^  as  22  to 
41.    Find  the  number  of  shot  in  each  pile. 

17.  Find  the  number  of  shot  required  to  complete  a  rectan- 
gular pile  that  has  15  and  6  shot  respectiyely  in  the  sides  of 
its  top  course. 

18.  How  many  shot  must  there  be  in  the  lowest  course  of  a 
triangular  pile  that  10  courses  of  the  pile,  beginning  at  the 
base,  may  contain  37,020  shot  ? 

19.  Find  the  number  of  shot  in  a  complete  rectangular  pile 
of  15  courses  which  has  20  shot  in  the  longest  side  of  its  baA& 

20.  Find  the  number  of  shot  in  the  bottom  row  of  a  square 
pile  that  contains  2600  more  shot  than  a  triangular  pile  of  the 
same  number  of  courses. 

21.  Find  the  number  of  shot  in  a  complete  square  pile  in 
which  the  number  of  shot  in  the  base  and  the  number  in  the 
fifth  course  above  differ  by  226. 

22.  Find  the  number  of  shot  in  a  rectangular  pile  that  has 
600  in  the  lowest  course  and  11  in  the  top  row. 

COMPOUND  SERIES 

424.  A  compound  aeries  is  a  series  in  which  the  terms  are 
the  sum  or  the  difference  of  the  terms  of  two  other  series. 
(1)  Find  the  sum  of  the  series 

1         1         1  1 
1x2'  2x3'  3x4'  n(»  +  l)* 

Each  term  of  this  series  may  evidently  be  expressed  in  two  parts : 

1_1     1_1  1  1_ 

1    2*   2    3*  n  n+1* 

Hence,  the  sum  is 

(T-i)-a-i)-a-s)--a-iiT)' 
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in  which  the  second  part  of  each  term  except  the  last  ia  canceled  by 
the  first  part  of  the  next  sacceeding  term. 

Hence,  the  som  is  1   • 

n  +  1 

Ab  n  increaaes  without  limit,  the  sum  approachea  1  aa  a  limit. 

(2)  Find  the  Buin  of  the  series 

1         1         1  1 
3x6'  4x6'  6x7'         n(n  +  2)' 
The  tarma  may  be  written, 

2\3    6/'   2\4    6/'       '    2\ii    »  +  2/ 
1/1^1^1^.1^      ^111  11  1  ^ 

=  1(1  +  ^-- i  L.) 

2\3    4    n  +  1    n  +  2/ 

^  7^  __1  1 

""24    2(n  +  lX    a(n  +  2)' 

Aa  n  hicreaaea  without  limit,  this  sum  approachea  ^  w  a  limit 
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Write  the  general  tenn,  and  the  sum  to  n  terms,  and  to  an 
infinite  number  of  terms,  of  the  following  series : 

Ix4'*'2x6^3x6^        *•  Ix6^6x9^9xl3^" 

„   _1_  .  J_  .  J_  .         4     8,6,  6 
^-  Ix3'^2x4'^3x6'^  "      •  2xT'^7x12'*' 12x17 

-       1     •      1     ...    1  ■ 


•  6  X 11    8  X  14  '  11  X  IT 

3x8^6x12^9x16^'" 
Write  the  series  of  wbioh  the  general  term  is : 

3«4-l 


8. 


«(n  +  l)(n  +  2)  •  (n  +  l)(»+2)(n  +  3) 
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INDETERMINATE  COEFFICIENTS 

4S5.  If  two  series  which  are  arranged  by  powers  of  x  are 
equal  for  aU  values  of  x  tha;t  make  both  series  convergent,  the 
corresponding  coefficients  are  equal  each  to  each. 

Let  the  equation 

a  +  te  + ex* -f- =  ^  -fB«+  Ca;*-h^H   [1] 

hold  true  for  all  values  of  x  that  make  both  series  con- 
vergent 

Since  this  equation  holds  true  for  all  values  of  x  which 
make  both  series  convergent,  it  holds  true  when  x  =  0. 
For  « =  0,  a  — A.  [2] 

Subtract  [2]  from  [1],  and  since  for  any  value  of  x  that  is 
not  0  we  may  divide  by  x,  divide  each  member  by  x ;  then 


Hence,  the  corresponding  coefficients  are  equal  each  to  each. 

426.  Partial  Fractions.  To  resolve  a  fraction  into  partial 
fiuctions  is  to  express  it  as  the  sum  of  a  number  of  fractions 
of  which  the  respective  denominators  are  the  factors  of  the 
denominator  of  the  given  fraction.  This  process  is  the 
reverse  of  the  process  of  adding  fractions  that  have  different 
denominators. 

Resolution  into  partial  fractions  may  be  easily  accomplished 
by  the  use  of  indeterminate  coefficients  and  the  theorem  of  §  425. 

In  decomposing  a  given  fraction  into  its  simplest  partial 
fractions,  it  is  important  to  determine  what  form  the  assumed 
fractions  must  have. 

Since  the  given  fraction  is  the  sum  of  the  required  partial 
fractions,  each  assumed  denominator  must  be  a  factor  of  the 
given  denominator. 


b  +  cx  +  dx^'\  =  B+Ca;-f/)x*H  

Then  f  or  «  =  0,  ft  =  B. 

In  like  manner,  c  =  C ;  and  so  on. 


[3] 


INDETERMINATE  COEFFICIENTS  885 

1.  All  the  factors  of  the  given  denominator  may  be  real  and 
different 

In  this  case  we  take  each  factor  of  the  given  denominator 
as  a  denominator  of  one  of  the  assumed  fractions. 

Thus,  :  T^i  =  7L  +  ■ 


(«  -  2)  (x  -  8)     X  -  2    X  -  3 

2.  All  the  factors  of  the  given  denominator  may  be  equaL 
In  this  case  we  assume  as  denominators  every  power  of  the 

repeated  factor  from  the  given  power  down  to  the  first 

Thus,  — — —  =  \-  

•  (X  -  !)•    (X  -  !)•    (X  -  1)«    X  -  1 

3.  All  the  factors  may  be  real  and  some  equaL 

In  this  case  we  combine  the  methods  of  the  first  two  cases. 

_      4x«-63x^  +  888x-610        X      .      B      .     C    .  D 

Thus,   ■  =  V  H  . 

(x-5)»(x-7)  (x-6)»    (x-5)«    x-5  x-7 

4.  All  the  factors  may  be  imaginary. 

The  imaginary  factors  occur  in  pairs  of  conjugate  imaginaries 
so  that  the  product  of  each  pair  is  a  real  quadratic  factor. 

For  example,  in  the  fraction  y-z — - — ,  ^qx  /  «  .  o — TET 
^  (x"  —  4  j;  +  13)     4-  2  a;  +  5) 

the  factor         ««+2a4-5  =  (aTi-2V^)(ic43+2V^), 

and  the  factor  a;*- 4 a;  + 13  =  (aT2 -  3  V^)(x  +  2  +  3  V^). 

In  this  case  we  assume  a  fraction  of  the  form         +  ^ 


for  each  quadratic  factor  in  the  given  denominator. 

7x^-6x«  +  9x-f  108  '    _     Ax-\-B  Cz  +  D 

(xa  -  4x  +  18) (xa  +  2x  +  5)  "  x«  -  4x  +  13    xa  +  2x  +  a' 

5.  Some  of  the  factors  may  be  imaginary. 
In  this  case  we  combine  the  method  of  the  fourth  case  with 
the  method  of  one  of  the  preceding  cases. 

18xa-e8x  +  06         A     .  Bx-^C 


Thus, 


(X  -  5)  (xa  -  6x  +  13)     X  -  5    x2  -  6x  +  13 
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3  jB  —  7 

(1)  Sesolye  into  partial  fractions. 

^  '  («  — 2)(«  — 3) 

S«-7     _  A   ^  B 


HMD,  8x  -  7=^(z  -  8)  +  £(z  -  2). 

.•.^  +  £s8aiid8^  +  2B  =  7;  (§426) 
wbeoee,  ^  =  1  and  B  =  2. 

(x-2)(x-8)^«^'*"ir^' 
TUs  Idflothy  may  be  wified  by  actual  multiplication. 
3 

(2)  Beaolve  into  partial  fractions. 

The  denominatoTB  will  be  x  +  1  and  2^  —  x  +  1- 


x»  +  l    x  +  1    x«-x  +  l 
Then,  3s^(«>-x+  1)  +  (Bb  +  C)(x  +  1) 

=(il  +  B)«« C  -  A)x +  C). 
Therefore,  8  =  -d +  C,  B  +  C-il  =0, -4 +B=0,  (§426) 

and  il  =  l,  B  =  -l,  C  =  2. 

8         1  x-2 


Thexetee, 


x«  +  l    x+1    x«-x  +  l 


1     4x«  — a:*  — 3«  — 2  .  ,  ,  ^ 

(3)  Besolve  -|-  Vf        ^    partial  fractions. 

The  denominaton  will  be  x,  2^,  x  +  1,  (x  +  1)*. 

4jji-xa-.3x-2_^  .  B  .    C    .  2> 

Amme   —  —  =  —  +  --  +  ■ 


x3(x  +  l)«      ""x    x»    x  +  1  (x+l)« 
...  4x«  -  aJ>  -  8x  -  2  =  ^x(x  +  1)«  +  B(x  +  1)«  +  CiiJ«(x  +  1)  +  Dte« 

=     +  C)x«  +  (2il  +  B  +  C  +  D)x«  +  (-d  +  2B)x  + B. 
Therefore,  il  +  0  =  4,  (§426) 

2^  +  B  +  C  +  2>  =  -l, 
^  +  2B  =  -3, 
B=-2; 

and  -4  =  1,  B  =  -2,  (7  =  3,  2)  =  -4. 

^     ^         4x»-x«-3x-2    12.3  4 
Therefore,  —  =   +  • 


z«(x  +  l)a  X     x«     z  +  1     (z  +  1)« 


EXPANSION  IN  S£BI£S 


887 


ThrTcf—  61 

Besolve  into  partial  fractions : 

Tx  +  l  .         5x^1  ^  3 

6. 


'  (x  +  A)(x-5)  (2x-l)(x-B) 

6  x  —  2  a>*  — g— 3 

(x+3)(a!  +  4)'  a5«-8a!-10'  '  a!(a!»-4)  " 

„     3a!»-4  13* +  46 


x*(x4-6)  12x»-Hx-15 
7x»-x  2x»-llx  +  6 


(a;-l)«(a;  +  2)  -  a;«  -  11  a; -h  15 

9.   =  z   13. 


«»-l  *  (aj  +  3)(aj-3)(a;-l) 

10. .  14.  3«.^i2.^ii 


6x«- 6a; -hi  («  +  1) (a;  +  2) (a;  +  8) 

EXPANSION  IN  SERIES 

427.  A  series  which  is  obtained  from  a  given  expression  is 
called  the  expansion  of  that  expression.  The  given  expression 
is  called  the  genenttlng  function  of  the  series. 

Thus  (§  889),  the  eaq>re88ion  —-^ —  is  the  generating  function  of  the 

1  —  z 

infinite  series  l  +  z  +  + 

If  the  series  is  finite,  the  generating  function  is  equal  to 
the  expansion  for  all  values  of  the  symbols  involved. 

\      X      /       7^  X 

If  the  series  is  infinite,  the  generating  function  is  equal  to 
the  expansion  for  only  such  values  of  the  symbols  involved 
as  make  the  expansion  a  convergent  series. 

Thus,     ^     is  equal  to  the  series  1  +  x  +     +  x"  +  •  •  •  when,  and 
1  —  X 

only  when,  x  is  numerically  less  than  1  (§  390). 
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(1)  Ezpud  awwttiding  powers  of  «. 


DMlexliy  than, 

X 


1+1^ 


provided  x  is  » taken  thai  the  aerin  k  conmgait.  By  H  ^  ^ 
Talae  of  X  anat  be  mnerically  leas  than  L 


(2)  Ezpnad  ^        in  deseeding  powers  of : 


DiTidBs1iyi«  +  l;  than. 


1  +  ^    X  .  a^  X* 

provided  X  ii  ao  taken  that  the  aeriea  k  oonragent.  By  §§  407,  405,  the 
value  of  x  moat  be  nomakally  greater  than  1.  ^ 

In  the  two  pveoedJng  ezampleB  we  have  found  an  expansion  of  - — - 
for  all  vahMi  of  x  ezoept  ±  1. 

(3)  Expand  ^  ^  ^  in  ascending  powers  of  z  by  the 
binomial  theorem. 

1 


=  (l+x«)-*  =  l-^  +  x*-. 


provided  x  k  so  taken  that  the  series  k  conveigent 

*  (4)  Expand  ^  ^"^        in  ascending  powers  of  z. 

l+x  +  x« 

Clear  of  fractions, 

2  +  3x  =  a  +  Ac+Cx«  +  I>r»  +  ..- 
+      +  Bx«  +  Cx»  + . . . 
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Hence,  ^  =  2,  B  +  -4  =  3,  C  +  B  +  a  =  0,  i)+C  +  B  =  0.  (§426) 
^ence,     A  =  2,      B  =  1,      C  =  -  3,      Z)  =  2 ;  and  so  on. 

_2±ifL  =  2  +  X  -  3 x«  +  2 x»  +  X*  -  3 X*  +  . . . 
1  +  x  +  x^ 

The  aeries  is  of  course  equal  to  the  fraction  for  only  such  yalues  of  x 
as  make  the  aeries  convergent. 

In  employing  the  method  of  Indeterminate  Coefficients  the 
form  of  the  given  expression  must  determine  what  powers  of  the  variable 
X  must  he  assumed.  It  is  necessary  and  s^g^cient  that  the  assumed  equar- 
tion,  when  simplified,  shall  have  in  the  right  member  all  the  powers  of  x 
tfhat  axe  found  in  the  left  member. 

If  any  powers  of  x  occur  in  the  right  member  that  are  not  in  the 
member,  the  coefficients  of  these  powers  in  the  right  member  will  vanish, 
so  that  in  this  case  the  method  still  applies ;  but  if  any  powers  of  x  occur 
in  the  member  that  are  not  in  the  right  member,  then  the  coefficients 
of  these  powers  of  x  must  be  put  equal  to  0  in  equating  the  coefficients  of 
like  powers  of  x ;  and  this  leads  to  absurd  results.  Thus,  if  it  were 
BSBomed  in  Example  (4)  that 

=      +  Bx»  +  Cx»  +  . . . , 

1  +  X  +  x« 

there  would  be  in  the  simplified  equation  no  term  on  the  right  correspond- 
ing to  2  on  the  left ;  so  that,  in  equating  the  coefficients  of  like  powers  of 
X, 2,  which  is  2a^,  would  have  to  be  put  equal  to  OxP ;  that  is,  2  =  0,  an 
absordity. 

(6)  Expand  (a  —  x)*  in  a  series  of  ascending  powers  of  x. 

Assume         (a  -  x)*  =  -4  +  Bx  +  Cx^  +  JDx»  +  •  •  • 

Square,  a  -  X  =  a«  +  24BX +(2-40  +  B»)x» +(2-4D  +  2BC)x»  +  ... 

Therefore,  by  §  426, 

^«  =  a,  2 ilB=  -  1,  2  jIC  +  B2  =  0,  2-4D  +  2BC  =  0,  etc.. 


and 


2o*  8a'  16a» 


Hence,  z—l  -      -  TTli  - 

2a*    8a»  16a' 
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7  t  j» 

(6)  Expand     ^^.^^^  ^^i^  ascending  powers  of  «. 

(l+x)(l+««) 

7  +  «  =  +  C)  +  {B+  C)«  +     +  B)x«. 
/.  ^  +  C=7,    B+C  =  l,    A  +  B  =  0. 
Whanoa,          ^  =  8,  C  =  4. 

7  +  x       _  8  ^4-8« 


(l+x)(l  +  i«)    1+x    l  + 
Now.i=^==(4-3x)(j-L_)  =  (4-8x)(l-Xi  +  x*-...) 


:4.8x-4a^+8«P  +  4x»-. 


and  ^L-8f-l-^  =  8-8x-»-8i^-8«P  +  8«»- 

1  +  x  M+x/ 

Add,   ^-^^  =  7-6x-X^  +  7x*  

(l  +  xXl+ai)  *  ^^'^ 
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488.  Rflvenion  of  a  Seriaa.  If  y  is  the  sum  of  a  oonTergent 
series  in  the  writing  of  x  in  terms  of  a  conrergent  series  in 
y  is  called  the  retJersion  of  the  series. 

Given  y  «  oas  -h  te*  +  «c*  -f  dx*  +  •  •  where  the  series  is 
convergent,  to  find  x  in  terms  of  a  convergent  series  in  y. 

Assume        x  ^  Ay By^  +  0$^  +  Dif^ -\  

In  this  series  for  y  put  cue  -\- bx* -\- ea^  -\-  dx^  +  •  •  • ; 


X  =  aAx  -h  hA 
+  a*B 


x^-k-cA 
•\€2ahB 


7^-\-dA 
^-V^B 
'\-2aeB 

+  a*2) 
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Equate  coefficients  (§  425), 

ail  «=  1 ;    M  +       =  0;    eA  -\- 2 obB a*C  ^  0 

dA  +  b*B  -\-2aeB  -\-Sa^C  -h  a*2>  =  0. 

.     1     „        h     ^  2^«-ac 

.•.il  =  ->    5  =  5>   C  =  1  f 

a  a*  a* 


etc. 


(1)  Revert  y  =  a; +     +  H  

Here,  a  =  1,    6  =  1,       c  =  1,     d  =  1,  •  •  ■ 

^  =  1,  B  =  -l,   C  =  l,    2)  =  -l, 
Hence,  x  =  y  —  y«  +  y^-y*+--' 


(2)  Reverty  =  x--+3  -  j-f-.- 

Here,  a  =  1,    6  =  -i,    c  =  J,     d  =  -i, 

Hence,  +  | +| +  g  +  • 


BmroiM  62 

Expand  to  four  terms  in  ascending  powers  of  x : 


1. 


l-2x    ^      *  l+a:+x«  (a!  +  l)(x« 

1  .      5-2x  ^   x*-x  +  l 


2-3x  H-x-x«  ic«(a;«-l) 

1 4-g  4a;-6a:'  2a;«-l 

2-1- 3a;'  l-2a;-h3x«'  * 
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Expaad  to  four  terms  in  descending  powers  of  x : 

,A      ^          ,o      g-gg  ,^  Sx-2 

10.  12.  T— — ^  14. 


2  + a;  l  +  3«-««  *  x(x-iy 

11.    r—   IS.   ;  TTT'  16. 


3-l-aj  x(a;-2)  (a;-l)(a:«  +  l) 

Bevert: 

16.  y  =  a;-2x*-h3a;»-4a;*  +  .-. 

17.  y  =  x--  +  -g-y  +  ... 

dc^ 

y=^+r:2"^2T3'^3:4"^- 


RECURRING  SERIES 
1  +  X 

429.  Prom  the  expression  i__2x  —  a^  obtain  by  actual 
division,  or  by  the  method  of  indeterminate  coefficients,  the 
infinite  series 

1+ 3  « -h  7  a;« -h  17  «•  +  41    +  99  a:*  + . . . 

In  this  series  any  required  term  after  the  second  is  found 
by  multiplying  the  term  before  the  required  term  by  2«,  the 
term  before  that  by  x\  and  adding  the  products. 

Thus,  take  the  filth  term : 

41x*  =  2x(17jr«)  +  x»(7i*«). 

In  general,  if  t*,  represents  the  nth  term, 
=  2xtt,_i  + 

A  series  in  which  a  relation  of  this  character  exists  is  called 
a  xecorring  aeries.  Recurring  series  are  of  the  first,  second^ 
thirdy  •  •  •  Older,  according  as  each  term  is  dependent  upon  an«, 
two,  three,  •  •  •  preceding  terms. 
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A  recurring  series  of  the  first  order  is  evidently  an  ordinary 
geometrical  series. 

In  an  arithmetical  or  a  geometrical  series  any  required  term 
can  be  found  when  the  term  immediately  preceding  is  given. 
In  a  series  of  differences  or  in  a  recurring  series  several  pre- 
ceding terms  must  be  given  if  any  required  term  is  to  be  found. 

The  relation  which  exists  between  the  successive  terms  is 
called  the  identical  relation  of  the  series ;  the  coefficients  of  this 
relation,  when  all  the  terms  are  transposed  to  the  left  member, 
is  called  the  scale  of  relation  of  the  series. 

Thus,  in  the  series 

1  +  3x  +  7x»  +  17x»  +  41x*  +  99a*  +  . . . 
the  identical  relation  is 

and  the  scale  of  relation  is     1  —  2z  —  x'. 

430.  If  the  identical  relation  of  the  series  is  given,  any 
required  term  can  be  found  when  a  sufficient  number  of 
preceding  terms  is  given. 

Conversely,  the  identical  relation  can  be  found  when  a 
sufficient  number  of  terms  is  given. 

(1)  Find  the  identical  relation  of  the  recurring  series 

1  -|-4aj  -h  14x«  +  49«»  -h  171a;*  +  597 x«  -h  2084a;«  -h  ... 

Try  fint  a  relation  of  the  second  order. 

ABBome  u,  =  jpxu*- 1  +  gx«U|,-a. 

Pat  n  =  3,  and  then  n  =  4. 

14  =  4p  +  g, 
49  =  Hp +  4g; 
whence,  p  =  },  g  =  0. 

Tliia  gives  a  relation  which  does  not  hold  tme  for  the  fifth  and  follow- 
ing terms. 

Try  next  a  relation  of  the  third  order. 

Assume  u»  =  pxii^_i  -f-  qxHin-t  +  rx'Un-.s. 
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P«ft  A  =  4,  than  »  s  6,  then  b  =  6. 

49=  14i>+  4g+  r, 
171=  49p  +  149+  4r, 
W7  =  171i>  +  499  +  14r; 
wbenoe,  p  =  3,  j  =  2,  r  =  - 1. 

Tliii  gi w  tlw  rdatioo 

wUoh  is  ioaad  to  hold  tm  for  the  menth  tenn. 
The  mie  le^relalam  is  1  -  3x  -  8^  +  x*. 

(2)  Find  the  eighth  tenn  of  the  above  series. 
Hera,  iit=8ziiT  +  2^-x>iic 

=8x(S06A^)  +  81^(597  2^  -  z«(171s<) 

S7876S'. 


SUMMATION  OF  SERIES 

4SL  laiBit*  SeriM.  By  the  sum  of  an  infinite  oonteigent 
muwierioal  series  is  meant  the  limit  whieh  the  sum  of  %  temi 
of  the  seiies  approaches  as  f»  is  indefinitely  increased.  A 
noo-conTergent  numerical  series  has  no  true  sum. 

By  the  sum  of  an  infinite  series  of  which  the  successm 
terms  iuTolre  one  or  more  variahUs  is  meant  the  generatwg 
function  of  the  scries  (S  427),  that  is,  the  expreasum  of  whck 
the  serist  is  the  erpansUm. 

The  generating  function  is  a  tnie  sum  when,  and  only  when, 
the  series  is  conrergent. 

The  process  of  finding  the  generating  function  is  called 
summation  of  the  series. 

4SSL  P^rrifig  Serka.  The  sum  of  a  recurring  series  can 
be  found  by  a  method  analogous  to  that  by  which  the  QusiQf 
«  geometrical  series  ia  found  (§  276), 
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Take,  for  example,  a  reourring  series  of  the  second  order  in 
which  the  identical  relation  is 

or  ttj^  —  jn^-i  —  S^»_j  =  0. 

Let  s  represent  the  sum  of  the  series;  then, 

ttf  +  «iH  +  + 

-J»=     -P^-P^  jpw— «-iw*.^i-im^ 

-        =  -9^1  fi'W— 8  -  9^n-i  -  - 

Now,  by  the  identical  relation, 
Therefore,  adding  the  above  series, 

Observe  that  the  denominator  is  the  icale  of  relation. 
If  the  series  is  infinite  and  convergent,      and  t£._i  each 
approaches  0  as  a  limit,  and  j  approaches  as  a  limit  the  frac- 

tion  ^+(^~^). 
1  -p-q 

If  the  series  is  infinite,  whether  convergent  or  not,  this 
fraction  is  the  generating  function  of  the  series. 

For  a  recurring  series  of  the  third  order  of  which  the  iden- 
tical relation  is 

^efind       ^  ^     ■^     -P^i)  -H  (^«  -  - 

1 —  p ^  q  —  r 

1 —p  —  q  —  r 
Similarly  for  a  recurring  series  of  higher  order. 
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(1)  Find  the*geDeratmg  function  of  the  infinite 
series 

1  +  4a  +  13a^  +  43a:«  + 142«*  + ... 
By  §  4a0  the  identical  relation  is  foond  to 

Hence,  «  =  1  +  4«  +  13x«  +  4Sx»  +        +  •  ■ . 

-8m=  -3«-12^-S9x«*-1292»  

-  aJ"«=  -     aJ"-  4x»-  ISx*  

Add,  (l-Sx-a«)«  =  l+x. 

l-3x-a5« 

(2)  Find  the  generating  function  and  the  general  tern  of 
the  infinite  recurring  series 

l-7a;-aB«-43a«-49«*-307a:»  

Here,  ttft=xu;fc-i  +  6a^.a. 

«  =  l-7x-  ««-43««-49«*  

-  x»  =  -  x  +  7x«4.  x«  +  43x*+  -. 
-.62^=  -aa^  +  42a^+  6«*  +  .-- 

Add,  (1 -x-6x«)«  =  l -Bsc 

l-8x  l-8x 


. «  =  - 


l_x-6aJ>    (l  +  2x)(l-8x) 
By  §  426  we  find 

l-8x        _  _2  ]_ 

(l+2x){l-3x)     l  +  2x  l-8x' 

By  the  hinomial  theorem  or  by  actual  divirion, 

1 


l  +  2x 
1 


=  1  -  2x  +  2«aj»  -  2«x»  +  .  • .  +  2^(- 1)^ +  ' 
=  1  +  8x  +  8«x«  +  8»x»  +  . . .  +  3^«^  + ' •  • 


1  -Sx 

Hence,  the  general  term  of  the  given  aeries  is 

[2r  +  l(-l)r«8r]ajr. 
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(3)  Find  the  identical  relation  in  the  series 
la  +  2«  +  3»  -h  4«  -h  5«  -h  6«  +  7»  -h 
The  identical  relation  is  found  from  the  equations 
16=  9p+  4g+  r, 
26  =  16p+.  9g  +  4r, 
36  =  26p  +  16g  +  9r, 
to  be  i£jk=3ut-.i  -  3ujb.i  +  Uib.s- 

Zbraroiae  63 

Find  the  identical  relation  and  the  generating  function  of : 

1.  l-|-2a;-|-7a«-h23a;»-|-76x*  +  --- 

2.  3  +  2« -|-3««-|-7x«-|-18a;*H  

3.  3-|-5x  +  9a;*  +  15a;»-|-23a^  +  33aj*-|-45aj«H  

4.  1  -h  4a;  +  11 X*  -h  27 x»  -h  66x*  +  158a;*  +  388 a;«  -h  •  •  • 

Find  the  generating  function  and  the  general  term  of : 
6.  2  +  3a;-h5a;'  +  9a;»-|-17a;*4-33a;*H  

6.  7  -  6a;  +  9a;*  -h  27  a;»  -h  54 -h  189a*  -h  667 a;*  -h  •  •  • 

7.  l+6»  +  9««  +  13a;»4-17x*-|-21a;*H  

8.  1  + a; -7  a;* +33  a;*- 130  a* -1-499  a;*  

9.  3  +  6a;     14a;«  -h  36a;»  -h  98a*  -f  276a*  -h  794a*  +  • 

10.  1  -f  4a  4-  9a«  +  16a*  -h  25a*  +  36a*  +  49a«  +  •  •  • 

Find  the  sum  of  n  terms  of : 

11.  2-h5  +  10-|-17-|-26-|-37  +  50-|-  -- 

12.  l»-h2*-h3*-f4»-|-5*-|-6*-|--" 

13.  l-f2a-|-3a»-|-4a»4-5a*-|  

14.  1  +  3a  -h  6a«  -h  10a*  -h  15a*  4-  21  a*  +  28 a*  +  . . . 
16.  l«  +  3*-|-5«-f  7»-|-9«^-ll*-l-••• 
16.  l«  +  5«-|-9*  +  13«-|-17«-|-21*-|-  -  • 
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INTERPOLATION 

433.  As  the  expansion  of  (a  +  hy  by  the  binomial  theoarem 
has  the  same  form  for  fractional  as  for  integral  values  of  n, 
the  formula  (§  421) 

may  be  extended  to  cases  in  which  n  is  a  fraction,  and  be 
employed  to  insert  or  interpolate  terms  in  a  series  between 
given  terms. 

(1)  The  cube  roots  of  27,  28,  29,  30  are  3, 3.03669,  3.07232, 
3.10723.    Find  the  cube  root  of  27.9. 

3.00000  3.03660  8.07232  3.10723 

Pirst  diffeiences,         0.03669         0.03673  0.03491 
Second  differences,  —  0.00086       -  0.00062 

Third  diflerenoes,  0.00004 

These  values  sabetitated  in  the  general  formula  give 

=  3  +  0.032931  +  0.0000387  +  0.00000066 
=  3.03297. 

(2)  Given  log  127  =  2.1038,  log  128  =  2.1072,  log  129  = 
2.1106.    Find  log  127.37. 

2.1038       2.1072  2.1106 
First  differences,  0.0034  0.0034 

Second  differences,  0 

Therefore,  the  differences  of  the  second  order  vanish,  and  the  required 
logarithm  is 

2.1088  +  lUr  =  2.1038  +  0.001268 

:r  2.1061. 
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(3)  Thelatitudeof  the  moon  on  a  certain  Monday  at  noon  was 
r  53^  18.9",  at  midnight  V  27' 8.6";  on  Tuesday  at  noon 
2*^58' 55.2",  at  midnight  3^  28' 6.8";  on  Wednesday  at  noon 
3*  54'  8.8".    Find  its  latitude  at  9  p.m.  on  Monday. 

The  series  expressed  in  seconds  and  the  successive  differences  are 
6708.9        8828.6        10736.2         12486.8  14048.8 
2029.7         1906.6  1760.6  1668.0 

-  128.1        -  166.0        -  187.6 
-  82.9  -  31.6 

1.3 

As  9  hours  =  }  of  12  hours,  n  =  }. 

Also,  a  =  6798.9,  6  =  2029.7,  c  =  -  123.1,  d  =  -  32.9,  e  =  1.3. 
These  yalues  substitnted  in  the  general  formula 

^    1x2     ^      1x2x3        ^  1x2x3x4 

give 

„«...5,»»,.n.|(-!)(-!fl).5(_.)(_|)(_-«) 

s=  6798.9  +  1622.28  +  11.64  -  1.29  -  0.03-  •  • 

=  8331.4 

=  2<>18'61.4". 

EXPONENTIAL  AND  LOGARITHMIC  SERIES 

434.  Exponential  Series.    By  the  binomial  theorem, 

I1+-)  «l  +  na;X-H  \  X -= 

\      nj  n         1x2  n« 

nx(nx^l)(nx-2)  1 
1x2x3  n» 

.i,..!H).!k|(!j)..,.„ 
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This  equation  is  true  for  all  real  values  of  x.  It  is,  how- 
ever,  true  only  for  values  of  n  numerically  greater  than  1, 

since  ^  must  be  numerically  less  than  1  (§  418). 
n 

As  [1]  is  true  for  all  values  of  x,  it  is  true  when  x  =  l. 


Hence,  from  [1]  and  [2], 


This  last  equation  is  true  for  all  values  of  n  numerically 
greater  than  1.  Take  the  limits  of  the  two  members  as  n 
increases  without  limit.    Then  (§  383), 


[3] 


and  this  is  true  for  all  values  of  x.  It  is  easily  seen  by  §  406 
that  each  series  is  convergent  for  all  values  of  x. 

The  sum  of  the  infinite  series  in  parenthesis  is  called  the 
natural  base  (§  302),  and  is  generally  represented  by  e ; 
hence,  by  [3], 

=  l  +  x  +  |  +  |  +  -  [A] 
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To  calculate  the  value  of    we  proceed  as  follows : 


1.000000 

2 

1.000000 

3 

0.600000 

4 

0.166667 

6 

0.041667 

6 

0.008338 

7 

0.001388 

8 

0.000198 

9 

0.000026 

0.000003 

e  = 

2.7182a 

e  — 

2.7182818284. 

Add, 

To  ten  plaoes, 

435.  In  [A]  put  cx  in  place  of  x  ;  then. 

Put    =  a;  then  c  =  log^a,  and     =  a*. 

«     ^  1^    1        .  x'(log,a)'  .  g*(log^a)*  , 

If  l£ 

Series  [B]  is  known  as  the  exponential  series. 
Series  [B]  reduces  to  [A]  when  we  put  e  for  a. 

436.  Logarithmic  Series.    In  [A]  put    =  1  +  y ;  then, 

X  =  log.(l  4-  y),  and  by  [A], 

X*      x*  X* 

Berert  the  series  (§  428),  and  we  obtain 


Bat 


aj  =  log.(l+y). 


log.  (H-y)  =  y 


[C] 
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Similarly  from  [B], 

The  series  in  [D]  is  known  as  the  logarithmic  aeries ;  [D] 
reduces  to  [C]  when  we  put  e  for  a. 

In  [G]  and  [D],  in  order  to  have  the  series  convergent,  the 
valne  of  y  must  lie  between  —  1  and  4- 1,  or  be  equal  to  4- 1, 
by  §  409,  Example  (1). 

437.  Modolna.    Comparing  [G]  and  [D],  we  obtain 

loga(l  +  y)-j^log.(l-fy); 
or,  patting  iV  f or  1  -f  y, 

Hence,  to  change  logarithms  from  the  base  e  to  the  base  a, 
multiply  by  logo*  ;  s^d  conversely  (§  318). 

The  number  by  which  natural  logarithms  must  be  multi- 
plied to  obtain  logarithms  to  the  base  a  is  called  the  modolna 
of  the  system  of  logarithms  of  which  a  is  the  base. 

Thus,  the  modulus  of  the  common  system  is  log,o6  (§  320). 

438.  Calculation  of  Logarithma.  Since  the  series  in  [G]  and 
[D]  are  not  convergent  when  x  is  numerically  greater  than  1, 
they  are  not  adapted  to  the  calculation  of  logarithms  in  gen- 
eral   We  obtain  a  convenient  series  as  follows  : 

The  equation 

log.(l+y)  =  y-^  +  §-|^  +  .--  [1] 

holds  true  for  all  values  of  y  numerically  less  than  1 ;  there- 
fore, if  it  holds  true  for  any  particular  value  of  y,  it  will  hold 
true  when  we  put  —  y  for  y;  this  gives 

iog.(i-y) — [2] 
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Subtract  [2]  from  [1].    Then,  since 

log.(l  4-  y)  -  log,(l  -  y)  =  log.([3|)i 


and 


log.  (j^)  =      (*  +  !)-  log.* 
°^^(2«  +  l'^3(2«  +  l/'*'6(2«  +  l)»"^")'  1^^^ 


■3(2«  +  l/'^6(2«  +  l)» 

This  series  is  convBigent  for  all  positive  values  of  z. 
Lc^arithms  to  any  base  a  can  be  calculated  by  the  corre- 
sponding series  obtained  from  [D] ;  viz., 

log«(«  +  l)-log.« 


1<^.*\2«  +  1 


[F] 


3(2«-|-l)«^6(2«  +  l)» 

(1)  Calculate  to  six  places  of  decimals  log.2,  log.3,  log,10, 
logw«. 

In  [E]  pat       z  =  1 ;  tben  2z  +  1  =  8,  logeZ  =  0, 


2 


6  X  a*    7  X  8^ 
Hie  work  may  be  arranged  ae  f oUowb  : 


2.0000000 


0.6666667  1  =  0.6666667 
0.0740741  -1-  3  =  0.0246914 


0.0082306  6  =  0.0016461 
0^0000146 -H  7  =  0.0001806 
M0gi016-H  9  =  0.0000113 


0.0000113  -r- 11  =  0.0000010 


0.0000013  +  13  =  0.0000001 
lege 2  =  0.693147 
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I0&3 

log,© 
log.10 

logio« 

Hence,  the  modulua  of  the  common  system  Is  0.434294  (§  320). 
To  ten  places  of  decimals : 

log.l0  =  2.3025860028, 

logioe  =  0.4342944810. 

For  calculating  common  logarithms  we  use  the  series  in  [F] 
logio(«  +  l)-logio« 

=  0.8685889638  (  ^  +  3^^^  +  +  ' ' " )' 


:log.2  +  ^  +  - 


5    3  X  5»    5  X  6» 
:  1.0086123. 

:  log,(3<)  =  2  log,3  -  2.1072246. 

2 


=  lOg.0  +  — +  ; 


10    3  X  10*    5  X  10* 
:  2.1072246  +  0.1053606 
:  2.302585. 

:—!--  =  0.434294. 
logelO 


(2)  Calculate  to  five  places  of  decimals  logroll. 
Put  2  =  10;  then  2z  +  1  =  21,  logz  =  1, 

log  11  =  1  +  0.868688  (1  +  +  +  .. 


21 
441 


0.868588 


0.041361  -f- 1  =  0.041361 


0.000094  -i-  3  =  0.000031 
0.041302 

1;^  

logioll  =  1.04180 

In  calculating  logarithms  the  accuracy  of  the  work  may  be  tested 
every  time  we  come  to  a  composite  number  by  adding  the  logarithms  of 
the  seyeral  factors  (§  300).  In  fact,  the  logarithms  of  composite  numbers 
may  be  found  by  addition,  and  then  only  the  logarithms  of  prime 
numbers  need  be  found  by  the  series. 
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439.  Limit  ^  -   ^7  ^®  binomial  theoiemi 

\      n/  n       1x2  nr 

»(n-l)(«-.2)  X' 
^      1x2x3  ""n*^ 

This  equation  is  trae  for  all  valnes  of  n  greater  than  x 
(S  418).  Take  the  limit  as  n  increases  without  limit,  x 
remaining  finite. 

=  n"n(l+^)"'-  (8434) 
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1.  Show  that  the  infinite  series 


1  + 1  ^+ 


1x2     2x2«'3x2*  4x2* 
is  convergent,  and  find  its  sum. 

2.  Find  the  limit  which  '\/l-\-nx approaches  as n approaches 
0  as  a  limit. 

4.  Calculate  to  four  places,  log«4,  log«5,  log«6,  log«7. 
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6.  Find  io  four  places  the  moduli  of  the  systems  of  whidi 
the  hues  ue  2,  3,  4,  5,  6,  7. 


C  Shovthmt 


1x2x3    3x4x5  5x6x7 

7.  Sbowthmt 

8.  Shov  thstj  if  X  is  positive, 

2*    3"  4* 

9.  Showthat  l+j2+[3+[4+  •  = 

10.  Show  that         «=  X  +  r  V^,  where 

^  X*    X*  X*    X*  x' 

^  =  ^-[2+(4-[6+  "'  ^  =  '~(3+|6~[7+  - 

11.  Expand  r  in  ascending  powers  of  x. 

12.  Expand   — ^  in  ascending  powers  of  «. 

13.  Find  the  sum  of  n  terms  of  the  series 

o  a(a  +  x)  a(ft  +  x)(o  +  2x) 
ft     i(i  +  x)  +     (ft +  2x) 

14.  Show  that,  if  n  is  any  positive  integer, 

n  n(n--l)  n(n  ~  l)(n -- 2) 

n  +  1     («  +  l)(n-f2)'^(n  +  l)(fH.2)(n  +  3) 

n(n-l)(n-2)---3»2>l     _^  1 
*(n4-l)(n4-2)...(27^-l)(2n)  2 
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CONXmUBD  FRACTIONS 
440.  A  fraction  in  the  form 


b  + 


/-fete, 
is  called  a  oontinned  fraction. 

A  continued  fraction  in  which  each  of  the  numerators  of 
the  component  fractions  is  + 1  and  each  of  the  denominators 
is  a  positive  integer,  as 

1 


^     r  4-  etc. 
is  called  a  simple  continned  fraction. 

We  shall  consider  in  this  chapter  some  of  the  elementary 
properties  of  simple  continued  fractions. 

441.  Any  proper  fraction  in  its  lowest  terms  may  be  eon- 
verted  into  a  terminated  simple  continued  fraction. 

Let  -  be  a  fraction  in  its  lowest  terms. 
a 

Then,  if  ^  is  the  quotient  and  c  the  remainder  of  a-hb, 

b^l^_i  

a     a  0 

367 


1 


aa,  jMb.  ■■•«5M  if  TTTixaB  ibesae is  tbe steps 
±jr  TTTiiTTT^  H.  IT  s  bhI  r .  kTif  szife  «  aid  i  ixe  pzime 
71  -Ska  nnsL  &  TBKUiit^  I.  irZ  js  jsn^  be  readied,  sod 

rhaer^  "zlc  j.  t  i  sZ  >DK3rre  I^nyii^ 

4tt  Cm«w.  T^fiAstiasafcEXfldb^lakiiigone^two, 


11  1 


1         f  fr^l 

—  .  •   y  ... 

Tbe  Txl;v  of  the  ccznplete  oonlinaed  fmcOaa  is  called 
brief  T  the  iMflili  valM. 

4i3L  Tk^  succtssirt  eonreiy^ts  are  aUenuUeljf  greater  than 
mmd  lots  tAam  tke  eamplHe  ralut  of  the  eamiinued  JreteHon. 
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Liet  X  be  the  complete  value  of 
1 

l' 

!>  +  1 


^"^  r-f  etc. 
Theiii  since     q,r,  "  -  are  positiye  integerSi 

1 


p<p  + 


r  -\-  etc. 


p  +  


That  is,  -  >  «. 


r  +  etc 

>x. 

P 


Again,  y  <    4-  ^ 


r  4-  etc 
^  ^  r  4-  etc. 

1  <-JL_ 


^     r  4-  etc. 
That  is,  — ^—7  <  X ;  and  so  on. 

Corollary.  Hence,  if  —  >  —  are  consecutive  convergents  to 
«,  llien  a  >  or  <  —  according  as  —  >  or  <  — ,  and.  there- 
fore,     >  or  <  ^  according  as  —  >  or  <  — • 

  -  Vt 
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Therefore,  vfy^  —      and  Viv,  —  u^Vi  are  simultaneooslj 

positive  or  simultaneously  native.    Therefore,  —  

IS  always  posUtve, 

NoTB.  Continued  fractions  are  often  written  in  a  compact  and  con- 
venient form  ;  thus,  the  fraction 

1 


6  +  -i 


may  be  written  in  the  form    a  +  7    -  - 

6+c+d+e 

444.  7/  —  >  — ,  H»  three  consecutive  eonvergents, 

and  if      m^y  m,  are  the  quotients  that  produced  them^  then 

Ut__m«Uj-f  Ui^ 
Vg     mgv,  -f  vj 

For,  if  the  first  three  quotients  are  jp,  q,  r,  the  first  three 
convergents  are  (§  442) 

1,    ?  ,   2!i±l   rn 

P    -Py-M     (jP3'  +  l)*"+jP  ^ 
From  §  442  it  is  seen  that  the  second  convergent  is 

formed  from  the  first  by  writing  in  it  jp  -f  -  for^;  and  the 

1  ^ 

third  from  the  second  by  writing    -f  ^  f or       In  this  way 
any  convergent  may  be  formed  from  the  preceding  convergent 
Therefore,  —  is  formed  from  —  by  writing     +  —  for 

Vg  t^g  77lg 

The  numerator  of  the  third  convergent  in  [1]  is  equal  to 
r  X  (second  numerator)  4-  (first  numerator). 

The  denominator  of  the  third  convergent  in  [1]  is  equal  to 
r  X  (second  denominator)  +  (first  denominator). 
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ABSume  that  this  law  holds  true  for  the  third  of  the  three 
oonsecutiye  convergents 

%   %  % 

Vo  V, 

so  that  u,^m^u,+u,^ 

Then,  since  —  is  formed  from  —  by  using  m,  +  —  f or  tto^ 

Substitute  t^,  and    for  their  values  th^i^i  +     and  m^Vi  -f 
Then,  tj.^nvc^ 

Therefore,  the  law  still  holds  true;  and  as  it  has  been 
shown  to  be  true  for  the  third  convergent,  the  law  is  general 
by  mathematical  induction. 

Corollary.  If  —  ?  —  >  ^>  are  the  convergents  to 
Wi +        —  .       then,  since    =  m.w, .  1 4-  «„ 

iz"  -M-  -  1 
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and  80  on,  until  finally 

J^^^^J-         ...  L  J.. 

In  like  manner,  it  may  be  shown  that 

...  1. 

4AS.  Kramplfm  (1)  Find  the  continued  fraction  equal  to 
^l,  and  also  the  successive  convergents. 

Following  the  prooees  of  finding  the  H.C.F.  of  31  and  75,  the  sacoes- 
itye  quotients  are  found  to  be  2,  2,  2,  1,  1,  2.  Hence,  the  equivalent 
oontinued  fraction  is 

1 


a  +  - 


2  + 


1  + 


or,  in  the  compact  form, 

111111 
2  +  2  +  2  +  1+1  +  2* 

To  find  the  sncoeaBive  convergents,  write  the  saccessiYe  quotients  in 
order  in  a  line,  and  in  the  next  line  below  write  the  initial  convergents  } 
and  f  to  the  left  of  the  first  quotient ;  then,  beginning  with  these  initial 
convergents,  form  the  successive  convergents  as  foUows :  Multiply  the 

/  1  Qf       known  convergent  by  the  quotient  next  on  its 

\  denominator/ 

r  numerator  1 

right  and  to  the  product  add  the  -j  ^^^jn^j^^y  f     ^«  convergent  next 

preceding.  The  sum  is  the  {^e^^^^r}  ^  succeeding  con- 
vezgent  (J  444).  Write  this  convergent  inunediately  below  the  quotient 
produoingit. 

Thus,         Quotienta     =         2,  2,  2,   1,   1,  2. 

Convergents  =  J,  f,  J,  |,  A,  ^,  Hi  H- 
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If  the  given  fracticm  is  improper  with  an  integral  part  n,  the  initial 

oonvergents  are  ^  and       Thns,  the  zeroth  conyergent  is  always  ^  and 

the  first  convergent  is  the  integral  part  of  the  continued  fraction,  or  is 
sero  if  there  is  no  integral  part. 

(2)  Find  the  successiye  convergents  to  the  continued  fraction 

1+1  1  i  J. 

^^2+3+4+6 
Quotients    =        2,  8,   4,  6. 
Convergents  =  J,  J,  f,  J^,  JJ.  «f 

Bx«rolM  65 

Expzess  the  following  numbers  as  simple  continued  fractions 
and  find  the  successive  convergents : 

1.  }f.  4.  7.  0.0498766. 

2.  m-  6.  WMV-  8-  1-4142.  . 

3.  6.  0.43589.  9.  2.44949. 

10.  Find  the  value  of 

111.    111.  11111 
4  +  34-2'   24-3  +  7'    1  +  2  +  1  +  4  +  5' 

11.  Find  a  series  of  fractions  converging  to  the  continued 
fraction  that  has  as  quotients  2,  1,  3,  1,  7,  2,  1,  2,  6,  4. 

446.  The  difference  between  two  consecutive  convergents 

Ui       ,        .  1 
—  and  —  IS   • 

The  difference  between  the  first  two  convergents  is 

1  Z_  =  _A_. 

p    pq-\-l    p(jpq  +  l) 

Let  the  sign  stand  for  the  words  the  difference  between^ 
and  assume  the  proposition  true  for  ^  and 
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Then,  !;!~!!!t  =  ^'~«'^»  =  JL. 

But 

if  we  put  for  «s  and  Vf  their  yalues,  msUi+t'o  m^Vi-^VQ, 
Reduce,      -i  ^  _i  =  h^lj  i-2f  =        nyy  assumption). 

Hence,  if  the  proposition  is  true  for  one  pair  of  consecutive 
convergents,  it  is  true  for  the  next  pair;  but  it  has  been 
shown  to  be  true  for  the  first  pair;  therefore,  it  is  true  for 
everff  pair  bj  mathematical  induction. 

Corollary.    If      and      are  two  consecutive  convergents, 

til  !<• 

ttjV,  —  ttjVi  ==  +  1  or  —  1  according  as  —  >  or  <  — • 

447.  Since  by  §  443  the  complete  value  of  x  lies  between 
two  consecutive  conven:ents  —  and  —  >  the  convergent  — 

differs  from  ac  by  a  number  less  than  —     — ,  that  is,  by  a 

number  less  than  ;  so  that  the  error  in  taking  —  for  x  is 

less  than   >  and  therefore  less  than   ;>  as  Vm>vuffiy 

since     =  nifVi  -f-  Vq. 

Hence,  the  best  convergents  to  select  are  those  immediately 
preceding  large  quotients. 

448.  Any  convergent  ~  is  in  its  lowest  terms;  for,  if 

Ui  and  had  any  common  factor,  it  would  also  be  a  factor 
of  fiiVi  ^  u^Vif  that  is,  a  factor  of  1. 

449.  The  successive  convergents  approcLch  mare  and  mere 
nearly  to  the  complete  value  of  the  continued  fraction. 
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tin    t|.  tt« 

Let  —  >  —  >  —  be  consecutive  convergents. 

Vq    Vi  V, 


Kowy  —  differs  from  Xf  the  value  of  the  complete  fraction. 

1 

only  because      is  used  instead  of      H  — • 

mg  -f  etc. 

Let  this  complete  quotient,  which  is  always  greater  than 
unity,  be  represented  by  M, 

Then,  since  ~  =   --^f  x  =  —  ^« 

rn^Vi  +  Vq  Mvi  +  v© 

Ui     Muj  4-  tto  UqVi  ^  UiVo 

•   35  — —  —  '    _  —  —  —  -.  —  . 


Vi     Mvi  +  Vo      Vi        (Mvi  +  Vq)     Vi  (Mv^  -f  Vq) 


Vo  Vo     Mvi-\-Vo       Vo(Mvi-\-Vo)  Vq(Mvi+Vo) 

Kow,  KM  and     >  v^y  and  for  both  these  reasons 

05      —  <  —  X. 
That  is,      is  nearer  to  x  than  is  — • 

Vi  Vo 

Condlary.    Hence,  the  ocfti-numbered  convergents  to  the 

continued  fraction  Ci  +  ~    ~  .  •  •  •  form  an  increasing  series 
Ci  +  + 

of  rational  fractions  continually  approaching  to  the  value  of 
the  complete  continued  fraction ;  and  the  eveTi-numbered  con- 
vergents form  a  decreasing  series  having  the  same  property. 

450.  The  fraction  is  greater  than  or  less  than  aceordr 
ing  flw  ^  M  greater  than  or  less  than  ^  • 

For  (§  449),  3f  >  1,     >  Ui,  and  v,  >  Vx. 

Mhi^Vt  —  UiVx  >0, 
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Henoey  (IfH^r,— iiiVi)(ttir,— Mjri)  >  0  or  <  0, 
that  iSy  MhiiUjV^  +  uiu^Vi*>  or  <J/*M,*riP,+itiVp^ 

and  Uitti  (MVf  +  ri)*  >  or  <  ViV^  (Afu, + Uj)*, 

and,  therefore,      ^^^^^^  >  or  <  f  ^^J^LiLillV 

Ui  .  tu 

according  as       —  is  >  or  is  <  — • 


But  «  = 


/.  — >  or  <  x'  according  as  —  >  or  <  — • 

 „  UiU,  —  X*7iV,   .      -  .  . 

Corollary.    «  always  posmve, 

451.  -4ny  convergent  ^  is  n«ar«r  ^Ae  complete  value  x  ^Aan 
any  o^Aer  fra/stion  with  smaller  denominator. 

Let  7  be  a  fraction  in  which  b  <  v^. 

0 

If  ^  ig  one  of  the  convergents,  x  ^^>^  ^  x.  (§  449) 
If  Y  conyergents,  and  is  nearer  to  x  than 

0 


must 


is  —  >  then,  since  «  lies  between  —  and  —  (%  443),  r 
be  nearer  to  —  than  is  —  • 

That  IS,      -^r2<-i^r2,  or  ^  .  <  

ft                    v,             rjO  Vji?, 

Since  5  <  Vi,  this  would  require  that  v,a  uj>  <  1.  But 

cannot  be  less  than  1,  for  a,  6,  are  all  integers. 

Hence,  —  is  nearer  to  x  than  is  %  • 
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Exuinpleit.  Express  Vs  in  the  form  of  a  continued  fraction. 
Let  Vs  =  1  +  1  (since  1  is  the  greatest  integer  in  VS). 


Then, 


1  =  V8-1. 

X 

1       Vs  +  i 

,\  X  =  •  ~ 


V8-1  2 

Let  =  1  +  ^(«^»ce  1  is  the  greatest  integer  in  ^^^)- 

^  1    Va  +  i   ,  V3-1 

Then,  -  =  —  1  =  —  

y        2  2 

_      2      _  VS-f  1 

Let  =  2  +  i^since  2  is  the  greatest  integer  in  ^^illV 

1  2  \  1  / 

Then,  i  =  4+l_2  =  V§_l. 

z  1 

1        Vs  +  l 


V3-I  2 

This  is  the  same  as  x  above ;  hence,  the  quotients  1,  2  will  be  con- 
tinually repeated. 

.•.V3  =  l+^— , 

1+: 


2  + etc. 

of  which  — —  will  be  continually  repeated,  and  the  whole  expression 

may  be  written  ^1  i 

1  +  2' 

The  convergents  of  the  continued  fraction  |    |  are 

1  +  2 

^»  }♦  }»  A»  H»  H»  "  • 

the  conveigents  to  Vs  are  1,  2,  },  },      ft.  H» '  *  ' 

This  example  shows  how  any  pure  quadratic  surd  may  be 
conTerted  into  a  non-terminating  simple  continued  fraction. 
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The  following  is  another  example  with  the  work  of  oon- 
version  exhibited  in  full  in  a  convenient  arrangement. 

V7  =  2  +  2^  =  2  +  ^  =  2  +  i. 

1  V7  +  2  «i 

V7+2  V7-I  2  ,1 

8  3  V7+2  ^ 

^1+1+1+4 
Quotients     =        1,  1,  1,  4,   1,   1,    1,  4. 
Convergent8  =  i,  f  f,  },  f,  H.       H»  W»  «f- 

452.  A  non-terminating  simple  continued  fraction  in  which 
the  denominators  recur,  and  recur  always  in  the  same  order,  is 
called  a  simple  periodic  continued  fraction. 

453.  Every  quadratic  surd  may  he  converted  into  a  simple 
periodic  continued  fraction. 

It  is  sufficient  to  consider  the  case  of  a  pure  quadratic  surd, 
as  a  mixed  surd  can  always  be  reduced  to  a  pure  surd. 

Let  N  be  any  given  integer  not  a  square,  and  let  qi  be  the 
integer  next  less  than  ViV^,  hence  -Vn  —  <  1.  Then,  arrang- 
ing as  in  the  last  example,  we  have 

in  which  ki  =  qi  and  n  =     —  fi'i' ; 
 =  7a  H  =     H  7=  ' 

N-k* 

if     —  ri^j  —  ki  and     =  ^ ; 
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— —  =  s»  +  —z —  =  9*+  r-  ,  ,  ' 

if  *,  =  r^j  —  *,  and  r,  =  ; 


if  A:.  =  r,_,3',  -        and  r.  =  —  ^. 

^11- 1 

iVbw,  the  numbers  r^,  •  •  •  aTirf  k,,  kg,  •  •  •  are  positive 

integers. 

For,  let  —  >  —  9  be  the  consecutive  convergents  cor- 
responding  to  the  partial  quotients  ^.^i,      q^^i.    The  com- 

plete  quotient  next  after      is   -f  and  using  this 

instead  of  q^  to  form  the  next  convergent,  we  obtain  the 
complete  value  "Vn  of  the  continued  fraction,  instead  of 

the  convergent  value  (§  445) 


Equate  rational  and  irrational  parts  of  this  equation. 
Then,  +  r.M,_i  =  v^, 

and  +  = 

and  r.  =  — =^5^^^^   [21 

Hence,  by  §  460,  Corollary,  and  §  443,  Corollary,  and 
r^  are  both  positive,  and  since  —  u.v.^i  =±  1,  they 
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VivF=,.  +  i  i  ...  1  J_  J_  ...  i, 

in  which     is  not  equal  to  q^. 

Let        y  =  fl'i+iH  ,    . 

and  let  ^  denote  the  nth  convergent  to  "^N. 
Then,  Viv'=yi  +  -^-^-  -    -  ^- 

ft  +  ^8  +     +  ?!  +  fi'l+i  +  "*  +  y«  +  y' 

Eliminate  y  from  these  equations, 

+  -  =  0.  [2] 

+  W._.(j.  +  ^;-,.-^;)  =  0.  [3] 

Now,  since  t>l,  — —  is  a  positive  proper  fraction,  and 
is  zero  if  *  =  2,  and  is  a  positive  proper  fraction  if  ^  >  2. 
Hence,   ^  is  a  proper  fraction,  say  ±f.    So  also 

—  is  a  proper  fraction,  say  ±/'.  Hence,  [3]  may 
be  written 
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Nowy/and  f  both  being  proper  fractions  and  ^^-^^  being 
aa  int^^,  for  was  aaaomed  unequal  to  the  numbers 
q^  —  q^±f  and  qt  —  qm^f^^  both  positive  or  both  negatire, 
and  [4]  becomes  the  sum  of  two  positiye  numbers  or  of  two 
negative  numbers  is  equal  to  zero;  but  this  is  impossible. 
Therefore,  t  cannot  be  greater  than  1. 

If     *  =  1,  then  tt,_i  =  1,        =  0,  u,  =  q^^  r,  =s  1, 
and  equation  [2j  beeomes 

and  +        1  -     =  0.  [6] 

•  •   rqi  —  

.  .  Zo'iH —     —   =  fl'- +     — • 

(See  §  444,  Corollary.) 

/T7         .  i      1  111 
•'•^  =  ^-^^-f^+'"  +  ^  +  ^  +  2^- 

455.  Eliminating     from  equations  [5]  and  [6],  we  obtain 

-  iVt;_,«  =  u^_,v^  -  u^v.^,  =  (-  1)— ».  [8] 

Now,  m  —  1  is  the  number  of  terms  in  the  cycle  in  [7]. 
Therefore,  —  iV^v»_i*  =  +  1  or  —  1,  according  as  the 

number  of  terms  is  even  or  is  odd,  in  the  cycle  of  the  simple 
periodic  continued  fraction  into  which  "Vn  is  convertible. 

Let  Ci  =         and  Si  =  t;„_-x,  that  is,  let  ^  be  the  conver- 

gent  immediately  preceding  the  partial  quotient  2  g'l  in  [7] ; 
then  equation  [8]  becomes 

Ci«  -  N8i^  =  +  1  or  -  1. 
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Consider  the  case  Ci*  —  Nsi*  =  +  1. 

liet  (ci  +  SiVnY  =    -f  8^Vn. 

Then,  (ci  -  a^VN^  =    -  s^VN; 

ej"  -  Ns^^  =      -  iV«i«)-  =  1.  [A] 
Also  (c^  +  8^VN)(c,  +  s,VN)^c^^.-hs^^,VN.  [B] 

Multiply  the  factors  on  the  left  side  of  [B]  and  equate 
rational  and  irrational  parts ;  then 

456.  These  equations  give  a  very  easy  and  rapid  method 
of  obtaining  a  close  approximation  to  ViV^. 

From  the  example  on  page  368,  we  find  for  V? 

«,  3 

.        64  +  7  X  3'  127 
2x8x3  ~48' 
e,    127»  +  3  X  7  X  127  x  48^  8193151 
*,     3x  127'x  48  +  7  X  48"  3096720* 

By  §  447,  the  error  of  approximation  is 

<  1  <A. 

4  X  30967202  ^  10" 

457.  Compare  equations  [A],  [B],  and  [C]  with  the  trigo- 
nometrical equations : 

cos*  or  —  (—  l)sin*a  =  1, 
(cos  a  -f-  V— 1  sin  a)  (cos    H-  V—  1  sin  fi) 

=  cos(a  -f  /8)  +  8in(a  -f  P), 

and        cos(flr  +  /8)  =  cos  a  cos  )8  +  (—  1)  sin  a  sin  ft 
sin  (a  -f  )8)  =  sin  a  cos  /3  -f-  sin  )8  cos  a. 
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458.  If  «i'-^V  =  -l, 
then  =  + 
and,  in  general,           e^*  —  Ns^^*  =  + 1» 

^•+1*  ~  -^^iji+i*  =  —  !• 

459.  Equation  [2],  §  453,  gires 

and  therefore,  if 

then  =  ir+X+,. 

460.  If  ^  is  the  H.G.F.  of  mg  and  a^  —  N,  to  reduce  the 
mixed  surd         —  to  a  simple  periodic  continued  fraction, 

it  is  sufficient  to  reduce  ^  ^  continued  fraction 

by  the  method  of  §  461.  ^ 


82  12- VIi2 

_iiiii2.li 

~I  +  2  +  2+l  +  l+20  +  l  +  r 

461.  The  value  of  a  simple  periodic  continued  fraction  can 
be  expressed  as  the  root  of  a  quadratic  equation. 

Find  the  surd  value  of  ^  5- 

Lei  X  be  the  value  of  the  oontinued  fraction. 

1         2  +  « 


Then,  x  = 


2  +  x 
.•.X«  +  2x  =  2. 

.•.«  =  -!  + Vs. 
We  take  the  +  sign  since  x  is  evidently  poiitiye. 
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It  is  not  true,  howevery  that  a  value  can  be  determined  for 
any  periodic  continued  fraction ;  for  if  we  assume 

_1     1     1     1   1 

we  obtain  a*  —  a5  -f  1  =  0. 

2 

which  is  absurd.    The  continued  fraction  j    j    j    •  •  •  is 

not  conyergent,  as  may  be  seen  on  attempting  to  form  the 
principal  convergents  to  it;  these  are 

1,   00,    0,   1,   00,  0. 

462.  Exponential  Equations.    An  exponential  equation  can 

be  solved  by  continued  fractions. 
Solve  by  continued  fractions  10*  =  2. 

Let  X  =  0  +  i. 


y 


1 

Then,  \^  =  2, 

10  =  21^. 


z 

Then,  10  =  2  ^«  =  2»  x  a«. 

.•.2-  =  V  =  f. 
.•.2  =  «).. 


]^  =  3  +  -  (since  10  lies  between  2*  and  2«). 


:  3  +  i  (since  2  lies  between  (|)«  and  (\)% 


Then,  2  =  (f)*^^  =  (|)»x(f)i 

The  greatest  integer  in  u  is  f  onnd  to  be  0. 
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HenoB,  X  =  0  +  

The  nooosBTD  conTeiigentB  are    A,  }},  etc. 
Tlie  last  giTBS  x  =  }{  =  0.9010,  approziiDately. 

NoTB.  Observe  ibaX  by  the  above  procese  we  have  calculated  the  com- 
mon  logarithm  of  2.    By  §  446,  the  error,  when  0.3010  is  taken  for  the 

oommon  logarithm  of  3,  ia  considerably  leas  than  ^g|^*  <^  ^  con- 
aiderably  less  than  0.00011 ;  so  that  0.9010  is  certainly  correct  to  three 
places  of  decimals,  and  probably  correct  to  foor  places. 

Logarithms  are,  however,  much  more  easily  calculated  by  the  use  of 
series,  as  shown  in  Chapter  XXV. 
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1.  Find  continued  fractions  for  i^y,  A/i^,  V5, 
Vlly  4V6;  and  find  the  fourth  convergent  to  each. 

2.  Find  continued  fractions  for         |{{,  }}f|'  WJ^j 
find  the  third  convergent  to  each. 

3.  Find  continued  fractions  for  V2I,  V22,  V33,  V55. 

4.  Obtain  convergents,  with  only  two  figures  in  the  denom- 
inator, that  approach  nearest  to  the  values  of 

V7,  Vio,  Vie,  Vir,  Vis,  V20, 3- Vs,  2  + Vii. 

6.  If  the  pound  troy  is  the  weight  of  22.8157  cubic  inches 
of  water,  and  the  pound  avoirdupois  of  27.7274  cubic  inches  of 
water,  find  the  fraction  with  denominator  less  than  100  which 
shall  differ  from  their  ratio  by  less  than  0.0001. 

6.  The  ratio  of  the  diagonal  to  the  side  of  a  square  being 
V2,  find  the  fraction  with  denominator  less  than  100  which 
shall  differ  from  their  ratio  by  less  than  0.0001. 
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7.  Find  the  next  convergent  when  the  two  preceding  con- 
vergents  are  ^  and      and  the  next  quotient  is  5. 

8.  The  ratio  of  the  circumference  of  a  circle  to  ita  diam- 
eter is  approximately  3.14159265 : 1.  Find  the  first  three  oon- 
vergents  to  this  ratio,  and  determine  to  how  many  decimal 
places  each  agrees  with  the  true  value. 

9.  In  two  scales  of  which  the  zero  points  coincide  the 
distances  between  consecutive  divisions  of  the  one  are  to  the 
corresponding  distances  of  the  other  as  1 : 1.06^77.  Find 
what  division  points  less  than  100  most  nearly  coincide, 

10.  Find  the  surd  values  of 

^"^4  +  2'    ''"*'l+6'    3  +  1  +  6'    ^"^2  +  3  +  4' 

11.  Show  that  fa  +  J     -Vt  -"^^t- 

12.  Show  that  the  ratio  of  the  diagonal  of  a  cube  to  the 
edge  may  be  nearly  expressed  by  97 ;  56.  Find  the  greatest 
X>ossible  value  of  the  error  made  in  taking  this  ratio  for  the 
true  ratio. 

13.  Find  a  series  of  fractions  converging  to  the  ratio  of 
5  hours  48  minutes  61  seconds  to  24  hours. 

14.  Find  a  series  of  fractions  converging  to  the  ratio  of  a 
cubic  yard  to  a  cubic  meter,  if  a  cubic  yard  is  0.76453  of  ^ 
cubic  meter. 
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8GAIX8  OF  NOTATION 

463.  Defltthkms.  Let  any  positive  integer  be  selected  as  a 
ndiz  or  bue;  then  any  number  may  be  expressed  as  an  alge- 
braic expression  of  which  the  terms  are  multiples  of  powers 
of  the  radix. 

Any  positive  integer  may  be  selected  as  the  radix ;  and  to 
each  radix  corresponds  a  scale  of  notation. 

When  we  write  numbers  in  any  scale  of  notation,  they  are 
arranged  by  descending  powers  of  the  radix,  and  the  powers 
of  the  radix  are  omitted,  the  pktee  of  each  digit  indicating  of 
what  power  of  the  radix  it  is  the  coefficient. 

ThoB,  in  the  scale  of  ten,  2866  stands  for 

2xl0«  +  8xl0«  +  6xl0  +  6; 
in  the  scale  of  seven  for 

2x7« +  3x7* +  6x7  +  6; 

in  the  scale  of  r  for 

2f«  +  8f«  +  6f +  6. 

464.  Computation.  Computations  are  made  with  numbers  in 
any  scale,  by  observing  that  one  unit  of  any  order  is  equal 
to  the  radix-number  of  units  of  the  next  lower  order;  and 
that  the  radix-number  of  units  of  any  order  is  equal  to  one 
unit  of  the  next  higher  order. 

(1)  Add  56,432  and  15,646  (scale  of  seven). 

The  process  differs  from  that  in  the  decimal  scale  only  in 
16646  when  a  sum  greater  than  seeen  is  reached,  we  divide  by 

seven  (not  ten),  write  the  remainder,  and  carry  the  quotient  to 


106411     ^.      ^  , 

the  next  column. 
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(2)  Subtract  34,561  from  61,235  (scale  of  eight). 

61236  When  the  number  of  any  order  of  units  in  the  minuend  ia 

leas  than  the  number  of  the  corresponding  order  in  the  subtra- 

2^^^  hend,  we  increase  the  number  in  the  minuend  by  eight  instead 
of  by  ten,  as  in  the  common  scale. 

(3)  Multiply  6732  by  428  (scale  of  nine). 
6782 

428       We  multiply  the  number  of  units  in  each  order  in  the  multi- 
61477    plicand  by  the  number  of  units  in  each  order  in  the  multiplier, 
12664      divide  each  time  by  nine,  set  down  the  remainder,  and  carry 
26288       the  quotient. 
2712127 

(4)  Divide  2,712,127  by  5732  (scale  of  nine). 

428 

6732)2712127 

26288  operations  of  multiplloaUon  and  subtraction  in- 

l>j*j22  volved  in  this  problem  are  precisely  the  same  as  in  the 
12664  decimal  scale  of  notation,  with  the  exception  that  the 
"^l^    radix  is  9  instead  of  10. 

61477 

465.  Integers  in  Any  Scale.  If  i  is  any  positive  integer,  any 
positive  integer  N  may  be  expressed  in  the  form 

N  =  ar»  +  br»-i  +  . +  pr«  -|-  qr  -f  s, 
in  which  the  coefficients  a,  b,  c,  •  •  •  are  positive  integersy  each 
less  than  r. 

For,  divide  iV  by  r*,  the  highest  power  of  r  contained  in  N, 
and  let  the  quotient  be  a  with  the  remainder  N^, 
Then,  N=za9^  +  Ni. 

In  like  manner, 

and  so  on. 

By  continuing  this  process  a  remainder  s  is  at  length  reached 
which  is  less  than  r.    So  that, 

iV  =  ar»  -f  *r*-»  -f  . . .  4-^r»  +     +  s. 
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Some  of  the  ooeffici^ts  »i  p,  may  yanish,  and  everj 
coefficient  is  less  than  r ;  that  is,  the  values  of  the  coefficients 
may  range  from  zero  to  r  —  1. 

Hence,  including  zero,  r  digits  are  required  to  express  num- 
bers in  the  scale  of  r. 

Express  N  in  the  form 

a,- -f     - 1  +  . . .  +  ^  +  + 
and  show  how  the  digits  a,  6,  •  •  •  may  be  found. 
If  JV=  ar" -f  5r"->  H  +  |?r» -f  g-r  +  «, 

then  —  =  ar"-i  +         +  •  •  •  +     +  y  +  -  • 

T  T 

That  is,  the  remainder  on  dividing  i\r  by  r  is  the  last 
digit 

Let        Nx  =  ai-- ^  -f-  6r— •  -h  . . .  -f- -f- 
Then,        —  =  ar»-«  +  ftr*-*  H  -f-^  +  2. 

T  T 

That  is,  the  remainder  is  ^,  the  last  but  one  of  the  digits. 

466.  Hence,  to  express  an  integral  number  in  the  scale  of 

Divide  the  number  by  the  radix,  then  the  quotient  by  the  radixy 
a/nd  90  on  until  a  quotient  less  than  the  radix  is  reached.  The 
successive  remainders  and  the  last  quotient  are  the  sueeesHve 
dibits  beginning  with  the  units^  place. 

(1)  Express  42,897  (scale  of  ten)  in  the  scale  of  six. 

6)42897 

6)7149  »»8 

6) 1191  • « 8 
6)198».8 
6788-0 
6.8 

Therefore,  42,897  (scale  of  ten)  is  expressed  in  the  scale  of  six 
530,838. 
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(2)  Change  37,214  from  the  scale  of  eight  to  the  scale  of  nine. 

9)87214  The  radix  is  8.   Hence,  the  two  digits  on  the  left,  87, 

9)  3368  •  •  •  1     do  not  mean  thirtu-severij  but  8  x  8  +  7,  or  thirty-one, 
9)806 •  •  •  6     which  contains  9  three  times,  with  remainder  4. 
9)25 •  •  •  8        The  next  partial  dividend  is  4x8  +  2  =  34,  which 

2  •  •  •  8    contains  9  three  times,  with  remainder  7 ;  and  so  on. 
Hierefore,  87,214  (scale  of  eight)  is  expressed  in  the  scale  of  nine  by 
23,861. 

(3)  In  what  scale  is  140  (scale  of  ten)  expressed  by  352  ? 
Let  r  be  the  radix ;  then,  in  the  scale  of  ten, 

140  =  8r«  +  5r  +  2,  or  3r«  +  6r=138. 
Solving,  we  find  r  =  6. 

The  other  value  of  r  is  negative  and  fractional,  and  therefore  inad- 
miflsible,  since  the  radix  is  always  a  positive  integer. 

467.  Radix-Fractions.    As  in  the  decimal  scale  decimal  frac- 
tions are  used,  so  in  any  scale  radiso-fracttons  are  used. 
Thus,  in  the  decimal  scale,  0.2341  stands  for 

10    lOa    10»    10* ' 
and  in  the  scale  of  r  it  stands  for 

r  r* 

(1)  Express  )}|  (scale  of  ten)  by  a  radix-fraction  in  the 
scale  of  eight 

246    a  .  6  .  c  .  d  . 
Assume  —  =  —    —  -i —  4._4.... 

266    8  ^8a^8»  8*^ 

Multiply  by  8,  TfJ  =  o  +  ^  +  ^  + 1  +  . . . 

Hierefore,  a  =  7, 

A  21    6  .  c  .  d  . 


8    8«  8« 

MiiJtlpl7by8,  6J  =  6-h|-|-|  +  . 
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6  =  6, 

^  l  =  i  +  l  +  . 

4    8  8« 

o 


0  =  d,elB. 

Ht  (Biieolten)iieiqireBedmthe8CiaeQf  eig}iftl7a7S2. 

(2)  Change  35.14  from  the  scale  of  eight  to  the  scale 
of  six.  8 

6 

We  ukB  tfaB  mt^gnl  put  and  the  inctknal  pert  laJlS^l 


IiUtgralpmri:  6)86 
4- 


Tikis  ii  reduced  to  a  ladiz-fnetiQii  in  the  aode  of  six 
M  in  the  maigin. 


2 
6 


8^81    64    16  I6j72l4 


64 
8 
6 

16)48^3 

llierefore,  35.14  (ecale  of  ei^t)  is  eipnoBed  in  the  48 
aoOeof  8ixb7  46.1043. 


EnnsiM  67 

1.  Add  435,  624,  737  (scale  of  eight). 

8.  From  32,413  subtract  15,542  (scale  of  six). 

5.  Multiply  6431  bj  35  (scale  of  seven). 
4.  Multiply  4685  by  3483  (scale  of  nine). 

6.  Divide  102,432  by  36  (scale  of  seven). 

6.  Find  H.C.F.  of  2541  and  3102  (scale  of  seven). 

7.  Extract  the  square  root  of  33,224  (scale  of  six). 
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8.  Extract  the  square  root  of  300,114  (scale  of  five). 

9.  Change  624  from  the  scale  of  ten  to  the  scale  of  five. 

10.  Change  3516  from  the  scale  of  seven  to  the  scale  of  ten. 

11.  Change  3721  from  the  scale  of  eight  to  the  scale  of  six. 

12.  Change  4535  from  the  scale  of  seven  to  the  scale  of  nine. 

13.  Change  32.15  from  the  scale  of  six  to  the  scale  of  nine. 

14.  Express  (scale  of  ten)  by  a  radix-fraction  in  the 
scale  of  four. 

15.  Express  (scale  of  ten)  by  a  radix-fraction  in  the 
scale  of  six. 

16.  Multiply  31.24  by  0.31  (scale  of  five). 

17.  In  what  scale  is  21  x  36  equal  to  746  ? 

18.  In  what  scale  is  the  square  of  23  expressed  by  540  ? 

19.  In  what  scale  are  212, 1101,  1220  in  arithmetical  pro- 
gression? 

20.  •  Show  that  1,234,321  is  a  perfect  square  in  any  scale 
(radix  greater  than  four). 

21.  Which  of  the  weights  1,  2,  4,  8,  •  •  •  pounds  must  be 
selected  to  weigh  345  pounds,  only  one  weight  of  each  kind 
being  used  ? 

22.  Multiply  72,645  by  46,723  (scale  of  eight). 
28.  Divide  162,542  by  6522  (scale  of  seven). 

24.  A  number  of  three  digits  in  the  scale  of  7  is  expressed 
in  the  scale  of  9  by  the  same  digits  in  reverse  order.  Find 
the  number. 

25.  If  two  numbers  are  formed  by  the  same  digits  in  dif- 
ferent orders,  show  that  the  difference  between  the  numbers  is 
divisible  by  r  —  1. 
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THBOST  OF  HUMBBRS 

468.  IMsitio&a.  In  the  present  chapter,  by  the  term  num- 
ber is  meant  positive  integer.  The  terms  jprime,  canipoeitej 
are  used  in  the  ordinary  arithmetical  sense. 

A  multiple  of  a  is  a  number  that  contains  the  factor  d,  and 
may  be  written  ma. 

An  eyen  number,  since  it  contains  the  factor  2,  may  be  writ- 
ten 2  m ;  an  odd  number  may  be  written  2  m  +  1,  2  m  —  1, 
2w-f  3,  2?»  — 3,  etc.  ^ 

A  number  a  is  said  to  divide  another  number  b  when  -  is 
an  integer. 

469.  Resolution  into  Prime  Factors.   A  number  can  be  resolved 

into  prime  factors  in  only  one  way, 

^  Let  N  be  any  number.   Suppose  N  a=  ahe  •  •  • ,  where  a,  i,    -  •  • 
are  prime  numbers;  suppose  also  iV=a)9y*-,  where  a, 
...  are  prime  numbers. 
Then,  ahe . . .  sr  afiy  •  •  • 

Hence,  a  must  divide  the  product  ahe  •  - ;  but  a,  6,  e,  •  •  •  are 
all  prime  numbers ;  hence,  a  must  be  equal  to  some  one  of 
them,  a  suppose. 

Divide  by  a,  5c  • .  •  =  )ffy  •    and  so  on. 

Hence,  the  factors  in  afiy  • .  •  are  equal  to  those  in  060  •  • 
and  the  theorem  is  proved. 

470.  Divisibility  of  a  Product  1,  If  a  number  a  divides  a 
product  be,  and  is  prime  to  b,  it  must  divide  0. 

For,  since  a  divides  be,  every  prime  factor  of  a  must  be 
found  in  be ;  but,  since  a  is  prime  to  b,  no  factor  of  a  will  be 
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foand  in  b ;  henoey  all  the  prime  factors  of  a  are  found  in  c; 
that  isy  a  diyides  c 

From  this  theorem  it  follows  that : 
II.  If  a  prime  number  a  divides  a  product  bcde  •  •   it  must 
divide  8<nne  factor  of  that  product ;  and  conversely. 

III.  If  a  prime  numher  divides  b",  it  must  divide  b. 

IV.  Ais  prime  to  b  and  to  c,  U  is  prime  to  be. 

Y.  If  is  prime  to  b,  evert/ power  of  a,  is  prime  to  every 
power  of  b. 

4TL       ^1  a  fraction  in  its  lowest  termSf  is  equal  to  another 

fraction  ^9  then  c  and  d  are  equimultiples  of  a  and  b. 
a     c  ad 

Since  b  will  not  divide  a,  it  must  divide  ;  hence^  is  a 
midtiple  of  b. 

Let  d  =  mb,  m  being  an  integer. 

Since  ?  =  4>  and  d  =  mb,  f  =      ;  therefore,  c  :=»  ma. 
b     d  b 

Hence,  c  and    are  equimultiples  of  a  and  6. 

From  the  above  theorem  it  follows  that : 

In  the  decimal  scale  of  notation  a  common  fraction  in  its 
lowest  terms  wUl  produce  a  non-terminating  decim^al  if  its 
denominator  contains  any  prime  factor  except  2  and  5. 

For  a  terminating  decimal  is  equivalent  to  a  fraction  with 

a  denominator  10".    Therefore,  a  fraction  %  in  its  lowest 

b 

terms  cannot  be  equal  to  such  a  fraction,  unless  10*  is  a 
multiple  of  b.  But  10",  that  is,  2"  x  6-,  contains  no  prime 
factors  besides  2  and  5,  and  hence  cannot  be  a  multiple  of  5, 
if  b  contains  any  prime  factors  except  2  and  5. 
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472.  Square  Nnmben.  If  a  square  number  is  resolved  tnto 
its  prime  faetorSf  the  exponent  of  each  factor  is  evenm 

For,  if  iV^=a'x*«Xc'-  • 

GonTersely:  A  number  that  has  the  exponents  of  all  its 
prime  factors  even  is  a  perfect  square ;  theref ore. 
To  change  any  number  to  a  perfect  aqnare, 

Resolve  the  numher  into  its  prime  fitctors^  select  the  factors 
which  have  odd  exponents^  and  multiply  the  given  number  by 
the  product  of  these  factors. 

Tlios,  to  find  the  least  number  by  which  260  must  be  multiplied  to 
make  it  a  perfect  square. 

260  =  2  X  6*,  in  which  2  and  6  are  the  factors  that  have  odd  exponents. 
Hence,  the  multiplier  required  is  2  x  6  =  10. 

473.  DMsibiUty  of  Numbers.    1.  If  two  numbers  N  and 
when  divided  by  a  have  the  same  remainder^  their  difference  is 
divisible  by  sl 

For,  if  N  when  divided  by  a  has  a  quotient  q  and  a  remain- 
der r,  then 

iV  =  j'a  4-  r. 

And,  if  N'  when  divided  by  a  has  a  quotient  and  a 
remainder  r,  then 

Therefore,  N-  N'  =(q  -q^a, 

II.  If  the  difference  between  two  numbers  N  and  N'  is  divisi- 
ble by  a,  then  N  and  when  divided  by  a  have  the  same 
remainder. 

Ijet  ^ ^        where  m  is  an  integer. 

a 

N  r 
Now,  —  =    -f     where  r  <  a, 
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and 


IP  r 

—  =a  H —  >  where  r'  <  a. 


a     ^  a 


a 


is  an  integer  by  hypothesis. 


Therefore, 


  18  an  integer,  or  zero. 


a 


Now,  r  —  r^Kr  (r  and  r'  being  integers),  and  r < a. 

.*.  r  —  r*  <a. 
Hence,  a  cannot  divide  r  —  r'.  Therefore, 
  cannot  be  an  int^r,  and  hence  must  be  zero. 


Therefore,  r  must  equal  r\ 

III.  If  two  numbers  N  and  N'  when  divided  by  a  given 
number  a  have  remainders  r  and  t\  then  NN'  and  rr'  when 
divided  by  a  have  the  same  remainder. 


Therefore,  NN*  and  rr'  when  divided  by  a  have  the  same 
remainder. 

Thus,  87  and  47  when  divided  by  7  have  remainders  2  and  6. 
Now,  37  X  47  =  1739,  and  2  x  5  =  10. 

The  remainder  when  each  of  these  two  numbers  is  divided  by  7  is  3. 
From  II  it  follows  that,  in  the  scale  of  ten, 

1.  A  number  is  divisible  6^  2,  4,  8,  »•  *  if  the  numbers  denoted  by  its 
last  digit,  last  two  digits^  last  three  digits,  "-are  divisible  respectively  by 
2;  4,  8,  ... 

2.  A  number  is  divisible  by  6,  25,  125,  '--iftJie  numbers  denoted  by  its 
last  digit,  last  two  digits,  last  three  digits,  •  •  are  divisible  respectively  by 
5,26,12»,  ... 


a 


For,  if 


N  =  qa  -{-r, 

NN*  =  qq'a*  +  qar'  4-  q^ar  +  rr' 
=  (qq*a  +  qr'  +  q'r)  a  +  rr'. 


and 
then 
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8.  If  frcm  a  manJber  the  mm  of  its  digUi  ia  $Mracted^  the  remauider 
iBdivi9iUebjf9. 

For,  if  from  a  number  expressed  in  the  form 

o  +  106  +  10»c+10«d  +  ..-  • 
a  +  5  +  c  +  <f  +  '"  us  subtracted,  the  remainder  is 

(10  -  1)6  +  (lO*  -  l)c  +  (10«  -  l)d  +  . . . 
and  10  -  1,  IQS  -  1,  IQs  -  1,  •  •  are  each  divisible     10  -  1,  or  9. 
Therefore,  the  remainder  is  divisible  by  0. 

4.  A  number  N  may  be  expressed  in  the  form  On  +  s  ((^  s  denotes  ike 
sum  of  Us  digits)  ;  and  N  »  dioieibU  6y  3  (f  s  is  dimsiUe  bjfZ  ;  and  6y  0 
ifBisdimsijt)Usfnf9. 

6.  A  number  is  divisible  bg  11  if  the  difference  between  the  sum  of  He 
digits  in  the  eoen  places  and  the  sum  of  its  digits  in  the  odd  places  is  Oar 
a  multiple  of  II, 

For,  a  number  N  expressed  by  digits  (beginning  from  the  ri^t) 
a,  5,  c,  d,  •  •  •  may  be  put  In  the  form  of 

if  =  a  +  1 0  6  +  1  Oa  c  +  10«  d  +  . .  . 

...  JV-a  +  ft-c  +  d  =  (10  +  l)6  +  (10«-l)c  +  (10«+l)d  +  ..- 

But  10  +  1  is  a  factor  of  10  +  1,  10»  -  1,  10»  +  1,  •  •  • 

Therefore,  ^-a  +  6-  c  +  d  is  divisible  by  10  +  1  =  11. 

Hence,  the  number  N  may  be  expressed  In  the  form 

11  n  +  (a  +  c  +  . . .)  -  (6  +  d  +  •  •  Oi 
and  is  a  multiple  of  11,  if  (a  +  c  +  •  •  •)  "    +  d  +  •  •  •)  Is  0  or  a  multiple 
of  11. 

474,  Theorem.  The  product  of  r  eonsectaive  integers  is 
divisible  by  |r. 

Bepresent  by  P^j^  the  product  of  k  consecutiye  inters 
beginning  with  n. 

Then,       P^*  =  n(n  +  !)•  --(n  +  A;  -  1); 

^.+  i.*+i=(^  +  l)(n-h2)...(n  +  A:)(n  +  A:  +  l) 

==  7i(n  -f  1)  (»i  4-  2)  •  •  •  (n  A;) 

+  ( A  +  1)  (n  +  1)     +  2) . . .  (n  4- . 

•'•  "^n  +  l.l-H^  =  ^n,*+l  +        4-  l)-Pn+l,J:*  * 
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Assume,  for  the  moment,  that  the  prodnet  of  any  k  oon- 
secutiye  int^ers  is  diyisible  by  \k. 

Then,  =  Pn.k^i+(k  +  l)M\k; 

where  3/  is  an  integer. 

Hence,  if  P^jt+i  is  divisible  by  \k  +  1,  P.+i^^+i  is  also 
divisible  by  \k  + 1.    But  Pi^jt+i  is  divisible  by  \k  -^  1  since 
Pi^t+i  =  |A;  +  1.    Therefore,  ^^.t+i  is  divisible  by  + 
hence,  P^^k+i      divisible  by  [A;  4- 1 ;  and  so  on. 

Hence,  the  product  of  any  ^  + 1  consecutive  integers  is 
divisible  by  \k  + 1>  if  the  product  of  any  k  consecutive  inte- 
gers is  divisible  by  \k.  The  product  of  any  2  consecutive 
integers  is  divisible  by  [2;  hence,  the  product  of  any  3  con- 
secutive integers  is  divisible  by  [3 ;  hence,  the  product  of  any  4 
consecutive  integers  is  divisible  by  (4;  and  so  on.  Therefore, 
the  product  of  any  r  consecutive  integers  is  divisible  by  [r. 

475.  Examples.    (1)  Show  that  every  square  number  is  of 
one  of  the  forms  6  n,  5  n  —  1,  5  n  4- 1. 
Svery  number  is  of  one  of  the  forms : 

6n-'2,  6n-l,  6n,  5n+l,  6n  +  2. 
Now,    (6n  db  2)2  =  26na  db  20n  +  4  =  5(6na  ±  4  n  +  1)  -  1 ; 
(6n±l)a  =  26n>dbl0n+l  =  6(5na±2n)  +  l; 
and  (6n)s  =  26n3  =6(5n<). 

Therefore,  every  square  number  is  of  one  of  the  three  forms : 

6n,  6n  —  1,  6n+  1. 
Hence,  in  the  scale  of  ten,  eyery  square  number  mnst  end  in  0,  1,  4, 
6,  6,  or  9. 

(2)  Show  that  n*  —  n  is  divisible  by  30  if  n  is  even. 

n»  -  n  =  n(»  -  1)  (n  +  1)  (n«  +  1) 

=  n(n  -  1)  (n  +  1)  (n2  -  4  +  5) 
=  n  (n  -  1)  (n  +  1)  [(n  -  2)  (n  +  2)  +  5]. 
Now,  n  (n  -  1)  (n  -f  1)  is  divisible  by  [3.  (f  474) 
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One  of  the  five oonaecatiYe numben  n  —  2,  n  —  1,  n,  n  +  1,  n-f-2  is 
divisible  by  6. 

If  n,  (n— 1),  or  (n+ 1)  is  divisible  by  6,  the  nombec  on  the  right  is  divis- 
ible by  6.  If  (n  -  2)  or  (n  +  2)  is  divisible  by  5,  then  [(n  ~  2)(n  +  2)  +  5] 
is  divisible  by  6,  since  6  is  divisible  by  6. 

Therefore,  the  number  on  the  right  is  always  divisible  by  6. 

Hence,  n*  -  n  is  divisible  by  6  x  [3,  that  is,  by  30. 

Bzsroifle  68 

Find  the  least  noinber  by  which  each  of  the  following  must 
be  multiplied  that  the  product  may  be  a  square  number : 

1.  2625.  2.  3675.  3.  4374.  4.  74,088. 

6.  If  m  and  n  are  positive  integers,  both  odd  or  both  even, 
show  that  m}  —     is  divisible  by  4. 

6.  Show  that  n*  —  n  ia  always  even. 

7.  Show  that  —  «  is  divisible  by  6  if  n  is  even,  and  by 
24  if  n  is  odd. 

8.  Show  that  n*^  —  n  is  divisible  by  240  if  n  is  odd. 

'  9.  Show  that  —  n  is  divisible  by  42  if  n  is  even,  and 
by  168  if  w  is  odd. 

10.  Show  that  w(n  -f  1)  (n  4-  5)  is  divisible  by  6. 

11.  Show  that  every  square  number  is  of  one  of  the  forms 
3  n,  3  n  -I-  1. 

12.  Show  that  every  cube  number  is  of  one  of  the  forms 
9n,  9n-l,  9»4-l. 

13.  Show  that  every  cube  number  is  of  one  of  the  forms 
7n,  7  n  —  1,  7  n  +  1. 

14.  Show  that  every  number  which  is  both  a  square  and 
a  cube  is  of  the  form  7  n  or  7  n  4- 1. 

16.  Show  that  in  the  scale  of  ten  every  perfect  fourth 
power  ends  in  one  of  the  %ures  0,  1,  5,  6. 
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DSTSRMnrANTS 

476.  Origin.    If  we  solve  the  two  simultaneouB  equatians 

we  obtain 

Similarly,  from  the  three  simnltaneons  equations 

+  %  +  Cl«  = 

Of*  4-      4-  V  == 
-I-      4-  = 

we  obtain  , 

Oi^jCj  —  a^^^  4-  €lJ>^i  —  a,&iO,  4-  -* 

with  similar  expressions  for  y  and  «. 

The  numerators  and  denominators  of  these  fractions  are 
examples  of  expressions  which  often  occur  in  algebraic  work, 
and  for  which  it  is  therefore  convenient  to  have  a  special 
name.    Such  expressions  are  called  determinants. 

477.  Definitions.  Determinants  are  usually  written  in  a 
compact  form,  called  the  square  farm. 

ICLi  I 

and  ai&sct  ~  a\b^  +  Os&sCi  —  Os^iCt  +  (hf>\c%  —  Ot^i  is  written 

ai  Of  a« 
&i   5|   6s  . 

Ci     c  Ci 
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This  square  form  is  sometimes  written  in  a  still  more  abbreviated  form. 
Thus,  the  last  two  determinants  are  written  |ai  5s|  and  |ai  5|  Csj.  This 
last  notation  should,  however,  always  suggest  the  square  form.  In  any 
problem  it  generally  is  advisable  to  write  this  abbreviated  form  in  the 
complete  square  form. 

The  indiyidual  symbols  a-i,  a^,  b^bf,      are  called  elements. 
A  horizontal  line  of  elements  is  called  a  row ;  a  vertical  line 
a  column. 

The  two  lines  ai,  b^,  -and  a„  b„  are  called  diagonals ;  the 
first  the  principal  diagonal,  the  second  the  secondary  diagonaL 

The  order  of  a  determinant  is  the  number  of  elements  in  a 
row  or  column. 

Thus,  the  last  two  determinants  are  of  the  second  and  third  orders 
respectively. 

The  expression  of  which  the  square  form  is  an  abbreviation 
is  called  the  expansion  of  the  determinant. 

The  several  terms  of  the  expansion  are  called  terms  of  the 
determinant. 

is  ai&s  —  aj>i. 


Thus,  the  expansion  of  ?* 


Remabk.  By  some  writers  constituent  is  used  where  we  use  element, 
and  dement  where  we  use  term, 

478.  General  Definition.  In  general,  a  determinant  of  the 
fith  order  is  an  expression  involving  n*  elements  arranged  in 
n  rows  of  n  elements  each. 

479.  Inversions  of  Order.  In  any  arrangement  of  the  letters 
of  a  determinant  the  occurrence  of  any  one  of  them  before 
another  which  precedes  it  in  the  principal  diagonal  is  called 
an  in  version  of  order. 

Thus,  if  1,  2,  8, 4,  6  is  the  order  in  the  principal  diagonal,  In  the  order 
2,  8,  6,  1,  4  there  are  four  inversions  :  2  before  1,  3  before  1,  6  before  1, 
6  before  4.  ■ 

Similarly,  if  a,  c,  d  is  the  order  in  the  principal  diagonal,  in  the 
order  6,  d,  a,  c  there  are  three  inversions :  b  before  a,  d  before  a,  d 
before  c. 
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480.  In  any  arrangement  of  integers  (or  letters)  let  two 
adjacent  integers  (or  letters)  be  interchanged;  then  the  num- 
ber of  inversions  is  either  increased  or  diminished  by  one. 

For  example,  in  the  arrangement  6  2  [5  1]  4  S  7  interchange  6  and  1. 
We  now  have  6  2  [1  5]  4  S  7. 

The  inyerfldonB  of  6  and  1  with  the  Integers  before  the  group  are  the 
same  in  each  arrangement 

The  inveraionB  of  6. and  1  with  the  integen  after  the  group  are  the 
flame  in  each  eeries. 

In  the  first  arrangement  6  1  Ib  an  invenion ;  in  the  second  series  1  6 
is  not  an  tnTersion.* 

Hence,  the  interchanging  of  6  and  1  diminiihes  the  number  of  hiter- 
sions  by  one. 

Similarly  for  any  other  case. 

48L  Signs  of  the  Terms.  The  principal  diagonal  term 
always  has  a  +  sign. 

To  find  the  sign  of  any  other  term : 

Add  the  number  of  inversions  among  the  letters,  and  the 
number  of  inversions  among  the  subscripts.  If  the  total 
number  is  even,  the  sign  of  the  term  is  -^i  if  odd,  — . 

Thus,  in  the  determinant  \aib%  c$di\  consider  the  term  c^ogdihi. 
There  are  in  c  a  d  6  three  inversions ;  in  2  8  4  1  three  inversions ;  the 
total  is  six,  an  even  nxmiber,  and  the  sign  of  the  term  is  +. 

482.  Special  Rules.  In  practice  the  sign  of  a  term  is  easily 
found  by  one  of  the  following  special  rules  : 

L  Write  the  elements  of  the  term  in  the  natural  order  of 
letters ;  if  the  number  of  inversions  among  the  subscripts  is 
even,  the  sign  of  the  term  is       if  odd,  — . 

IL  Write  the  elements  in  the  natural  order  of  subscripts; 
if  the  number  of  inversions  among  the  letters  is  even,  the  sign 
of  the  term  is  +;  if  odd,  — . 

Thus,  in  the  determinant  |ai  &i  Ct  d^j  consider  the  term  CiOMfi* 
Writing  the  elements  in  the  order  of  letten,  we  have  a^c^.  There 
are  two  inversions,  viz*,  S  before  1,  and  8  hefore  2,  and  the  sign  of  the 
term  is  +.   Or,  write  the  elements  in  the  order  of  subscripts,  bic^ih^ 
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There  axe  two  InyexsioDS,  viz.,  &  before  a,  and  e  before  a,  and  the  sign 
of  the  term  is  +• 

That  these  special  roles  give  the  same  sign  as  the  general  role  of  §  481 
may  be  seen  as  follows : 

Consider  the  term  e^tiMh'  Its  sign  is  determined  by  the  total 
number  of  inyeraions  in  the  two  series  2341'  Bring  a«  to  the  first 
position ;  this  intexohanges  in  the  two  series  e  and  a,  2  and  8.  In  each 
series  the  number  of  inyenions  is  increased  or  diminished  by  one  ({  480), 
and  the  total  is,  therefore,  increased  or  diminished  by  an  even  number. 

Interchange  bi  and  di,  then  interchange  61  and  ct ;  this  brings  bi  to 
the  second  place,  and  the  letters  into  the  natural  order.  As  before,  the 
total  number  of  iuTexsiona  is  changed  by  an  even  number. 

The  term  is  now  written  Os^iCsdi,  and  the  number  of  inyersions  differs 
by  an  even  number  from  that  found  by  the  general  rule  of  §  481.  Hence, 
the  sign  given  by  I  agrees  with  the  sign  given  by  the  general  rule. 

483.  The  Expansion.  The  expansion  of  any  determinant 
may  be  found  by  forming  all  the  possible  products  by  taking 
one  element,  and  ordy  one,  from  each  row,  and  one  element, 
and  only  one,  from  each  column,  and  prefixing  to  each  product 
the  proper  sign. 

The  number  of  terms  in  the  expansion  is 
1.2.3...(n-l).n=[n. 

For,  to  form  the  expansion  of  a  determinant  of  the  nth  order 
we  make  all  the  possible  arrangements  of  n  elements,  taking 
all  of  them  in  each  arrangement  (§  339). 

484.  If  all  the  elements  in  any  row  or  column  are  zero,  the 
determinant  is  zero.  For  every  term  contains  one  of  the  zeros 
from  this  row  or  column  (§  483),  and  therefore  every  term  of 
the  determinant  is  zero. 

A  determinant  is  unchanged  if  the  rows  are  changed  to 
columns  and  the  columns  to  rows.  For  the  rules  (§§  478-483) 
are  unchanged  if  row  is  changed  to  column  and  column  to 
row. 


ax 

a% 

Of 

ai 

bi 

Cl 

61 

6t 

a» 

bf 

Cl 

Ct 

Ob 

bu 

C9 
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485.  A  determinant  of  the  third  order  may  be  conyeniently 
expanded  as  follows : 


Three  elements  connected  by  a  full  line  form  a  positire 
term ;  three  elements  connected  by  a  dotted  line  form  a  negSr 
tive  term.    The  expansion  obtained  from  the  diagram  is 

which  agrees  with  §  477. 

There  is  no  simple  rule  for  expanding  determinants  of 
orders  higher  than  the  third. 


Prove  the  following  relations  by  expanding : 


a,  ft, 


b,  b. 


Find  the  value  of : 


a, 

h 

a, 

1 

2 

3 

3 

2 

4 

3. 

2 

4 

4 

4. 

7 

6 

1 

6. 

3 

4 

5 

5 

3 

8 

4 

5 

2 

-1 

2 

-3 

6 

-4 

5 

896 


COLLEGE  ALGEBRA 


Rod  theY«liieof: 


5 

8 

7 

1 

3 

5 

9 

6 

3 

6 

4 

4 

7. 

2 

4 

6 

8. 

5 

7 

7 

6 

7 

9 

3 

6 

7 

8 

4 

2 

9.  Coont  the  uiTBnions  in  the  arrangement : 

5413  2.  751436  2.         d  a  c  e  b. 

41523.  654213  7.         e  e  b  d  a. 


10.  In  the  determinant  |a,  b^  d^  e^l  find  the  signs  of  the 
following  terms : 

^i^A- 

«f*/V^«f         ^^^^  ^^J>^4t 

11.  Write,  with  their  proper  signs,  all  the  terms  of  the 
determinant  [oi^H 

18.  Write,  with  their  proper  signs,  all  the  terms  of  the 
determinant  \fh\e^d^  e,|  which  contain  both  Oj  and  all 
the  terms  which  contain  both  6,  and 

Expand: 


IS. 


a 

b 

0 

0 

0 

0 

0 

a 

a 

b 

e 

0 

b 

a 

0 

0 

.  14. 

0 

0 

b 

0 

.  16. 

e 

a 

b 

0 

0 

a 

a 

h 

a 

a 

b 

b 

b 

e 

a 

0 

0 

b 

h 

a 

b 

b 

a 

a 

a 

b 

€ 

1 

4M.  VuDber  of  Ttnu.  Consider  a  determinant  of  the  ath 
order. 

In  forming  a  term  we  can  take  from  the  first  row  any  one 
of  It  elements ;  from  the  second  row  any  one  of  n  —  1  ele- 
ments ;  and  so  on.  From  the  last  row  we  can  take  only  the 
one  remaining  element 

Hence,  the  full  number  of  terms  is  n(n  —  1)"-1,  or  [a. 
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487.  Interduu^se  ^  Coiiimns  or  Rofws.  If  two  adjfieefU 
rolumns  or  two  adjaoent  rows  of  a  determinant  A  are  inter^ 
changed,  the  determinant  thus  obtained  is  —  A. 

For  ezampley  consider  the  determinantB 


The  indiyidual  elements  in  any  row  or  column  of  A'  are  the 
same  as  those  of  some  row  or  column  of  A,  the  only  difference 
being  in  the  arrangement  of  the  elements.  Si&ce  every  term 
of  each  determinant  contains  one^  and  only  one,  element  from 
each  row  and  column,  every  term  of  A'  must,  disregarding  the 
sign,  be  a  term  of  A. 

Now  the  sign  of  any  particular  term  of  A'  is  found  from 
an  arrangement  (§  482, 1)  in  which  3  2  is  the  natural  order. 
The  sign  of  the  term  of  A  which  contains  the  same  elements 
is  found  from  an  arrangement  in  which  3  2  is  regarded  as  an 
inversion.  Consequently,  every  term  which  in  A'  has  a  +  sign 
has  in  A  a  ~  sign,  and  vice  versa  (§  480). 

Therefore,  A'=  — A. 

Similarly  if  any  two  adjacent  columns  or  two  adjacent  rows 
of  any  determinant  are  interchanged. 

488.  In  any  determinant  £k,ifa  particular  column  is  carried 
over  m  columnsj  the  determinant  obtained  is  (—  1)"*A. 

For,  successively  interchange  the  column  in  question  with 
the  adjaoent  column  until  it  occupies  the  desired  position. 
There  are  m  interchanges  made ;  hence,  there  are  m  changes 
of  sign  (§  487).  We  may  make  each  change  of  sign  by  multi- 
plying A  by  —  1.   Therefore,  the  new  determinant  is  (—  1)"'A, 

Similarly  for  a  particular  row. 


A  = 


ai  a%  a^  a^ 

h  bt  bg  64 

Ci  Cj  <Jf  C4 

di  d^  d^  d^ 


9 


Ox  a^  a^  a^ 

bi  b^^  6,  64 

Cl  Ct  C4 

dx  d^  d^  d^ 
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489.  In  any  determinant  A,  if  any  two  columns  are  inter- 
changed^  the  determinant  thus  obtained  m  ~  A. 

Let  there  be  m  columns  between  the  columns  in  question. 

Bring  the  second  column  before  the  first.  The  second 
column  ,is  carried  over  m  +  1  columns,  and  the  determinant 
obtained  is  (-  1)-+*A  (§  488). 

Bring  the  first  column  to  the  original  position  of  the  second. 
The  first  column  is  carried  over  m  columns,  and  the  deter- 
minant obtained  is  (—  !)"'(—  1)"''*'^A,  or  (—  1)'"'+^A. 

Since  2  w  -f  1  is  always  an  odd  number,  (—         A  =  —  A. 

Similarly  for  two  rows. 


&1 

Of 

Ot 

Of 

(h 

at 

Ot 

ai 

bt 

Ct 

Cl 

ca 

cs 

Cg 

bt 

bt 

6i 

490.  Usefol  Propertiea.  If  two  columns  of  a  determinant 
are  identical,  the  determinant  vanishes. 

For,  let  A  represent  the  determinant. 

Literchanging  the  two  identical  columns  ought  to  change 
A  into  —  A  (§  489).  But  since  the  two  columns  are  identical, 
the  determinant  is  unchanged. 

.•.A  =  -A,    2A  =  0,    A  =  0. 

Similarly  if  two  rows  are  identical. 

491.  all  the  elements  in  any  column  are  multiplied  by 
any  nuTnber  m,  the  determinant  is  multiplied  by  m; 

For,  every  term  contains  one,  and  only  one,  element  from 
the  column  in  question.  Hence  every  term,  and  consequently 
the  whole  determinant,  is  multiplied  by  m. 

Similarly  for  a  row. 


ma\ 

a% 

Ot 

ai 

Ot 

a% 

ma\ 

mbi 

mci 

Thus, 

bt 

bz 

=  m 

bt 

bz 

at 

bt 

Ct 

mci 

Ct 

Ca 

Cl. 

Ct 

c» 

<*8. 

bt 

Ct 
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be 

a 

a* 

abc 

a« 

a» 

I 

a« 

Agian, 

ca 

b 

_  1 
~"a6c 

bca 

1 

ab 

c 

c« 

cab 

c« 

c« 

1 

c« 

If  each  of  the  elements  in  a  column  or  row  is  the 
sum  of  two  numbers,  the  determinant  may  be  expressed  as 
the  sum  of  two  determinants. 


ai  +  a 

(h 

as 

Ol 

Of 

Of 

a 

<h 

at 

Thus, 

bt 

bt 

bi 

+ 

P 

bt 

bt 

ci  +  7 

Cfl 

Cl 

Cl 

y 

Ct 

For,  consider  any  term,  as  (ai  +  a)^^^  This  may  be 
written  afi/;^  +  ab^.  Hence,  every  term  of  the  first  deter- 
minant is  the  sum  of  a  term  of  the  second  determinant  and  a 
term  of  the  third  determinant.  Consequently,  the  first  deter- 
minant is  the  sum  of  the  other  two  determinants. 

Similarly  for  any  other  case. 

493.  If  the  elements  in  any  column  or  row  are  multiplied 
by  any  number  m,  and  added  to,  or  subtracted  from,  the 
corresponding  elements  in  any  other  column  or  row,  the  deter- 
minant is  unchanged. 


tti  ±  mat 

at 

ai 

at 

at 

mat 

(h 

at 

Thus, 

bi  ±mbt 

bt 

bt 

bi 

bt 

bt 

± 

mbt 

bt 

bt 

Cl  ±  mCi 

Ct 

Ct 

Cl 

Ct 

Ct 

met 

Ct 

Ct 

The  last  determinant  may  be  written 

Os    Ol  Of 

±m  bt   bt    bt  t  and  therefore  vanishes  (§  400). 

Ct     Ct  Ct 

Hence,  we  haye  only  the  first  determinant  on  the  right-hand  side. 
Similarly  for  any  other  case. 

This  process  taay  be  applied  simultaneously  to  two  or  more 
columns  or  rows ;  but  in  this  case  care  must  be  taken  not  to 
make  two  columns  or  rows  identical  (§  490). 

This  last  property  is  of  great  use  in  reducing  determinants 
to  simpler  forms. 
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b  +  c  a 

1 

6  -f    -f  a 

a 

1 

494.  Examples.  (1) 

e  -{-a  b 

1 

b 

1 

a-\-b  c 

1 

a  4-  ^  -f  c 

e 

1 

1 

a 

{a  +  b  +  e) 

1 

b 

Begin  by  adding  the  aeoond  oolomn  to  the  flnt. 


1  e 


(2) 


14 

16 

11 

3 

4 

11 

3  2 

11 

21 

22 

16 

5 

6 

16 

:2 

6  3 

16 

23 

29 

17 

6 

12 
3  2 

17 

2 

6  6 

17 

2 

5  3 

1 

2(19) 

=  38 

6  6 

1 

Begin  by  subtracting  the  third  column  from  the  first  and  second  col- 
umns. Then  take  out  the  factor  2  (§491),  subtract  3  times  the  first 
column  from  the  third,  and  expand  the  result  by  §  485. 

495.  Factoring  of  Determinants.  If  a  determinant  vanishes 
when  for  any  element  a  we  put  another  element  h,  then  a  —  b 
is  a  factor  of  the  determinant. 

For,  the  expansion  contains  only  positive  integral  powers  of 
the  several  elements,  and  we  can  write 

A  =  ^0  +       +  Ay  -f        +  •  •  P] 
where  A^^  A^,  A^  X,,  •  •  •  are  expressions  that  do  not  involve  a, 
and  consequently  remain  unchanged  when  we  put  b  for  a. 
Put  b  for  a.    Since  A  becomes  0  by  hypothesis, 

0  =  ^0  +  ^ift  -f  AJ>*  +  Ajb*  +  -"  [2] 
Subtract  [2]  from  [1], 

A  =  ^  1  (a  -  5)  +  ^  2  (a*  -  ^^'O  +  ^  8      -  ^    •  •  • 
Since  a     5  is  a  factor  of  each  term  of  the  expansion,  o  —  6 
is  a  factor  of  the  determinant. 
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The  theorem  also  holds  true  when  a  and  b  are  not  elements, 
proyided  a  and  b  enter  into  the  expansion  in  positive  integral 
powers  only. 

By  the  principle  just  proved,  and  the  principle  of  §  490,  we 
can  resolve  into  factors  many  determinants  without  expanding 
them. 

a*   a  1 
b*    b    1  . 

e  1 


(1)  Besolve  into  factors 


The  determinaot  yanishes  when  a  =  5,  when  a  =  c,  and  when  6  =  c. 
Hence,  a  —  6,  6  —  e,  and  c  —  a  are  factoiB.  A  is  of  the  third  degree  in 
a,  6,  c,  and  these  are  easily  seen  to  he  all  the  faotors.  It  remains  to 
determine  the  sign  before  the  product 

In  A,  as  given,  a95  is  +  ;  in  the  prodact  (a  —  6)  (&  —  c)  (c  —  a)  the  term 
is  — .  Hence, 

A  =  -  (a  -  6)  (6  -  c)  {c  -  a). 


(2)  Besolve  into  factors 


b  +  e 
c  a 
a-hb 


As  in  the  last  example  a  —  b,  6  —  e,  c  —  aare  foand  to  be  factors. 
There  is  one  other  factor  of  the  first  degree. 

To  the  third  column  add  the  second ;  the  result  may  be  written 


(a  +  6  +  c) 

or,  by  Example  (1),  •  —  (a  +  6  +  c)  (a  —  6)  (6  -  c)  (c  —  a). 


a 


Show  that: 

0    a  b 

1.    a    0  e 

b    c  0 


=  2abc. 


2. 


70 

6  -f  0  a  a 

b  c  -f  a  b 

c  e     a  -\'  b 


=  Aabc. 
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1  a«   a«  a* 

1  6» 

\  ^    ^  ^ 

\  ^  ^  d> 

0  111 

1  0  ij»  ^ 
1  ij»  0  a« 
1  6»  a«  0 


a   a*  a* 

\dab  e  <^  0* 
lode  d 


0  a  h  e 

a  0  e  b 

b  e.  0  a 

e  b  a  0 


Find  the  yalue  of: 

20   15  25 
6.   17   12  22 
19   20  16 


6. 


3  23  13 
7  53  30 
9   70  39 


Besolve  into  simplest  factors : 


8. 


11. 


1    a  a* 

1  b  b* 
1    e  ^ 

a  b  e 
b  e  a 
cab 


9. 


a   a*  be 

b  ea 
e  ah 


12. 


1  a  a*  a* 

1  6  6* 

1  c  c« 

1  d  rf* 


10. 


13. 


22  29  27 
25  23  30 
28    26  24 


a»    ^  1 
ca  1 
c»  1 

abed 
bade 
c  d  a  h 
d   e    b  a 


14.  If  all  the  elements  on  one  side  of  a  diagonal  term  are 
zeros,  show  that  the  expansion  reduces  to  this  term. 


Show  that: 


16. 


16. 


a*  —  be  a  1 
b*-ca  b  1 
c'-ab    e  1 


=  0. 


a  +  2ft  a  +  Ab  a-^6b 
a-\-3b  a-\-5b  a-\-7b 
a  +        a  +  66    a  +  Sb 


=  0. 
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17. 


18. 


19. 


20. 


+  ba  ea 
ah  c*  4-  a*  cb 
ae       be     a*  -f  ^ 

(a  +  by  i? 


^^d?b^i?. 


(5  +  cy  a« 

V     (c  +  ay 


l+x     2        3  4 

1  2+x     3  4 

1        2  3+«  4 

1        2        3  4  +  a: 


a'  + 1     6a  ca  cto 
ah     6^  +  1 

ttc       be  H- 1  cfc 

6rf  cd  d^-hl 


=  a'  +  6*  +    4-     +  1. 


496.  Minors.  If  one  row  and  one  column  of  a  determinant 
are  erased,  a  new  determinant  of  order  one  lower  than  the 
given  determinant  is  obtained.  This  determinant  is  called  a 
first  minor  of  the  given  determinant. 

Similarly,  by  erasing  two  rows  and  two  columns,  we  obtain 
a  second  minor ;  and  so  on. 


Thus,  in  the  determinant 


ai  Oi  Of 
&i   6i  &t 

Ci     Ct  Ct 


y  by  erasing  the  Becond  row  and 


the  third  column,  we  obtain  the  first  minor 


ai 


ThiB  minor  is  said 


to  correspond  to  the  element  bg,  and  is  generally  represented  by  A^,;  so 


that,  hi  this  case,  Aft,  =  r^  ^ 


In  general,  to  every  element  corresponds  a  first  minor 
obtained  by  erasing  the  row  and  column  in  which  the  given 
element  stands. 
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497.  If  aU  the  elements  of  the  first  row  after  the  fUrst  eU- 
ment  are  zeros,  the  determinant  reduces  to  OjA^. 

0    0  0 


Consider  the  determinant  A  = 


*l      ^2  *4 

c,  c, 
di    d^   d^  d^ 


Every  term  of  A  contains  one,  and  only  one,  element  from 
the  first  row ;  and  each  term  that  does  not  contain  contains 
one  of  the  zeros,  and  therefore  vanishes.  Each  term  that 
contains  contains  no  other  element  from  the  first  row  or 
column,  and,  consequently,  contains  one,  and  only  one,  ele- 
ment from  each  row  and  column  of  the  determinant 

*1  *4 

c»        ,  or  A^. 
d^    d^  d^ 

Hence,  disregarding  the  sign,  each  term  of  A  consists  of  a, 
multiplied  into  a  term  of  A^. 

Take  any  particular  term  of  A,  as  aib^^\  the  sign  is 
fixed  (S  482,  I)  by  the  number  of  inversions  in  the  series 
14  3  2;  the  sign  of  the  term  b^e^  of  A«^  is  fixed  by  the 
number  of  inversions  in  the  series  4  3  2.  Adding  makes 
no  new  inversions  among  either  the  letters  or  the  subscripts. 
Consequently,  the  sign  of  the  term  in  A  is  the  same  as  the 
sign  of  the  term  in  OjA^^. 

Since  this  is  true  of  every  term  of  A,  we  have 

A  s  OjA^. 

Similarly  for  any  determinant  of  like  form. 

498.  Terms  containing  an  Element    By  §  486  the  sum  of 

the  terms  that  contain  may  be  written  OiA^^.  For,  no  one 
of  the  terms  that  contain  can  contain  any  one  of  the  ele- 
ments a^  ag,  a^  and  these  terms  are  therefore  unchanged 
if  for  a,,  a^y  a^,  •  •  •  in  the  given  determinant  we  put  zeroa 
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If  we  carry  the  second  column  over  the  first,  the  determi- 
nant is  changed  to  —  ^.    By  S  496  the  sum  of  the  terms  of 

—  A  that  contain  a,  is  cb^a^  and  the  sum  of  the  correspond- 
ing terms  of  A  is,  therefore,  —  a,A^. 

In  general,  for  the  element  of  the  ^th  row  and  ^h  column 
we  carry  the  ^th  row  over  p  —  1  rows,  and  the  yth  column 
over  q  —  1  columns,  in  order  to  bring  the  element  in  question 
to  the  first  row  and  first  column.  The  new  determinant  is  A 
if  p  -f  —  2  is  even,  and  is— Aif^-fg'  —  2  is  odd  (§  488). 
Consequently,  the  sum  of  the  terms  of  A  that  contain  the 
element  of  the  j^th  row  and  ^th  column  is  the  product  of  that 
element  by  its  minor,  the  sign  being  -f  if  ^  +  ?  is  even,  and 

—  if  ^  -f  jr  is  odd. 


Thujj,  in 


ai   09  Ot  ck 
bi   h%  ht 

Cl     Cj     Cf  C4 

d\  d% 

Here,  p  =  3,  9  =  3,  and  p  +  9  is  eoen. 


we  find  that  the  stun  of  the  terms  which 
contain  Cs  is  csA^,. 


499.  Co-Factors.  Since  every  term  contains  one  element 
from  each  row  and  column,  if  we  add  the  sum  of  terms  con- 
taining Oj,  the  sum  of  the  terms  containing  and  so  on,  we 
shall  obtain  the  whole  expansion  of  the  given  determinant. 

Thns,  in  the  determinant  \a\h%czd^\^ 

The  expressions  A^^,  —  A^  A^,  —  A^  are  called  the  cb-factors 
of  the  several  elements  a,,      and  are  generally  repre- 

sented by  Ajy  A„  ^4. 

Hence,  in  the  case  of  [a^     c^d^\,  we  may  write 

A  =  a^Ai  +        -f  a^A^  -f-  a^A^, 
=  biB^  -I-        +  Ms  +  *  A, 
=  Ml  -h  b^B^  +  CiCi  +  diDi ; 
and  so  on.    Similarly  for  any  other  determinant. 
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500.  If  the  elements  in  any  raw  are  muUipHed  by  ike 
ethfaetors  of  the  eorrespanding  elements  in  another  row,  the 
sum  of  the  products  vanishes. 

fhxiB,  in  the  detenninant  |ai  ^4], 


No  one  of  the  co-factors  B^,  B^  contains  any  of  the 

elements  h^.    Hence,  these  co-factors  are  unaffected 

if  in  the  above  identity  we  change      b^  b^  b^  \xi  a^y  a^  a^ 

Of 


This  gives 

OjBj  +  OfB^  -f  a,Bj  -f  a^B^  = 


Similarly  for  any  other  case. 


dt 


a. 


d. 


SO. 


501.  Evaluation  of  Determinanto.  By  the  use  of  S  491,  §  493, 
and  §  499  we  can  readily  obtain  the  value  of  any  numerical 
determinant. 

3  14  1 
13  2  1 
2    13  3" 

4  3   2  3 


Evaluate 


From  the  first  row  subtract  3  times  the  second,  from  the  third  twice 
the  second,  from  the  fourth  4  times  the  second.   The  result  is 


which,  by  §  480,  reduces  to 


-5  -1 
-9  -6 


8 

-2 

-2 

8 

2 

1 

6 

-1 

1 

0 

-6 

-1 

2 

8  2 

2 

1 

6  1 

-1 

1 

9  6 

1 

=  70. 


(§486) 
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CoBsiida'  the  simultsmeoua 


«  ^  ivy    M  =  ibj. 

Write  dK  deteminauit    4,   li^         and  let       .4^  li,, 

ete^  be  the  cthiaetars  in  this  detenninant. 

Mnlt^T  the  fizst  eqnatian  bj  the  second  by  Uie  thirtl 
bj  ^9  and  add. 

Then  («^,  +  +  Ma)*  =  Mi  +  Mt  +  M» 

since  (S  500)  Mi  +  Mi  +  Ms  =  0, 

and  Ml  +  Ms  +  Ms  0* 

Hence  (f  499), 


«i  *i  «i 
a»  «i 


or 


In  a  similar  manner. 


Similarly  for  any  set  of  simultaneous  equations  of  the  Wvni 
degree. 

503.  Elimination.  To  eliminate  x,  y,  and  «  from  Uio  four 
equations 

a,ic  -f  +  +  rfi  =  0, 
ofs  +      +      +  di=^  0, 

<v  +  ^«y  +  <v^  +  <^  =  o, 
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we  sufartitiite  in  the  fourth  equation  the  valuee  oix^y^z  found 
from  the  first  three;  viz.  (§  502), 


1^  c,\ 
Then— a^Jcii   6,  c^'—h^ 


«1  «1 

a»  4i  «i 

«!  6,  rf, 

a,  6,  <i, 

<h 


=  0, 


This  equation,  by  §  499,  may  be  written 


a,  ft,  <?i  rfi 

a,  ft, 

a,  fts  <2| 

^4  64  ^4  C^4 


=  0. 


Obserre  that  this  determinant  is  the  determinant  formed  by 
the  sixteen  coefficients. 

Similarly  for  any  other  set  of  simultaneous  equations. 

This  determinant  is  called  the  eliminant  of  the  system  of 
the  given  equations. 

The  eliminant  of  a  system  of  n  equations  with  n-1 
unknowns  is  the  determinant  formed  by  eliminating  all  the 
unknowns  from  the  system. 

(1)  Eliminate  y  and  z  from  the  equations 

2a;«-f3y+   «  =  0, 
3«-|-l-f   y  +  2«=:0, 
4a?"  — 3y -f  4«  =  0. 
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The  result  is 
which  reduces  to 


2x^       3  1 
S«  +  l      1   2  =0, 
4aJ«    -3  4 
8x«-9x-8  =  0. 


(2)  Eliminate  x  from  the  two  equations 
4a;«  +  3ay +  6  =  0, 
2y^'\-Sx  +4  =  0. 

[l]is  42<+     3yz      +  5 

XX  [2],  3ac«  +  (2y«  +  4)x 

Transpose  [2],  3z  +(2]^ 

Represent  x*  hy  if,  and  elimhiate  tt  and  x, 
4      3y  6 


+  4)  =  0j 


Then, 


3  2y<  +  4  0  =0. 
0       8       2ys  +  4| 


(3)  Eliminate  x  from  the  two  equations 
ax^  +     +  c  =0, 
a'x  +  c'  =  0. 


[l]is 

Multiply  [2]  by  z, 
[2]  is 

Eliminate    and  z, 


which  reduces  to 


+  c  =  oJ 


aaJ»  +te  H-c  =0' 

(fx  ■ 

a    6    c  I 
a'  e  0  =0, 
0    o'  ff\ 
b 


=  0. 


[1] 
[2] 


[1] 
[2] 


This  must  be  the  condition  that  there  exists  a  yalue  of  x  which  satis- 
fies both  equations,  since  it  is  assumed  that  such  is  the  case  when  we 
apply  the  process  of  elimination. 

We  haTC  obtained,  therefore,  the  condition  that  the  two  giyen  equa- 
tioDS  haye  a  common  root. 

In  general,  the  eliminant  of  a  system  of  n  equations  with 
n  —  1  unknowns  is  that  function  of  the  coefficients  of  the 
equations  which  becomes  zero  when  the  equations  have  com- 
mon roots,  and  only  then. 
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BzttrciM  71 


1.  In  the  determinant  [a^  6,  write  the  co-factors  of 
bf,     Ci,  dg, 

2.  Express  as  a  single  determinant 


e 

f 

9 

b 

e 

9 

b 

9 

f 

b 

f 

e 

f 

h 

k 

e 

f 

k 

c 

k 

h 

e 

h 

f 

9 

k 

I 

d 

9 

I 

d 

I 

k 

d 

k 

9 

3.  Write  all  the  terms  of  the  following  determinant  which 
contain  a : 


Expand: 


4. 


abba 
b  a  a  b 
a  a  jb  b 
0    a    b  b 


0  b 

b  e 

e  b 

0  0 

0  0 


e  b 

b  0 

e  0 

b  e 

e  b 


0  d  d  d 

a  0  a  a 

b  b  0  b 

e  c  c  0 


1  a  a  a 

1  b  <ik  a 

1  a  b  a 

1  d  a  h 


Find  the  value  of  : 

3  2  2  2 

2  3  2  2 

2  2  3  2 

2  2  2  3 


8. 


Solve  the  equations  : 

3a;  — 4y-f-2«  = 
10.  2aj4-3y  — 3«  = 
5a;  —  6yH-4«  = 


3    2  14 

15  29  2  14 

16  19  3  17 
33  39  8  38 


9. 


2  13  4 
7  4  6  9 

3  3  6  2 
17  7  6 


4a!-7y  +  «  =  16] 
11.     3a;-|-y-2«  =  10 
5a;-6y-3«  =  10j 
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12. 


13. 


4ar-f  7y  +  3«-3tr=  6 
2x  — y  —  4«  +  3w  =  13 

3ar  +  2y-7«-4w=  2 
5x-3y +  «  +  5w  =  13 

3a?  +  2y  H-4«-tr  =  13 
5x  +  y  — «  +  2«?=  9 
2x  +  3y-7«  +  3ii;  =  14 
4x  —  4y  H- 3«  —  6m;  =  4 


14.  Kliminate  y  from  the  equations 

a5*  +  2a^  +  3xH-4y  +  l  =  0l 
4a:  +  3y +  1  =0/ 

15.  Eliminate  m  from  the  equations 

m 


-27wa«  +  l  =  0l 
+     —  3  ma  =  0  J 


Find  the  eliminant  of : 
ofic*  4-  to  +  c  =  I 


16. 


.  =  01 
'  =  1/ 


17. 


ax*  +  bx  +  c  sss 
a'x*  +  b'x  + 


18. 


aa;*-f.&c  +  c  =  Ol 
Qi^-\-qx  +  r  =  Oj 


Are  the  following  equations  consistent  ? 

21.  If  01  is  one  of  the  complex  cube  roots  of  1,  show  that ; 

1      <D      <u«  1 

=  3  V^. 


1     —  Q>  CD^ 
■  «  1 
1-01 


=  -4; 


1 
1 


1 
1 
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22.  Show  that  in  any  determinant  there  are  two  terms 
which  have  all  but  two  elements  alike;  and  that  these  two 
terms  have  different  signs. 

23.  Show  that  the  sign  of  a  determinant  of  order  4  m  +  2 
or  4  m  +  3  is  unchanged  if  the  order  of  both  columns  and 
rows  is  reversed* 

504.  Product  of  Two  Determinants.  Consider  the  determinant 


«I^8  +        +  CiTs 


««««  +       +  e^yt 


By  §  491  this  determinant  may  be  expressed  as  the  sum  of 
twenty-seyen  determinants,  of  which  the  following  are  types : 


«««« 


Mi 
Ma 


Ma  ^73 


There  are  three  determinants  of  the  first  type,  eighteen  of 
the  second  type,  and  six  of  the  third  type.  Those  of  the  first 
and  second  types  are  easily  seen  to  vanish  (§  §  489, 490).  There 
remain  the  six  determinants  of  the  third  type. 

Consider  any  one  of  these  six  determinants,  as 

CiYi  b^i 
Ciy,    o^,    b^  . 
^iTa    ^a  Ma 


This  may  be  written 

yi  «i  A 


ya 
ya 


«a 
at 


A 
A 


or    —  Cia^3 


A 

A 
A 


It  is  eyident  that  the  number  of  interchanges  required  to 
bring  the  columns  into  the  .order  a  p  y  is  the  same  as  the 
number  of  inyersions  among  the  letters  a,     y ;  and  also  the 
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same  as  the  number  of  inyeisions  among  the  letters  a,  6,  e, 
Henoe,  the  sign  is  +  if  that  number  is  even,  and  ~  if  that 
number  is  odd.  The  sign  before  e^ct^^  is,  therefore,  the  sign  of 
liiis  term  in  the  determinant  {a^      e,|  (§  482,  II). 

Since  the  preceding  is  true  for  each  of  the  six  determinants 
of  the  third  lype,  the  given  determinant  is  the  product  of 
the  determinant  joj  5,  by  the  determinant  \ai  y^\,  and 
is  one  of  the  forms  in  which  the  product 


A 

«» 

X 

A 

yt 

«8 

ya 

may  be  written. 

The  above  proof  is  perfectly  general  and  may  be  extended 
to  the  product  of  any  two  determinants. 


(1)  Write  as  a  determinant 


a  b 

a 

b 

c  d 

X 

c 

d 

The  result  is 


oc  +  6d       +  I 


(2)  Write  as  a  determinant  the  product 


a 

b 

e 

X 

y 

z 

c 

a 

b 

X 

z 

X 

y 

b 

e 

a 

y 

z 

X 

X 

Y 

z 

Z 

X 

T 

f 

T 

z 

X 

The  result  is 


where  X  =  <ia5  +  &y  +  c2,  r=cx  +  ay  +  62,  Z  z=  bx    cy  +  az. 


u-Oi    a,  a, 
505.  The  notation   b^    6,    b^    b^  =0 

II  ^1  ^4 

is  used  to  denote  that  the  four  determinants  obtained  by 
omitting  in  turn  one  of  the  four  columns  all  vanish. 
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Bzerdso  72 


1.  Show  that 


a  b  0 
e  0  e 
0    b  a 


0  a  b 
e  0  c 
b    a  0 


=  -4aW. 


2.  Express  as  a  single  determinant 

0  c  b  0  e  b 
e  0  a  X  c  0  a 
b    a    0       b    a  0 


3.  Express  as  a  single  determinant 


a  a  a  a 
a  b  b  b 
a  b  e  e 
abed 


1 
0 
0 
1 


0 
1 


0 
0 

0-1  1 

1  1-1 


and  thence  resolve  the  first  determinant  into  its  simplest 
factors. 


Express  as  a  single  determinant 


a  bi  —  c  -f  di 
c  +  di       a  ^  bi 


7+' 


-pi 


where  i  =  V—  1 ;  and  thence  prove  Euler's  theorem,  viz., 
the  product  of  two  sums  of  four  squares  can  itself  be  expressed 
as  the  sum  of  four  squares. 


^8 

s 

6.  Show  that 

Bs 

bi  ft. 

b  -he 

c  -h  a 

a  -fft 

a 

ft 

6.  Show  that 

a, 

2 

Cj  +  Os 

Oj-f  ft. 

«> 
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qPtPAT.  PBOPBRTIBS  OF  IQUATIOHS 

508.  Algebndc  FBactkma.  A  fanction  of  a  variable  x  has 
already  been  defined  (§  ^3)  as  any  expression  that  changes 
in  value  when  x  changes  in  value.  Any  expression  tliat 
involves  x  is,  in  general,  a  function  of  x.  It  x  is  involved 
only  in  a  finite  number  of  powers  and  roots,  the  expression  is 
an  algelRmic  fmictioii  of  x. 

ThDBy  a^,  Va^  +  X,  j^~7j  sre  algebraic  foncUona  of  x;  but  a«,  logc, 
are  not  algebraic  fanctioDB  of  x. 

507.  Rational  Integral  Functions.  An  algebraic  function  of 
x  is  rational  as  regards  x,  if  x  is  involved  only  in  powers ;  that 
is,  not  in  roots.  An  algebraic  function  of  x  is  rational  and 
integral  as  regards  x,  if  x  is  involved  only  in  positive  integral 
powers ;  that  is,  in  numerators  and  not  in  denominators. 

mu         1  «         1  X  8g«-f  4  ^,       ,    .    ^  ^ 

4¥T8'  JiTSi'  6x«-f3x-f2  ''''' 
integral,  algebraic  functions  of  x ;  wtiile  4x<  +  3x  +  7,  ax*  +  &x>  -f  I  (f 
are  rational  integral  algebraic  functions  of  x. 

50B.  Quantics.  An  algebraic  function  that  Ih  rational  and 
integral  with  regard  to  all  the  variables  in  it  is  called  a  quantlc. 

We  shall  consider  in  this  chapter  only  functionn  of  ono 
variable,  and  by  quantic  will  be  meant  a  rational  intoKial 
algebraic  function  of  one  variable,  unless  it  is  exprosnly  Hiaitnl 
that  several  variables  are  involved. 

NoTs.  The  term  qtuimtic  is  generally  applied  only  to  bontotfttuviMm 
expressions  like  ox'  +  bxy  +  qfl.  This  expreHHlon  Is  nbUiluml  (him 
asfi  +  bsB  +  c  by  patting  -  for  x,  and  multiplying  through  hy  y*,  Thu 

y 
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theoiy  of  the  two  expreisioiiB  is  preciwly  the  same,  and  we  shall  there- 
fore extend  the  term  guan^ie  to  include  expressions  like  cue^  +  6s  +  c, 
ax*  +  te^  +  cx  +  d,  etc. 

The  degxee  of  a  quantdc  that  inyolves  odIj  one  yanable  x  is 
indicated  by  the  exponent  of  the  highest  power  of  x  involved 
in  the  quantic  (§  122). 

A  quantic  of  the  first  degree  is  called  a  linear  JuneHan ; 
qnantics  of  higher  degrees  are  called  quadraHc$,  cubies, 
biquadratics  or  quartics^  quitUieSf  etc. 

509.  General  Form.  Any  quantic  of  the  nth  degree  in  which 
X  is  the  variable  may  be  written  in  the  form 

OoaJ"  +  +  a^"*  H  h         H-  a^ 

where  Oq,  oi,  a,, . . . ,  a.^i,  a.  are  coefficients  which  do  not 
involve  x.  Some  of  these  coefficients  may  be  zero,  and  in  that 
case  the  corresponding  terms  are  wanting. 

The  coefficients  may  be  real  or  compleX|  surd  or  rational 
expressions.  We  shall,  in  general,  consider  only  quantics 
that  have  real  and  rational  coefficients.  The  student  will 
readily  see  what  properties  of  such  quantics  are  possessed  by 
quantics  that  have  surd  or  complex  coefficients. 

510.  Abbreviations.  For  brevity  a  quantic  that  involves  x 
is  often  represented  by  /(x),  F(x),  ^(x),  or  some  similar 
notation. 

If  any  quantic  is  represented  by  /(x),  it  is  represented  by 
/(a)  when  a  is  put  for  x. 

Thns,if         /(x)  =  2a:«-aB2  4-3x  +  4, 

f{2)  =  2  (2)«  -  2«4-8(2)+4  =  16-4  +  6  +  4=:3l2. 

511.  Equations.  Every  equation  that  contains  no  variables 
except  rational  integral  algebraic  functions  of  x  can,  by  the 
transposition  of  all  the  terms  to  the  first  member,  be  made 
to  assume  the  form  f(x)  =  0,  where  /(x)  is  a  quantic  that 
involves  the  one  variable  x.    The  theory  of  this  quantic  and 
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that  of  the  cwres|wiiMimg  eqostion  are  closely  related,  and  we 
shall  develop  the  two  together. 

The  rootaof  the  eqTaatioii/(x)=  0  are  those  values  of  x  that 
satisfy  the  eqaatkMi.  These  roots  are  also  called  the  roots  qf 
the  quamtic 

The  iegree  of  the  eqiiatMm/(x)  =  0  is  the  same  as  that  of 
the  qoantie  /(x). 

512.  mfimbility  of  Qoaatka.  Theorem  L  If  h  %$  a  root  of 
the  equatum  f  (x)  =  0,  the  quantie  f  (x)  is  divisible  6y  x  —  h. 

For  example,  consider  the  quantie 

f(x)  =        +  a^-»  +  Ore— •  +  •    +  +  a,.  [1] 

Kowy  since  A  is  a  root  of  the  equation /(x)  =s  0,  wo  havo 

0  =  o^-  +  a,A— *  +  a,A— *  +  •  •  +  a^-iA  +  a,.  [2] 
Subtract  [2]  from  [1], 
ao(x-  —  A«)  +  —  A""*)  +  -  A"- •)  +  .  •  • 

+  -A»)+a._j(x- A). 

Each  of  the  expressions     —  A",  x"~*  —  A"~*,  x""*  -  A"" 
X  — A,  is  divisible  by  x  — A  (§  86).    Thereforo,  f{jr)  is 
divisible  by  x  —  A.    Similarly  for  any  other  quantie.  Com- 
pare §§  87,  495. 

513.  Theorem  IL  Converselp,  if  a  qitarUio  f  (x)  is  dtvisibU 
by  x^h,  then  h  is  a  root  of  the  equation  f  (x)  =  0. 

For,  if  ^(x)  is  the  quotient  obtained  by  dividing  f{jc)  by 
X  —  A,  we  have 

/(x)  =  (x-A)<^(x). 
Hence,  equation /(x)  =  0  may  be  written 
(x- A)<j^(x)  =0, 
of  which  A  is  evidently  a  root  (§  124). 

514.  Synthetic  Division.    Divide  the  quantie 

3x«-4x*  +  x»-12x«  +  3x-f6  by  x  -  2. 
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3a5»-4x*+  g»>-12ag«  +  3x  +  6|g~2  

+  2a^+  «« 
-t-2g*-4ay 

+  6««-12a!» 

-t-6x«~10x« 

-  2a^+8x 

-  2x»  +  4x 

-  x  +  6 

-  x  +  2 

+  4 

The  work  may  be  abridged  as  follows,  by  omitting  the  powers  of  x  and 
writing  only  the  coefficients  (}  70) : 

8-4  +  l-12  +  3  +  6[l-J  

3-6  3+2+6-2-1 
+  2  +  1 
+  2-4 

+  5-12 
+  6-10 

-  2  +  3 

-  2  +  4 

-1+6 
-1  +  2 
+  4 

The  operation  may  be  still  further  abridged.  As  the  first  term  of  the 
divisor  is  unity,  the  first  term  of  each  remainder  is  the  next  term  of  the 
quotient,  and  we  need  not  write  the  quotient  Further,  we  need  not 
bring  down  the  several  terms  of  the  dividend  or  write  the  first  terms  of 
the  partial  products.  Thus, 

3-4  +  1-12  +  3  +  611-2 
-6 
+  2 

-4 

+  6 

-10 
-  2 

 +4 

-1 

 ±2 

+  4 
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U  we  omit  the  lini  tarn  of  the  dhrisor,  which  is  now  UMlets,  change 
—  2  to  +  89  end  add,  we  may  shorten  the  work  to 
8-4  +  l-12  +  8  +  6[2 

8+2+6-  2-1+4 
Hie  htft  torn  below  the  line  ie  the  remainder,  the  preceding  terms  the 
coefficients  of  the  quotient   In  this  particular  problem  the  quotient  is 
32^  +  2a^  +  6«s  -  2x  - 1,  and  the  remainder  is  4. 

This  method  is  called  synthetic  dhrlsion.  For  dividing 
any  qnaatie  in  x  by  as  —  A  we  have  the  following  rule : 

Arrange  the  quantic  aeeording  to  descending  powers  of  x, 
supplying  any  missing  powers  of  x  by  these  powers  with  zero 
eo^ffieienis. 

Write  the  eo^ffieients  a,        etc,,  in  a  horizontal  line. 
Bring  dawn  the  first  co^ffieient  a. 
Multiply  a  ^  h,  and  add  the  product  to  b. 
Multiply  this  sum  by  h,  and  add  the  produot  to  c. 
Continue  this  process  ;  the  last  sum  is  the  remainder,  and  the 
preceding  sums  the  coefficients  of  the  quotient. 
Divide  2aj*  —  6«*  -f  6a5  -  2  by  «  -  3. 

2  +  0-  6+  6-  2[8 

+  6  +  18  +  86  +  123 
2  +  6  +  12+41  +  121 
The  quotient  is  2x"  +  62^  +  12x  +  41,  and  the  remainder  121. 

515.  Value  of  a  Quantic.    If  we  put  h  for  x  in  the  quantic, 

f(x)  =  dipcr  4-  aiOJ"-'  H  h  a^_^x  +  a^ 

f(h)  s  ao^«  4-  aiA—*  -h  •  •  •  +  h^^^x  +  a.. 
/(«) -/W  =  ao(«-  -  A-)  +  oi  - 

+     +  [1] 
Divide  the  right  member  of  [1]  by  x  —  A  and  represent  the 
quotient  by  ^(os). 
Then,         /(») -/(A)  s     -  A)  ^  (x). 

.\f(x)  =  (x^h)fl>(x)+f(h). 
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Henoe^  the  value  which  a  quantie  f  (x)  asmmes  when  we  put 
h  fwr  z  %8  equal  to  the  last  remainder  obtained  in  the  operation 
of  dividing        by-^  —  lL 

This  remamder,  and,  consequently,  the  ralue  of  the  qnantic, 
may  be  easily  oaloolated  by  synthetic  division. 

The  truth  of  the  above  theorem  may  also  be  shown  by 
another  method,  which  has  the  advantage  of  showing  the 
form  of  the  quotient  and  remainder. 

For  example,  divide  the  quantic  aa^  +  ^  +  «^  +  <2sB  +  6by 

a       b       e       d       e  \h 

ah    Bh    Ch  Dh 
a      B      C      D  R 

where  B  =  aA  +  6, 

C  =  jBA  -h  c  =  aA*  -I-      H-  0, 

iJ  =  DA  -h  a  =  aA*  4-  *A«  +  cA*  -f  <iA  -h  e. 

The  remainder  R  is  evidently  the  value  which  the  quantio 
assumes  when  we  put  A  for  x. 
The  quotient  is 

ax»  +  (aA  +  h)    +  (aA«  +  ftA  +  c)  x  +  (ah*  +  *A*  -h  cA  +  d). 
Similarly  for  any  other  quantic 


Bzerolse  73 

Find  the  quotient  and  the  remainder  obtained  by  dividing 
each  of  the  following  quantics  by  the  divisor  opposite  it : 

1.  «*  — 3a;*-aJ^4-2aj-l.  a-2. 

8.  2aj*  +  3x»-8a;*~7aj- 10.  «  -  2. 
4.  Saj*  +  2flB«— 6aj  +  60.  «4-3. 
B.  fiie*  +  36«*  +  3c»  +  if,  x  +  A. 
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Determine  whether  each  of  the  following  numbers  i3  a  root 
of  the  quantic  opposite  it  (§  613) : 

6.  (3).         aj*-|-x^-6x  +  2  =  0. 

7.  (-7).      a*  +  7x»-h21a;  +  147  =  0. 

8.  (0.3).      X*  -  2.3  x»  -f  3.6     -f-  4.9  aj  -h  1.2  =  0. 

Find  the  value  of  each  of  the  following  quantics  when  for 
X  we  put  the  nimiber  opposite  : 

9.  3aj»  +  2a;*-6aj4-l.  (-3). 

10.  2x*-h6a;«-9a;-6.  (6). 

11.  aj*4-7ar«-2aj«-49.  (-4). 

12.  aj*4-6aj«-7a;«~3x  +  l.  (-0.2). 

516.  Number  of  Roots.  We  shall  assume  that  every  rational 
integral  equation  has  at  least  one  root.  The  proof  of  this 
truth  is  beyond  the  scope  of  the  present  chapter.* 

Let  f(x)  be  a  rational  integral  quantic  of  the  nth  degree, 
and  let /(a;)  =  0.  This  equation  has,  by  assumption,  at  least 
one  root.    Let  ai  be  a  root. 

Then,  by  §  512,      f(x)  =  (x  -  a,)f,  (x), ' 
where  fi  (x)  is  a  quantic  of  degree  w  —  1. 

The  equation  fi  (x)  =  0  must,  by  assumption,  have  a  root 
Let  cr,  be  a  root. 

Then,  by  §  612,     /,(x)  =  (x  a,)Mx), 
where  fg  (x)  is  a  quantic  of  degree  n  —  2. 

Continuing  this  process,  we  see  that  at  each  step  the  degree 
of  the  quotient  is  diminished  by  one.  Hence,  we  can  find 
n  factors  x  —  ai,  a;  —  arj,  •  •  •,  x  —  a^.  The  last  quotient  will 
not  involve  x,  and  is  readily  seen  to  be  ao,  the  coefficient  of 
a-  in  f(x). 

*  See  Bumside  and  Panton^s  Theory  of  Equations,  H.  Weber's  Traits 
d'Algibre  Supirieure. 
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Now,  f(x)^(x^a,)Mx) 

=  (a;-ai)(aj-aa)/|(«) 


=  a^(x  -  a^{x  -  a,) ...  (a;  -  a^. 

Therefore,  the  equation  f{x)  =  0  may  be  written 

ao(aJ  -  a^){x  -  a,)  •  • .  («  -  a,)  =  0, 

which  evidenti  J  holds  true  if  x  has  any  one  of  the  n  values 
ai,  aa,  a,. 

It  follows,  then,  that  if  every  rational  integral  equation  has 
at  least  one  root,  an  equation  of  the  nth  degree  has  n  roott, 

517.  Linear  Factors.  The  factors  05  —  at,  a  —  a„  a  —  a, 
are  linear  functions  of  x  (§  508). 

When /(a)  is  written  in  the  form 

a^{x  -  ai)(x  -  aa)  ...  (a?  -  a.), 

it  is  said  to  be  resolved  into  its  linear  f acton. 

From  §  516  it  follows  that  a  quantio  can  be  resolved  into 
linear  factors  in  only  one  way. 

To  resolve  a  quantic  f{x)  into  its  linear  factors  is  evidently 
equivalent  to  solving  the  equation /(x)=  0. 

518.  Multiple  Roots.  The  n  roots  of  an  equation  of  the  nth 
degree  are  not  necessarily  all  different 

The  equation  05*  —  7 as*  +  15x  —  9  =  0  may  be  written 

(aj-l)(aj-3)(x-3)=0, 

and  the  roots  are  seen  to  be  1,  3,  3. 

The  root  3  and  the  corresponding  factor  x  —  Z  occur  twice; 
hence,  3  is  said  to  be  a  double  root.  When  a  root  occurs  three 
times  it  is  called  a  triple  root;  four  times,  a  quadruple  root; 
and  so  on. 

Any  root  that  occurs  more  than  once  is  a  multiple  root 

519.  Roots  given.  When  all  the  roots  of  an  equation  are 
given  the  equation  can  at  once  be  written. 
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Write  the  equation  of  which  the  roots  are  1,  2,  4,  —  6. 

The  equation  is  (x  -  1)  (x  -  2)  (x  -  4)  (x  +  6)  =  0, 
or  X*  -  2x«  -  21  x2  +  62x  -  40  =  0. 

520.  Solntioiis  by  TriaL  When  all  the  roots  but  two  of  an 
equation  can  be  found  by  trial  the  equation  can  be  readily 
solved  by  the  process  of  §  516.  The  work  can  be  much 
abbreviated  by  employing  the  method  of  synthetic  division 
(§  514).    (Compare  §  180.) 

Solve  the  equation     -  3aj»  -  6a;»  -h  14a;  +  12  =  0. 

Try  +  1  and  —  1.    Substituting  these  values  for  x,  we  obtain 
1  _  8  _  6  +  14  +  12  =  0, 
1  +  3  «  6  -  14  +  12  =  0, 
which  are  both  faise,  so  that  neither  +  1  nor  —  1  is  a  root 

Try  +  2.   Dividmg  by  x  -  2, 

1-3-6  +  14  +  12(2 

+  2-2- 16-  4 
1-1-8-  2+  8 
we  see  that  +  2  is  not  a  root 

Try  —  2.    Dividing  by  x  +  2, 

1-3-  6  +  14  +  121-2 

-  2  +  10  -  8-12 
1-6+  4+6  0 
we  see  that  —  2  is  a  root   The  quotient  is  x>  -  6x<  +  4 x  +  6. 
In  this  quotient  try  -  2  again.    Dividing  by  x  +  2, 
1-6+  4+  6|~2 

-2  +  14-36 
1-7  +  18-30 
we  see  that  -  2  is  not  agahi  a  root 

Try  +  3.  Dividing  by  x  -  8, 

l-6  +  4  +  6[3 

+3-6-6 
1-2-2  0 

we  see  that  +  8  is  a  root.   The  quotient  is  x«  -  2x  -  2. 


424 


COLLEGE  ALGEBRA 


Henoe,  the  given  eqoAtion  may  be  wriUea 

(X  +  2)(x  -  3)(a^  -  2x  -  2)  =  0. 
Therefore,  one  of  the  three  factors  moat  Taniah. 
Ifx+2  =  0,  x  =  -2;  ifx-3  =  0,  x  =  3;  ifx«-2x-2=0,  by 
solving  this  qoadratic,  we  find  x  =  l+  V3orx  =  l—  Vs. 
Hence,  the  four  roots  of  the  given  equation  are 

-2,   3,    l+VS,  l-Vs. 


74 

Solve: 

1.  aj»-7««+16aj-12  =  0.     4.  aj»  +  9a;«  +  2x  -  48  =  0. 

2.  «»- 5a:«- 2a; -f- 24  =  0.  6.  flc»  -  4x«  -  8a; -f- 8  =  0. 
8.  «»-6x*-f  6x4- 99  =  0.      <6.      +  2«*  +  4a;  +  3  =  0. 

7.  6a;«-29x»  +  14x  +  24  =  0. 

8.  2x«  +  3x»- 13a;- 12  =  0. 

9.  a;*-16x«-10xH-24  =  0. 

10.  a;*4-6a;»-5a;«-45ar-36  =  0. 

11.  x*  +  4x«- 29a;* -156a;  4-180  =  0. 

12.  x*-5x*-2x*4- 12x4- 8  =  0. 

13.  6x*-5x»  — 30x«4-20  x  4-24  =  0. 

14.  4x*4-8x«-23x*-7x4-78  =  0. 

Foixn  the  equation  which  has  for  its  roots : 

16.  2,  6,  -  7.  20.  6,  34- V^,  3  -  V^. 

16.  2,  4,  -  3.  21.  2,  J,  2,  -  J. 

17.  2,  0,  -  2.  22.  2,  3,  -  2,  -  3,  -  a 

18.  2,  1,  -  2,  -  1.  23.  I  h-h-  i 

19.  0.2,  0.125,  -  0.4.        24.  0.3,  -  0.2,  -  - 
26.  3  4-V2,3-V2,2  4-V3,  2-V3. 

26. 2+v=ri,2-v=n:,i4-2 v^,i~2 
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52L  Rektioas  between  the  Roots  and  the  Coefficients.  The 

quadratic  equation  of  which  the  roots  are  a  and  /3  is  (§  193) 

(«-«)(«-i»)=o, 

or  a?«-(a  +  /5)a;  +  a/5  =  0. 

'  The  cubic  equation  of  which  the  roots  are  a,  /},  y  is 

or      ar»  -  (a:  4-  /J  +  y)a;«  +  (ap  +  ay  +  Py)x  -  apy  =  0. 

The  biquadratic  equation  of  which  the  roots  are  a,  /S,  y,  8  is 
-  a)(«  - /9)(a:  -  y)(aj 8)=  0, 
or  a^-(a 4- i5  +  y-h8)aJ* 4- (ai5  +  ffy-ha8H-i5y 4-/984- y8)«* 
-  {<^Py  4-  «/?8  -h  «y8  +  i5y8)x  4-  «)9y8  =  0. 

Similarly  for  equations  of  higher  degree. 

Take  any  equation  in  which  the  highest  power  of  x  has  the 
coefficient  unity.  From  the  above  we  have  the  following  rela- 
tions between  the  roots  and  the  coefficients : 

The  coefficient  of  the  second  term,  with  its  sign  changed,  is 
the  sum  of  the  roots. 

The  coefficient  of  tiie  third  term  is  the  sum  of  all  the  prod- 
ucts that  can  be  formed  by  taking  the  roots  two  at  a  time. 

The  coefficient  of  fourth  term,  with  its  sign  changed,  is 
the  sum  of  all  the  products  that  can  be  formed  by  taking  the 
roots  three  at  a  time. 

The  coefficient  of  the  fifth  term  is  the  sum  of  all  the 
products  that  can  be  formed  by  taking  the  roots  four  at  a 
time ;  and  so  on. 

If  the  number  of  roots  is  even,  the  last  term  is  the  product 
of  all  the  roots.  If  the  number  of  roots  is  odd,  the  last  term, 
wUh  its  sign  changed,  is  the  product  of  all  the  roots. 

Observe  that  the  sign  of  the  coefficient  is  changed  when  an 
odd  number  of  roots  is  taken  to  form  a  product ;  that  the  sign 
is  unchanged  when  an  even  number  of  roots  is  taken  to  form 
a  product. 
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522.  Redaction  to  the  p  Farm.  By  dmding  the  equation  by 
the  ooeffioient  of  the  highest  power  of  x,  any  rational  integral 
algebraic  equation  whatever  can  be  reduced  to  a  form  in  which 
the  coefficient  of  the  highest  power  of  «  is  unity. 

We  shall  write  an  equation  reduced  to  this  f onui  called  the 
jiybm,  as  follows : 

«•  *  +p^'*  +  •  •  +Pn^ix  +p.  =  0. 

Let  ffi  yi  be  the  roots  of  this  equation.  Represent 
by  Sa  the  sum  of  the  roots,  by  Sa/3  the  sum  of  all  tiie  prodncts 
that  can  be  formed  by  taking  the  roots  two  at  a  time;  and 
iOOQ(|  102). 

From  S  521  we  now  have 

iafir^^Pt,  PM^-^PTf 

a/9y*     =     1)X  A  =  (-  1  yo^Pyi '  •  • 

Thus,  lei  a,  A  Y  he  the  rooU  of  the  equatioii 

Tlien,  2a=ra  +  /l  +  y  =  7, 

2o;fl  =  ^  +  Ya  +  a^  =  - 9, 

The  relations  between  the  roots  and  the  coefficients  of  an 
equation  do  not  assist  us  to  solve  the  equatioiL  Jn  every  case 
we  are  brought  at  last  to  the  original  equation. 

Thus,  in  the  equatioii 

aB»-7si^»-9«  +  4  =  0, 
wehave  a  +  /l  +  7  =  7, 

/|y  +  7a  +  a^  =  -«, 

U  we  ftHmtrr*^  any  two  of  the  three  unknowiis  as  /I  and  y«  ^  ba^  ^ 

solve  the  equation  ^  ^ 

tf»-7a*-9a  +  4  =  0. 

Thai  ii.  we  have  to  solve  the  given  equation. 
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523.  Symmetric  Fonctions  of  the  Rooto.  The  expressions  ia, 
2^)3,  Sa^y,  •  •  •  are  examples  of  symmetric  fonctioiM  of  the 
roots  (§  192).  Any  expression  that  involves  all  the  roots, 
and  all  the  roots  have  the  same  exponents  and  the  same  coeffi- 
cients, is  a  symmetric  function  of  the  roots. 

From  the  relations 

Sa=-i>i,    %apz=z+p^    ^Py^-Pv  ••• 

the  value  of  any  symmetric  function  of  the  roots  of  a  given 
equation  may  be  found  in  terms  of  the  coefficients. 
11  a,     y  are  the  roots  of  the  equation 

a5«-4a;«-f-6aj-6  =  0, 

we  may  calculate  the  values  of  symmetric  functions  of  the 
roots  as  follows  : 

We  have  a  +  /3  +  7  =  4,  [1] 

^  +  7a  +  a/S  =  6,  [2] 
=  6.  [8] 

(1)  2a«  =  a«  +  /3»  +  7*. 

Square  [1],  a«  + /3«  +  7« -f  2/»y  +  27a  +  2  a/S  =  16 

Multiply  [2]  by  2,  2/»y -f  27^  +  2g/3  =  12 

.•.a«  +  /3«  +  7«  =  4  [4] 

(2)  2a«/8  =  a«/8  +  a*7  +  /S»7  +  /3»a  +  7«a+V»/S. 
Multiply  [1]  by  [2],  2a«/S  +  3  cr^  =  24 
Multiply  [3]  by  3,   Sapy  =  16 

2a*/3  =  9  [6] 

(8)  2a«  =  a»  +  ^  +  7«. 

Multiply  [1]  by  [4],    a»  +  /3«  +  7*  +  2a«/3  =  16 

[6]  is   2aa/3=  9 

.•.a:»  +  /3«  +  7«  =7 
Similarly  for  any  symmetric  function  of  the  roots.    (Compare  { 192.) 

524.  By  the  aid  of  the  preceding  sections  we  can  find  the 
condition  that  a  given  relation  should  exist  among  the  roots 
of  an  equation. 
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Find  the  condition  that  the  roots  of  the  equation 
shall  be  in  geometrical  progression. 


Let    be  the  mean  root.  Then, 


and  ^  =  ya. 

From  [2]  and  [4],         /J7  +  a/3  +  ^  =  g, 


m 

[2] 
[3] 

w 


Suhetitate  in  [S],  /S*  for  ya  and  -  ^  for  /3, 


(-i)'=- 


9*  =  pSf,  the  required  condition. 


525.  Complex  Roots.  If  a  complex  number  is  a  root  of  an 
equation  with  real  coeifficients,  the  conjugate  complex  number 
(§  216)  iff  also  a  root 


Let  a  4-  fit,  where  t  =  V—  1,  be  a  root  of  the  equation 

ttoX"  4-  ai«"~*  +  Orxr-*  H  +  a._,x  -f-  a.  =  0, 

the  coefficients  of  which  are  real. 

Put  a  +  pi  for  x  in  the  left  member  of  this  equation,  and 
expand  the  powers  of  a  4-  pi  by  the  binomial  theorem.  All 
the  terms  which  do  not  contain  iy  and  all  the  terms  wbicli 
(Kmtain  eren  powers  of  i,  are  real ;  all  the  terms  which  con- 
tain odd  powers  of  i  are  orthotomic.  Kepresenting  the  real 
part  of  the  result  by  P,  and  the  orthotomic  part  of  the  result 
Qtj  we  haTB  (j  511),  since  a  4-  fit  is  a  root, 


P  4.     =  0. 
P  =  0  and  Q  =  0. 


(S219) 
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Now  put  a  —  pi  for  x  in  the  given  equation.  The  result 
may  be  obtained  from  the  former  result  by  changing  t  to  —  t. 
The  even  powers  of  i  are  unchanged,  while  the  odd  powers  have 
their  signs  changed.  The  real  part,  therefore,  is  unchanged, 
and  the  orthotomic  part  is  changed  only  in  sign.  The  result  is 

P  -  Qt  =  0, 

which  vanishes,  since  by  the  preceding  P  =  0  and  Q  =  0. 
Therefore,  a  —  /3t  is  a  root  of  the  given  equation  (§  611). 
This  theorem  is  generally  stated  as  follows : 

Complex  roots  always  enter  an  equation  in  pairs. 

Corresponding  to  a  pair  of  complex  roots,  we  shall  have 
the  factors 

a;  —  a  —  /8t,     —  a  -f  /St. 
The  product  of  these, 

is  positive,  provided  x  is  real.  Hence,  corresponding  to  a 
pair  of  complex  roots,  we  have  a  factor  of  the  second  degree, 
which  for  real  values  of  x  does  not  change  sign  (§  220). 

BzeroiM  75 

1.  Form  the  equations  of  which  the  roots  are 
2,  4,  -3;       3,  -2,  -4. 

If  a,  j8,  y  are  the  roots  of  a"  —  5  sc*  -f  4  x  —  3  =  0,  find  the 
value  of : 

2.  2a'.  6.  Sa*j8y.  8.  2a*. 

3.  2a*i9.  6.  ^a^ff".  9.  2a«i8y. 

4.  2a».  7.  2a»/8.  10.  2a«/8V- 
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If  a,  p,  y  are  the  roots  of  «•  -^px*  -|-  -|-  r  =  0,  find  in 
terms  of  the  coefficients  the  value  of : 


11. 

12.  Xafp. 

13.  So*. 

14.  Sa«/3*. 
16.  Sa* 


17. 


a:       j9  y 


18. 


-fg'  .  g'  +  jy 


ya  aP 

i^  +  y     y  +  «     «  + 


In  the  equation     +      +     +   =  0,  find  the  condition  : 

20.  That  one  root  is  the  negative  of  another  root. 

21.  That  one  root  is  double  another. 

22.  That  the  three  roots  are  in  arithmetical  progression. 

23.  That  the  three  roots  are  in  harmonical  progression. 


GRAPHICAL  REPRESENTATION  OF  FUNCTIONS 

The  investigation  of  the  changes  in  the  value  of  f(x)  cor- 
responding to  changes  in  the  value  of  a;  is  much  facilitated 
by  using  the  system  of  graphical  representation  explained  in 
the  following  sections. 

526.  Coordinates.  Let  XX*  be  a  horizontal  line  and  let 
YY'  be  a  line  perpendicular  to  XX*  at  the  point  O. 

y  Any  point  in  the  plane  of  the 

lines  XX*  and  YY*  is  determined 
by  its  distance  and  directum  from 
each  of  the  perpendiculars  XX*  and 
FT'.  Its  distance  from  FF*,  meas- 
ured on  XX*,  is  called  the  abadBSi 
of  the  point;  its  distance  from 
XX*^  measured  on  FF*,  is  called 
the  ordinate  of  the  point. 


Bt 


4— »: 


^1 


2i 
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Thm,  the  iliiii  mn  dPtW  OBt,  the  iBilimii  dPt  'm  OAt ; 
the  ahtiifc  of  P,  s  OH,*  the  ardiaate  of  Pi  is  OLii ; 
Ibe  ahtiMfc  of  Pg  ii  OUs,  the  ocdinate  of  Ps  is  OA9 ; 
the  ahaLuuM,  aiP^m  OB^  the  ocdiB&te  of  P4  k 

The  abscisa  and  the  acdinate  of  a  point  are  called  the 
CDOidi— lea  of  the  point;  and  the  lines  XX'  and  IT  are 
called  the  axes  af  iiiwdlaalf  XT  is  caUed  the  axis  «f 
abadaflM  or  the  ana  af  z;  vr  is  caUed  the  azia  «f  ortiaates 

or  the  azia  af  j;  and  the  point  O  is  called  the  origin. 

An  abscissa  is  generally  represented  by     an  ordinate  by  jf. 

The  co^dinates  of  a  point  are  written  thus :  (x,  y). 

Thus,  (7,  4)  is  the  point  of  which  the  ahacina  is  7  and  the  ordinate  4. 

Abscissas  measured  to  the  right  of  YIT  are  poatttTa,  to  the 
U/t  of  YY*  are  aegatife  Ordinates  measured  above  XX'  are 
poaithre,  below  XT  are  negative. 

Thus,  the  pointo  Pi,  Pi,  Pa,  P4  are  leqwctmly  (3,  4),  (~4,  S), 
(-3,  -4),  (4,  -3). 

527.  It  is  evident  that  if  a  point  is  given,  its  coordinates 
referred  to  given  axes  may  be  easily  found. 

Conversely,  if  the  coordinates  of  a  point  are  given,  the 
point  may  be  readily  constructed. 

Thus,  to  ooDfltract  the  point  (4,  —  8),  a  convenient  length  ia  taken  m  a 
onit  of  length.  A  distance  of  4  units  is  laid  off  on  OX  to  the  rights  from 
O  to  B^;  and  a  distance  of  8  units  on  OY'  downwards^  from  O  to  «4«. 
The  nitersection  of  the  perpendicolarB  erected  at  B4  and  ^4  deter lulaes 
the  reqoired  point  P4. 

Construct  the  points  (3,  2);  (6,  4);  (6,  -  3);  (-  4,  -  3); 
(-4,2);  (-3,-6);  (4,-3). 

588.  Graph  of  a  Fonction.  Let  f(x)  be  any  function  of  «r» 
where  x  is  a  variable.  Put  y  =/(«);  then  y  is  a  new  vari 
able  connected  with  x  by  the  relation  y  =/(ar).  ltf(jt)  in  a 
rational  int^ral  function  of  x,  it  is  evident  that  to  evt>ry 
value  of  X  there  corresponds  one,  and  only  one,  value  of  y« 
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If  different  valaes  of  x  are  laid  off  as  abscissas,  and  the 
corresponding  values  of  f(x)  as  ordinates,  the  points  thus 
obtained  all  lie  on  a  line.  This  line  in  general  is  a  curved 
line,  or  a  curve,  and  is  called  the  graph  of  the  function  f(z); 
it  is  also  called  the  locus  of  the  equation  y  =  f  (x). 

(1)  Construct  the  graph  of  3  —  2x. 
Put  V  =  8  —  2x.   The  following  table  is  readily  computed : 
F 


M 

\ 

V 


I£«  =  +l, 

y=+i; 

x  =  +2, 

y  =  -i; 

«  =  +  8, 

y  =  -8; 

y  =  -6; 

«  =  +  6, 

y  =  -7. 

If  x  =  -l, 

y  =  +6; 

z  =  -2, 

y  =  +  7; 

x  =  —  8, 

y  =  +  9; 

x  =  -4. 

y  =  +ll; 

«  =  -  6, 

y  =  +is. 

+  N 

V 

Constructing  the  above  points, 
V  it  appears  that  the  graph  of  the 

function  3  —  2x  is  the  straight 
line  MN. 

In  general,  if  the  quantic  /(x) 
contains  only  the  first  powers  of  x  and  y,  the  graph  is  a  straight  line. 


\ 
IT 
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Construct  the  graphs  of  the  following  functions : 

1.  Sx  +  2.  6.  J(7-2x). 

2.  aj-6.  7.  i(9-3a;). 
8.  a;4-6.  8.  f(4-f  6a;). 

4.  i(x-5).  9.  (x-2)(x-3). 
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(2)  Plot  the  graph  of  ias*  -  4. 

Put  y  =  iae*  —  4.  We  readily  oompnte  the  following  uUe : 
Hx  =  +  0,       y  =  -4;  T 

x  =  rfcl,       y  =  -3.6; 

X=rfc2,  y=-2; 

X  =  rfc8,       y=  +  0.6; 

«  =  ±4,       y  =  +  4; 

X  =  ±  6,       y  =  -f  8.6 ; 

«=rfc6,       y  =  +14. 

Plotting  these  points,  we  obtain 
the  cuire  here  given. 

(3)  Plot  the  graph  of 

aP»  —  a;*  -f  «  —  6. 

Pat  y  =  x*-si^  +  x-6.  We 
compute  the  following  table: 


If  x  =  +  0.6, 

y  =  - 

4.026 

«  =  +1.0, 

y  =  - 

4.000 

x  =  +1.6, 

y  =  - 

2.376 

x  =  +2.0, 

y  =  + 

1.00ft 

x  =  +  2.5, 

y  =  + 

6.876 

X  =  +  0.0, 

y  =  - 

6.000 

x  =  -0.6, 

y  =  - 

6.876 

x  =  -1.6, 

y  =  - 

12.126. 

Interpolation  (§  433)  shows  that 
if  y  =  0,  x  =  1.88+.  Does  the 
reeolt  agree  with  the  figure  ? 


529.  Consider  any  rational  integral  algebraic  function  of  x, 
for  example  x^  +  x  —  ^. 

Pat  y  =  x«  +  X  -  V- 

Assmne  values  of  x,  compute  the  corresponding  values  of 
and  construct  the  graph.    Now,  any  value  of  x  which  makes 
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y  as  0  BatiBfieg  the  equation  x^-^x  —  ^  =  0,  and  is  a  root 
of  that  equation.  Hence,  any  abscissa  whose  corresponding 
ordinate  is  zero  represents  a  root  of  this  equation.  The  roots 
may  be  found,  approximately,  by  measuring  the  abscissas  of 
the  points  in  which  the  graph  meets  XX',  for  at  these 

points  y  =  0. 

From  the  giTen  equation  the  following 
tible  may  be  fonned : 

If 


U 


a;  =  +  0, 

y  = 

-  16.76 

«  =  +l. 

y- 

-  13.76 

«=  +  2, 

y  = 

-  9.76 

«  =  +8, 

y  = 

-  3.76 

«  =  +  4, 

y  = 

+  4.26. 

x  =  -l. 

y 

16.76 ; 

x  =  -2. 

y 

13.76; 

x  =  -3, 

y 

9.76; 

x  =  -4, 

y 

3.76; 

x  =  ~  6, 

y 

=  + 

4.26. 

The  table  shows  that  one  root  of  /(x)  =  0  lies  between  3  and  4 
(since  y  changes  from  —  to  +f  and  therefore  passes  throng  zero); 
and,  for  a  like  reason,  the  other  root  lies  between  —  4  and  —  6. 

530.  An  equation  of  any  degree  may 
be  thus  plotted^  and  the  graph  will  be 
found  to  cross  the  axis  XX'  as  many 
times  as  there  are  real  roots  in  the 
equation. 

When  an  equation  has  no  real  roots 
the  graph  does  not  meet  XX'. 

In  the  eqoation  x>  — 6x  +  13  =  0,  both  of 
whose  roots  are  imaginary,  the  graph,  at  its 
nearest  approach,  is  4  units  distance  from 
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If  an  equation  has  a  double  root, 
its  graph  touches  XX\  but  does  not 
intersect  it  at  the  point  of  contact. 

The  equation 

has  the  nxito  —  2  and  —  2,  and  the  gnqih 
is  as  shown  in  the  figure. 
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Construct  the  graphs  of  the  following  functions : 


1.  x*  +  3a:-10. 

2.  ac»-2a*-f  1. 

3.  aj*-20a5*  +  64 


4.  aj«-4»4-10, 
6.  «*-6««4-4. 
6.  ««-4»«-|-:i  ^1. 


SSL  Change  of  Origin.   Consider  the  function 

y  =  x«H-4x-l.  [1] 

Construct  the  graph  of  the  given  function,  for  convenience 
using  on  the  coordinate  paper  3  spaces  for  1  horizontal  unit, 
and  1  space  for  4  vertical  units. 

Ifflc=-|-0,   y  =  -l;         Ifa;  =  -1, 
x=+l,   y  =  +  4;  aj=-2, 


«=4-2,   y  =  +  ll 

aj=H-4,  y  =  4-31 
»=+6,   y  =  +  44. 


flc  =  -3, 

05  =  —  4, 

»  =  —  6, 
»=— 6, 


y  au—  4 

y  =  — 4 
y  =  -l 
y  =  +  4 


Now  change  the  origin  from  its  present  position  0  to  any 
point  R  on  the  axis  of  abscissas,  keeping  the  axis  of  ordinates 
RT  parallel  to  its  original  position  OY.  This  change  does 
not  alter  the  values  of  the  ordinates  of  points,  but  does  alter 
the  values  of  the  abscissas. 
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A 

/ 

1 

/ 

0 

i 

s 

1 

I 

The  value  of  the  given  function  ofx  is  altered. 

¥ot,  let  OR  h.  The  old  coordinates  of  any  point  P  of 
th6  graph  are  OM  =  x,  MP  =  ^.  Let  x'  denote  the  new 
abscissa  RM  of  the  point  P. 

Then,  a?  =  x'  +  A. 

Substitute  ap'  +  A  for  «  in  [1], 

Then,        y        +  A)«  +  4(a:'  -f-  A)-  1 

=  ««  +  (4  +  2A)«'  +  A«  +  4A-l. 

Write  X  for  a;',  and  we  have  the  transformed  function 
y  =     +  (4  +  2  A)«  -h  A*  +  4  A  - 1. 

Hence,  when  the  origin  is  moved  along  the  axis  of  x  a  dis- 
tance of  A  units,  the  new  function  of  x  is  obtained  by  substi- 
tuting X  +  h  for  X  in  the  old  function  of  x. 

If  the  origin  is  moved  a  distance  of  A  units  to  the  left  of  0, 
the  value  of  A  must  of  course  be  regarded  as  negative* 

BzerolM  78 

1.  Transform  the  function  y  =  a;'  —  6x  +  5  to  a  new 

origin,  the  point  (6,  0). 
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2.  Transform  the  function  y  =  40:*  +  3«  —  10  to  a  new 
origin,  the  point  (—  2,  0). 

3.  Transform  the  function  y  =  3«*  — 10a5«-|-9«  —  2  to 
a  new  origin,  the  point  (2,  0). 

4.  Transform  the  function  y  =  as^  —  1  to  a  new  origin,  the 
point  (—  1,  0). 

DERIVATIVES 

T 


j 

 1 

/ 

M 

O 

H  JET' 

x 


532.  Definitions.  Let  MN  be  a  part  of  the  graph  of  a  func- 
tion of  X,  as   

/(aj)=2  4- Vl2a;-a;« 

Let  y  =  2  4-Vl2x-x«.  [1] 

Let  P  be  any  point  on  the  graph.  Draw  the  coordinates  OH 
and  HP  of  that  point 

Let  »  =  OHy  and  y  =  HP. 

It  is  obvious  from  [1]  that      y  [2] 

Add  to  05  any  arbitrary  amoimt  HH'. 

Draw  H'P'  ±  to  XX',  and  draw  PK  ||  to  A'X'. 

Let  «'  s  Oir,  and  y'  =  P'iT. 
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It  is  obrioiis  from  [1]  that 

y' =/(*■)•  [3] 

It  is  evident  that  when  Hff  is  added  \x)  y  changes  to  y', 
and  that  the  amount  of  change  in  y  is  KP\ 

The  arbitiaiy  amount  HIT  added  to  x  is  called  the  inae- 

ment  of  x.  This  is  written  Ax 
and  read  delta  x. 

Similarly,  the  amount  KP* 
added  to  y  is  called  the  incre- 
ment of  /. 

Let  Ax  =  the  increment  of 
and    Ay  =  the  increment  of  y. 
Then,    Ay  =  KP% 
X  and  since  it  is  added  to  y,  the 
increment  is  positive. 

When  the  increment  of  y  is 
taken  from  y,  the  increment  is  negative. 

Hence,  an  increment  may  be  either  positive  or  negative. 
The  increment  of  a  yariable  is  any  arbitrary  amount  added  to 
the  yariable. 

The  increment  of  a  fanction  is  the  amount  of  the  change  pro- 
duced in  the  fimction  when  an  increment  is  giyen  to  the 
yariable  of  the  function. 


X  +  Aoj. 


y'  =/(«  4-  Ax). 
^y  =  y^  —  y. 


Now, 

Hence,  by  [3], 
Again, 

Hence,  by  [2]  and  [4],  Ay  =/(«  +  Ax)  -/(x).  [5] 

Therefore,  to  find  the  increment  of  a  fimction  when  the  variaUe 
takes  an  increment, 

Suhtract  the  original  value  of  the  function  from  the  value  of 
the  function  after  the  variable  has  taken  an  increment. 


DERIVATIVES 
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Diyide  [5]  by  Aas. 

Then,  Ay^/(x  +  Ax)-/(x). 

Ax  Ax 

Now  let  P  remain  fixed  and  let  P*  move  towards  P  along 

the  curve  in  such  a  way  that  we  can  make  it  approach  P  as 

nearly  as  we  please. 

Then,  Ax  is  an  infinitesimal,  and  the  fraction  — ^  is,  in  sen- 
Ax 

eral,  a  variable,  and  this  variable,  in  general,  approaches  a 
definite  limit. 

When  the  variable  does  approach  a  definite  limit  this  limit 
is  called  the  derivative  of  /  or  the  derivative  of  /(x). 

The  derivative  of /(x)  is  * 

By  [6]  it  is  seen  that  the  derivative  of /(x)  is 

limit  /(x-f  Ax)-/(x) 
Axi^zO  ^  '  L'J 

The  first  form  of  this  definitibn  is  the  more  significant  when 
we  wish  to  show  the  relation  of  the  increments  to  the  deriva- 
tive ;  the  second  is  the  more  significant  when  we  wish  to  show 
the  relation  of  the  function  to  the  derivative. 

The  derivative  with  respect  to  x  of  /(x)  is  represented  by 
DJ(x) ;  that  of  f{y)  with  respect  to  y  by  D^f{y) ;  that  of  v 
with  respect  to  u  by  D^v ;  and  so  on. 

The  derivative  of  /(x)  with  respect  to  x  is  also  represented 

by  fix). 

Thus,  Da/(x)  s/'Cx) ;  D,/(y)  =f(y) ;  and  80  on. 

533.  From  [7]  may  be  deduced  the  following  rule  for  finding 
the  derivative  of  a  function : 

Divide  the  increment  of  the  function  by  the  increment  given  to 
the  variable. 

Find  the  limit  of  this  quotient  when  the  increment  of  the  vari- 
able is  an  infinitesimal. 

This  limit  is  the  derivative  of  the  function. 
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Denote  the  deriTatdve  of /(x)  by /'(as). 
Then,  ^„/fc±^2:zZ^. 

(1)  Giyen/(aj)=6a5*;  find  f{x). 

f(x  +  Ax)  =  5(x  +       =  6a^  +  lOxAx  +  5(Ax)> 
/(x)  =  6*«. 
/(X  +  Ax)  -/(X)  =  lOxAx  +  6(Ax)«. 

Ax 

linitt  /(x  +  Ax)~/(x)_ 
Ax  =  0 

.•./'(x)  =  10«. 

(2)  Find + 4  aj  +  l). 

The  function  is      x^  +  4x  +  l. 
Chmngextox  +  A,  (x  +  A)*  +  4(x  +  A)  + 1, 
or  x»  +  8     +  8A«x  +  *•  +  4x  +  4  A  +  1. 

From  the  new  value  eabtract  the  old, 

8A2«  +  SASx  +  ft*  +  4A. 
Divide  by  A,  8x«  +  8*x  +  A«  +  4. 

Take  the  limit  as  A  approaches  0  as  a  limit ; 

D,(x»  +  4x  +  l)  =  3x«  +  4. 

534.  DeriratiTe  of  sr*.  The  function  is  af.  Changing  x  to 
X  -I-  A,  we  obtain  (x  -f-  h)\  Now  (» -f  A)*  can  be  expanded 
by  the  binomial  theorem,  and  we  obtain 

(a;  +  A)'  =  X"  +  nx-^A  -h  ""^^        x^'W  -h 

From  this  new  value  of  the  function  subtract  x%  the  old 
value,  and  divide  by  A. 
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We  now  have 

^.c*-) =S      + + •  •  •] = 

The  sum  of  the  terms  after  the  first  approaches  0  as  a  limit 
by  §  405.  Hence, 
To  find  the  deriyattre  with  respect  to  x  of  any  power  of  m, 

Multiply  by  the  exponent,  and  diminish  the  exponent  of  x 
by  one. 

Thus,  i>,(a:*)  =  4x»;  D, («-*)=- 3«-«; 

vx» 

None.  It  can  be  prcnred  that  this  role  holds  true  whether  m  is  inte- 
gral or  fraettonal,  poaltiTe  or  negatire. 

The  derivatiye  of  a  constant  is  zero,  since  the  increment  of 
a  constant  is  zero. 

Bxerolae  79 

Find  the  deriyative  with  respect  to  x  of : 

1.  x\  4.  ar\  7.  ar\  10.  (x -h  a)« 

2.  «».  6.  x\  ,  1 

8.  a:*  +  «.  11 


'  x'  '  7^'  9.  «»  +  2««.       12.  (a;  +  l)-« 

535.  Deriyative  of  a  Sam  of  Two  or  More  Fonctions.  Let/(x) 
and  ^(x)  be  two  functions  of  x;  their  8um/(x)  +  ^(x)  is  also 
a  function  of  x.  Now, 

_  Umit  r/(»  +  A)-/(ir)1  limit  r^(a;  +  A)-<^(a;)~ 
-A  =  0|_  A  J'^*  =  «L  A 

=  DJ'(a;)  +  D.<^(x). 
Similarly  for  the  sum  of  any  number  of  functions. 
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Hence,  the  derivoHve  with  respect  to  x  of  the  sum  of  two  or 
mare  functions  of  x  is  the  sum  of  the  derivcUives  with  respect  to 
z  of  the  severed  functions. 

The  above  may  be  f  ormolatedy 

W+  *  +  •••)=  ^«/+  ^«*-+  ••• 
Here /is  an  abbreviation  for /(as),  ^  for  <f>(x),  etc. 
By  means  of  the  above  and  §f  533,  534  the  derivative  with 

respect  to  x  of  any  rational  integral  algebraic  function  of  x 

may  be  found. 

Find  2>,(2a»  +  4a«  -  8a  +  3). 

IWax»  +  4ii^  -  8«  +  8)  =  i>,(2a5»)  +  i>44a5»)  -  i>,(8x)  +  D^S) 
=  2D;i^  +  4i)ajE*  -  8I\^  +  i>«8 
=  2(8a5»)  +  4(2x)-8(l)  +  0 
=  e»«  +  8«-8. 

536.  Derivative  of  a  Product  of  Two  or  More  Functions.  Let 

f(x)  and  <f>(x)  be  two  functions  of  x;  their  product /(x)  ^(oi;) 
is  a  new  function  of  x. 
Now, 


limit 

h:izO 


■f(x  +  h),l>(x  +  h)-/(x  +  h),l>(z) 


-/(a!)  D.*  (x)  +  <^  («)  D,/(x), 

AioCA'" +  *)]=/(*)• 
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The  aboTe  may  be  formulated 

Similarly  for  three  or  more  functions.  Thus, 
i>.(/<^10  =f4^I>TP  +/^i>.*  +  4»FDJ. 

Hence,  the  derivative  %oith  respect  to  x  of  the  product  of  two 
wr  mare  functions  of  n  is  the  sum  of  the  eevercU  products  found 
hy  multiplying  the  derivative  with  respect  to  x  of  each  Junction 
by  each  one  of  the  other  functions, 

537.  Derivative  of  (x  —  a)*.    (See  note,  page  441.) 

^.  -  = ^to  [(--'»+^);-(^-)-] 

_  limit  ["(g  -  a)»  -f  n(g  -  a)— +  (g  -  a)*! 

A=0L  h  J 

ThiM,  D,(x-8)*  =  4(x-3)». 
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Write  the  derivative  with  respect  to  a;  of : 

1.  a;«  +  4.  4.  a;*-3x*  +  a?*. 

2.  a»  +  3x»-l.  6.  4x*  +  6a;«-|-2. 

3.  ac*  +  «*  +  2.  6.  6a;»-7x*  +  7a. 

7.  3a;*  +  4a;*  +  a;«  — — 6a;  +  5. 

8.  4a;»-2a;*-a;«  +  6x«-7. 

9.  (aj-2)(a5  +  3).  12.  (a  -  4)«  (x  -  2) (aj  +  1). 

10.  (a;-l)(«-2)(aj-3).     13.  (x  -         - /3)* 

11.  (a?  -  3)«(x  +  4).  14.  (x-a)(x-./3)(x-y). 

16.  (x«2)(x-3)(x  +  6)(a  +  4). 
16.  (x«  +  2)(x«-4x-|-8). 
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538.  Sucoessive  DeriyatiTes.  The  derivatlye  of  a  function  of 
a;  is,  in  general,  a  funption  of  z  and  ba^^  in  general,  a  deriyar 
tdye  with  respect  to  x. 

The  deriyatiye  of  the  deriyatiye  is  called  the  aeoond 
deriyatiye;  the  deriyatiye  of  the  second  deriyatiye,  the  third 
deriy«tiv»;  and  bo  on. 

By  derivative  is  meant  the  first  deriyatiye,  unless  the  eon- 
trary  is  expressly  stated. 

The  second  deriyatiye  with  respect  to  x  of  f(x)  is  Mpie* 
sented  by  or  by the  third  deriyj^tiye  by 

Djf{x),  or  by  and  so  on. 

Eyidently,  «  Dj/(x)  »  DJOJ(x)  \ 

r(x)  =  Djf(x)  =  DJDjf(x)  =  DJ)J>J(x) ; 

find  so  on. 

539.  Valnes  of  the  Deriyatiyes.  The  yalue  which  /(x) 
assumes  when  we  put  ^  for  x  is  represented  l>y  /(a)* 

Similarly,  the  yalue  which  f(x)  assumes  when  we  put  a 
for  X  is  represented  by  f{o)\  the  yalue  of  by  f\a)\ 

and  so  on. 

Thus,  M  /(x)  =  x»  -  2ac«  +  X  +  4, 

then  /'(x)53x»-4»  +  l, 

rW  =  6x-4, 
r'(x)  =  6; 
and  /»▼  (x),  /▼  (x), ...  all  vanish. 
If  we  pat  2  for  x,  we  ohtatn 

/(2)=r6j  r(2)  =  5;  r(2)=:8;  r'(^)  =  e. 
Similarly  for  any  other  functipn, 

540.  Sign  of  the  Deriyatiye.  In  the  function  f{x)  let  x 
increase  by  the  successiye  addition  of  yery  small  incr^meuts. 
As  X  increases,  the  yalue  of  f(x)  will  change,  sometimes 
increasing,  sometimes  decreasing. 

Suppose  that  x  has  reached  a  fixed  yalue  a ;  the  corre- 
sponding yalues  of  f(x)  and  f(x)  are  f{a)  and  f{o). 
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^  5  532,  «|H[/(l±^-r(£2]. 

If  f{x)  is  inereasinff  fts  x  passes  through  the  ralue  a, 
f(a  +  A)  > /(a)  and  /'(a)  is  positive. 

If  /(x)  is  decreasing  as  a;  passes  through  the  value  a, 
f(a  +  h)  <f{a)  and  is  negative. 

Conversely,  if  f(a)  Is  positive,  f{d  +  h)-'f(a)  is  positive, 
and  /"(a^)  is  increasing  as  x  passes  through  the  value  a. 

If  is  negative,  /(a  -|-  A)— /(a)  is  negative,  and  /(a) 

is  decreasing  as  x  passes  through  the  value  a. 

Hence,  for  a  particular  value  of  x,  if  f'(x)  is  positive,  f  (x) 
is  incredsiflff ;  dfid  if  f'(x)  i*  negative,  f(i)  iiJ  dtttbtJairig ; 
and  conversely. 

Observe  that  we  are  speaking  of  increasing  and  decreasing 
cdgebraically. 

Thus,  if  /(x)  =  x»-8x«-6x  +  10,. 

/'(x)  =  Sx«-6x-6. 
We  find  /(I)  =  2,  /'  (1)  =  -  9. 

/(x)  is  decreasing  as  x  paases  through  the  value  1 ;  for  example, 
/(I)  =  2,  /(1.1)  =  1.101,  tod  1.101  <1 
Again,  /(8)  =  -8,/'(8)  =  +  8. 

/(x)  is  iilcrfeashlg  9k  x  passes  thrbugh  the  talu^  8 ;  for  etAmpi^, 
f(S)  =  -  8,  /(8.1)  =  -  7.689,  and  -  7.689  >  -  8. 

iSxerclae  81 

Write  the  successive  derivatives  with  respect  to  a;  of : 

1.  ««-4±«  +  2.  e.  aa^  +  3bx^  +  3cx  +  d. 

2.  a^  +  45t*  — 5x.  7.  ax*'\'4:bx*-\'6cx*  +  idx-^e 
8.        +  2a;* -4x  +  l.     8.  (x  -  a)«(x  - /3). 

4.  3x*  +  3x*-x*-\-x.      9.  («-a)(a-/3)(a;-y). 

5.  4a:»-7x«  +  5x-2.   10.  (x  -  a)«(«  - 
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Find  whether  each  of  the  following  functions  is  increasing 
or  decreasing  as  x  increases  through  the  value  set  opposite  : 

11,  3i^-x*  +  l.         (2)     13.  2«*  +  3a;*-6a;.  (1) 

12.  ac*-«*  +  6«-l.  (4)     14.  4a;*-3a;«  +  4«-6.  (-3) 

541.  Deriratiye  in  Terms  of  the  Roots.    Take  the  cubic 

/(x)  =  a(x-a)(«-^)(x-y). 

Since  Z>.(«-a)  =  l,  D,(a-/8)  =  1,  2>.(a? - y)  =  1  (§  537), 
we  haye,  by  f  636, 

/(a)  =  a  (a  -  /8)  («  -  y )  +  a  («  -  or)  («  -  y)  +  a  (»  -  a)  («  - 

a  —  a     X  —  p    X  —  y 
Similarly,  for  any  quantic, 

^  ^  ^     X  —  ai     05  —  Oj  *  —  ^»    ^^x  —  a 

542.  MsTims  and  Minima.  If,  as  x  increases,  /(x)  increases 
until  X  reaches  a  certain  value  a,  but  /(x)  begins  to  decrease 
as  soon  as  x  passes  through  the  value  a,  the  value /(a)  of /(x), 
when  X  =  a,  is  called  a  msTlmiim  value  oif(x). 

If,  as  X  increases,  f(x)  decreases  until  x  reaches  a  certain 
value  a,  but/(x)  begins  to  increase  as  soon  as  x  passes  through 
the  value  a,  the  value /(a)  of /(x),  when  x  =a,  is  called  a 
minimum  value  of  f(x). 

From  these  definitions  and  from  §  541  it  follows  that  for 
all  continuous  functions  of  x  (see  §  557),  when/(x)  is  a  maxi- 
mum or  a  minimum,  /'(x)  =  0 ;  and  conversely,  in  general,  if 
/'(x)  =  0,  /(x)  is  either  a  maximum  or  a  minimum.  In  other 
words,  the  general  condition  for  a  maximum  or  a  minimum 
value  of  /(x)  is  /'(x)=  0. 
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Hence,  the  maxima  and  minima  values  of  f(x)  are  found  by 
deriving /'(«)  from /(as),  and  then  solving  the  equation 

/'(«)=  0. 

For,  let  a  denote  a  value  of  x  which  satisfies  the  equation 
y'(fl;)=  0.  Then  /(a)  is,  in  general,  either  a  maximum  or  a 
minimum,  and  it  may  be  determined  by  the  algebraic  sign  of 
f*'(x)  whether  f(a)  is  a  maximimi  or  a  minimum. 

Suppose  that  f(a)  is  a  maximum.  Then  f(z)  must  be 
increasing  just  before  a;  =  a,  and  deereasiny  just  after  x  =  a. 

Therefore, /'(sc)  must  be  j^o^i^v^  just  before  «  =  a,  and  neg- 
ative just  after  x  =  a  (§  541).  Hence,  (x)  must  be  decreasing 
as  it  passes  through  the  value  0  at  the  point  for  which  x  =  a. 
Therefore,  by  f  641, /"(x)  must  be  negative  when  x  =  a;  for 
/"(x)  has  the  same  relation  to/'(x)  that/'(x)  has  to/(x). 

By  similar  reasoning  it  may  be  proved  that  if  /(a)  is  a 
minimum,     (x)  must  be  positive  when  x  =  a. 

Hence,  /(a)  is  a  maximum  when  /"(a)  is  negativCj  and  f(a) 
is  a  minimum  when     (a)  is  positive. 

The  most  important  points  to  be  determined  in  constructing 
a  graph  are  the  points  which  correspond  to  the  maxima  and 
minima  values  of  the  function  in  question. 

Bzerolsa  82 

Find  the  maxima  and  the  minima  values  of  the  following 
functions  of  x,  and  plot  the  graphs : 

1.  y  =  x*-6x-|-7. 

2.  y  =  x»-h6x«-x-30. 

3.  y  =  x«  — 12x. 

4.  y  =  4x»- 12x4-1. 

6.  y  =  x*  +  4x»- 20x»  +  4. 
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543.  Moltiplft  Boots.  In  the  quantio  /(at)  lat  a  be  a  triple 
root    Then,  we  can  write  (f  518) 

/(x)  =  (x-a)«*(x), 
where  the  degree  of  <f>  (x)  is  less  by  3  than  that  of  /(«). 

By  f  636,  fix)  =  (x^ay^\x)  +  S(x^ayi(i{x) 

Hence,  if /(*)  bftS  a  triple  root  <r,  iih$  ffwtoi  (as  —  qcppra 
in  the  H.O.p.  of /(»)  and/C^P). 

Similarly  fp?  a  multiple  root  of  «ny  qr^pr. 

To  ind  the  multiple  roots  of  f  (jr), 

Mnd  the  H.C.F.  o/f  (x)  aTwi  f'(x),  and  resolve  it  into  fg^etars. 
Ec^h  root  occurs  once  more  in  f  (x)  than  the  corresponding  factor 
occurs  in  the  H.  C.F, 

Find  tbe  multiple  roots  of 

X6  _  05*  -  p»»  +     +  8flC  +  4  =  0. 

B^xo,  -  a*  -      +  fl6«  +  8x  +  4, 

.•./(x)  =  6a:*  -  4x^  -  l^x«  +  8?  + 

Find  the  H.C.F.  of /(z)  iuid/(x)  ss  foUqwe : 


6-4-16+  8  +  8 
6  +  0-16-10 


6-6-26+  6+  40  + 
6-4-16+8+  8 


-4+  0  +  12  +  8      -1-10+  3+  32+  20 
-4  +  0  +  12  +  8      -  5  -  60  +  15  +  160  +  100 
-6+4  +  16-    2-  8 
-64) -54  +  0  +  162  +  108 

1-  0-    8-    %  -6+4 
HeDce,  X*  -  3x  -  2  is  the  H.C.F. 

We  find,  by  sutetitation,  that  —  1  is  a  root  of  the  equation 

x»-8x-2  =  0. 
The  other  roots  are  found  to  be  —  1  and  2  (|  620). 
Hence,  x»-8x-2  =  (x  +  l)2(x  -  2). 

Therefore,  —  1  is  a  triple  root,  and  2  is  a  double  root,  of  the  given 
equation.  As  the  given  equation  is  of  the  fifth  degree,  these  are  all  the 
roots,  and  the  equation  may  be  written 

(X  +  l)«(x  -  2)«  =  0. 
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Haying  found  the  multiple  roots  of  an  equation^  we  may 
divide  by  the  corresponding  factors  and  find  the  remaining 
roots,  if  any,  from  the  reduced  equation. 

BzerciM  83 

The  f oUolnng  equations  have  multiple  roots.  Find  all  the 
roots  of  each  equation : 

1.  a;»-8x^  +  13aj-e  =  0. 

2.  aj»-7a;*  +  l6a;-12  =  0. 

3.  a;*-6a;*-8a;-3  =  0. 

4.  x*-7a»  +  9a;*  +  27aj-64  =  0. 

5.  a;*  +  6«*  4- a* -24a; +  16  =  0. 

6.  a;»-ll«*-|-19««  +  116««- 200a; -500  =  0. 

7.  Resolve  iuto  linear  factors 

a;«  _  5a;*  +  6x*  4-  9a;*  —  14a;*  —  4a5  +  8. 

8.  Show  that  an  equation  of  the  form  af  =  Can  have  no 
multiple  root 

9.  Show  that  the  condition  that  the  equation 

a;*4-32'a;  +  r  =  0 
shall  have  a  double  root  is  4  ^*  -f  r*  =  0. 

10.  Show  that  the  condition  that  the  equation 
«;*  +  3;?a;*-f  r  =  0 
shall  have  a  double  root  is  r  (4/?*  -f  r)  =  0. 

544.  Expansion  of  f(x  +  h).  Considei!  a  qUimtio  of  the 
fourth  degree 

f(x)  =  aa;*  +  6flb*  4-      H-  -f 
Put  x  +  hin  place  of  ^.  Then^ 
/(a;  4-  A)  =  a  (a?  4-  A)*  +  ft  (a;  +  A)*  -h  c  (a;  -h  A)  *  4-  <^  (a;  4-  A)  4- 
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Kxpand  tiie  powcn  of  «  +  A,  ind  anange  the  tenns  faj 
dflMCBding  powen  of  x. 

I    +*     j    +3M  +3M* 

+  d  +dh 
+  « 

Bat  aA«+   bk*+   eh*  +  dh  +  e, 

f(h)=  Aak*  +  3bh*  +  2eh  +d, 
'  /"(A)=12aA«  +  6*A  +2<^ 

/"'(A)=24«A  +6*, 
/*'(h)=24a, 

If  we  amnge  the  ezpansian  of  /(x  +  A)  by  ascending 
powen  of  Ay  we  find 

/(x  +  A)s/(x)  +  A/'(«)  +  A«:^j^  +  A«:^^  +  A*«?^. 
Similarly  for  any  other  quantia 

545.  CralimUt^i*"  of  the  Ooeffldenta.  The  coefficients  in  the 
expansion  of  f(x  +  h)  may  be  conveniently  calculated  as 
follows : 

Take         /(«)  ^ax*  +  ha^-^ex*-^dx  +  e. 
Put     f(x  +  h)^Aai*  +  Ba^-^Cx'  +  Dx  +  E, 

where  Ay  B,  C,  2>,  J5  are  to  be  found. 
In  the  last  identity  put  05    A  for  x. 
Then,  smce  /(«  -  A  +  A)  =/(«),  we  obtain 

f(x)  sA(x-hy  +  B(x  -  A)»  +  C(x  -  A)« 
+  Z>(«-A)4-^. 
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From  the  last  identity  we  derive  the  following  rule  for  find- 
ing the  coefficients  of  the  powers  of  as  in  the  expansion  of 
7(05  + A). 

Divide  f(x)  hj  x  —  h\  the  remainder  is  Ey  that  is,  /(A); 
and  the  quotient  is 

A{x-  hy  +  B{x  -  hy  +  C(x  -  A)  + 
Divide  this  quotient  \fj  {x  —  h)\  the  remainder  is  that 
iSy/'(A) ;  and  the  quotient  is 

A{x  -  hy  +  Bix  -  h)  +  C. 
Continue  the  division.    The  last  quotient  is  A  or  a. 
The  above  division  is  best  arranged  as  follows  (§  616) : 


a  b 

e 

d 

0  |A 

ah 

b'h 

e'h  ' 

d'h 

a  b' 

e' 

d' 

E 

ah 

b"h 

c"A 

a  V 

e" 

D 

ah 

b">h 

a  b'" 

C 

 ah 

a  B 

Hence^  f(x  +  h)  =  ax* Ba^  +  Cx* Dx  -\- E. 

This  method  is  easily  extended  to  equations  of  any  degree. 
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In  the  following  quantics  put  for  x  the  expression  oppositey 
and  reduce : 

1.  a»-3a;«+ 4«-6.  +  2) 

2.  x*-2x*  +  ex-'S.  + 

3.  3a;*-2i»»  +  2a;«-a5-4.  («  +  3) 

4.  2»*-3a;»4-6aj»-7a5-8.  (a  -  2) 
6.  2a;*-2a;»  +  4aj»-6a-4.  (a?  -  3) 
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TRANSPORMAtlON  OF  HQtJATlOSrS 

546.  The  solution  of  an  equation  and  the  inyestigatiott  of 
ltd  ptop6rii«li  are  oftei^  fMilitet«d  by  a  change  ifi  ihi  fotu  of 
the  equation.  Such  a  change  of  form  is  called  ft  tnaaUrttu^ 
tion  of  the  equation. 

M7.  ROOU  With  Slglii  chAttged.  T?t$  hmU  of  the  tqwUian 
f  (—  x)  =  0  are  those  of  the  equation  f  (x)  0)  each  with  U4  Biffii 
changed. 

For,  let  a  be  any  root  of  equation  /(«)  =■  Oi 
Then  we  must  hare /(a)  =  0. 

In  the  quantic  /(—  x)  put  —  a  for  x ;  that  is,  a  for  —  x. 
The  result  i8/(a)i 

But  we  have  jiist  seeh  that /(a)  V&niiSheS,  flifice  a:  is  a  root 
of  the  equation  f(x)  =  0.  Henoe,  /(—  x)  vanishes  when  we 
put  —  a  for  X,  and  (§  611)  —  a  iS,  thefefofS,  a  root  of  the 
equation  /(—«)=  0. 

Similarly,  the  negative  of  each  Of  the  roots  of  /(«)  =  0  is  a 
root  of /(—  x)  =  0;  and,  since  the  two  equations  are  evidently 
of  the  same  degree,  these  are  all  the  roots  of  the  equation 
/(-«)  =  0. 

To  obtain  /(—  x)  we  change  the  sign  of  all  the  odd  powers 
of  X  in  the  quantic  f(x). 

Thus,  the  roots  of  the  equation  x*-2x*  —  13x>  +  14x  +  24  =  0are2, 
4,  _  1,  .  3 ;  and  those  of  the  dqtUltiofi  ^  +  2x*  -  18x>  -  142  +  24  =  0 
are  -  2,  -  4,  +  1,  +  8. 

548.  Roots  multiplied  by  a  Given  Number.     Consider  the 

equation 

ax*  +  te»  4-  cx*  +  ^iaj  +  6  =  0.  [1] 
Put  y  =  mXf  then  aj  =  —  •   Then  the  equation  becomes 
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The  left  member  of  [2]  differs  from  tb«  left  mmbe?  of  [1] 

only  in  that  —  is  put  in  place  of  x. 

Let  a  be  any  root  of  [1] ;  the  left  member  of  vanishes 
when  we  put  a  for  x. 

That  is,         aa*     Ja»  +  ca*  +  rfa  +  «  =  0. 

In  the  left  member  of  [2]  put      for  y. 

Then,  aa*  +  Jo*  +  ca*  -|-  rfa  +  e, 

which,  ai9  we  hftye  just  seen,  yanishas.  llenQfi,  if  a:  is  ^  root 
of  [1],  ma  is  a  root  of  [2].  Since  the  above  is  true  for  each 
of  the  roots  of  [1],  and  the  two  equations  are  evidently  of  the 
same  degree,  the  roots  thus  obtained  ase  ^1  the  roots  of  [2]. 

Similarly  for  an  equation  of  any  degree. 

Equation  [2]  may  be  written  in  the  form 

ay*  -f-  rnh^  4-  m^(fy^  4-  wi'rfy  -f-  m*e  =^  0. 

Hence,  to  write  w  equation  the  rootq  of  which  ^e  the  roots 
of  a  given  equation  multiplied  by  tt^, 

Multiply  the  tecond  term  of  the  givpn  eqiuition  by  if^\  the 
third  term  by  m^;  and  so  on. 

Zero  coefficients  are  to  be  supplied  for  missing  powers  of  x. 
Write  the  equation  of  which  thp  roots  are  double  the  roots 
of  the  equation 

3a;*-2a;«4-4a;«-6x-5  =  0. 

Here  m  =  2,  and  the  result  is 

Sx*  -  2(2)x»  +  4(2)«a:«  -  6(2)«x  -  6(2)*=  0, 
or  8x*  -  4x«  +  16a:«  -  48x  -  80  =  0. 

549.  Removal  of  Fractional  CodAcUnt*.  If  any  of  tbo  opeffi- 
cients  of  an  equation  in  the  form 

are  fractions,  we  can  remove  fractions  as  follows : 
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Multiply  the  roots  by  m ;  then  take  m  so  that  all  of  the  eoeffi- 
eients  wiU  be  integers. 

Beduce  to  an  equation,  in  the  p  f  orm,  with  integral  coefii- 
oients  2ar*  -  Ja;«  +  |«  +  J  =  0. 

Divide  by  2,  x»  -  J««  +  A»  +  i  =  0. 

Multiply  the  roots  liy  m  (§  648), 

**-«**  +  l2-*  +  T  =  '^- 

The  leMt  Talue  of  m  that  will  render  the  coefficients  all  integral  is  seen 
to  be  6.   Put  6  for  m,  x»  -     +  16«  +  27  =  0,  the  equation  required. 

S50.  RedproGil  Boots.    Consider  the  equation 

a«*  +  te»  +  ca?*  +  <to  +  e  =  0.  [1] 

Put  y  =     then  x  =  ~;  and  the  equation  becomes 

•e)*-©'-e)'-a)-=«- 

Let  a  be  any  root  of  [1]. 

Then,  aa*  +      +      +  ^^or  +  «  =  0. 

In  the  left  member  of  [2]  put  a  for  - ;  that  is,  -  for 

y  (X 

ao^  +  bo^  +  ca*  -{-da  +  e, 
which,  as  we  haye  just  seen,  yanishes. 

Hence,  -  is  a  root  of  [2].    Since  the  aboye  is  true  for  each 
root  of  [1],  and  the  two  equations  are  of  the  same  degree,  the 
reciprocals  of  the  roots  of  [1]  are  all  the  roots  of  [2]. 
Similarly  for  an  equation  of  any  degree. 
Equation  [2]  may  he  written 

a  4-  5y  4-  cy*  4-  rfy*  -f  «y*  =  0, 
or,  writing  x  in  place  of  y, 

ex^-^-dx^  +  cx^-^-bx  +  a  —  0; 
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80  that  the  coefficients  are  those  of  the  given  equation  in 
lerersed  oider. 

Write  the  equation  of  which  the  roots  are  the  reciprocals  of 
the  roots  of  2x*  -  3x*  +  4a*  -  6a;  -  7  =  0. 

Theraoltis  2  -  8x  +  4x«  -  6a5»  -  7af*  =  0, 
or  7»»  +  6a5»  -  4x«  +  8x  -  2  =  0. 

SSL  Reciprocal  Equations.  The  coefficients  of  an  equation 
may  be  such  that  reversing  their  order  does  not  change  the 
equation.  In  this  case  the  reciprocal  of  a  root  is  another 
root  of  the  equation.  That  is,  half  the  roots  are  reciprocals 
of  the  other  half.    Such  an  equation  is  a  reciprocal  equation. 

Thus,  the  roots  of  the  equation 

ex^  -  29 X*  +  27x»  +  27x*  -  20x  +  6  =  0 
are  -  1,  2,  3,     i.   Here  -  1  is  the  reciprocal  of  itself ;  i  of  2 ;  i  of  8. 

S52.  Roota  diminished  by  a  Given  Number.  Consider  the 
equation 

f(x)  =  a*  4-      4-      4-  «c  +    =  0,  [1] 
and  the  corresponding  graph  with  the  point  0  as  origin. 


Y  Y' 


To  diminish  the  roots  of  this  equation  by  any  number  K  is 
equivalent  to  changing  the  origin  from  the  point  0  to  a  point 
B,  on  the  axis  of  x  such  that  OR  =  K,  The  change  is  made 
(S  631)  by  writing  a?  -f  A  for  a  in  [1].    The  result  is 

fix-Vh)  s  (x+ (x+ (a;+A)«+c  (x+A)  +<i = 0.  [2] 
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Denote  the  h^H  coefficients  tit  the  Equation  bj  ai,  bi,  ei,  di. 

Then,     f(x  -|-  A)  =  x*  -f  aiX*  -f  b^x^  -|-  Cja;  -f    =  0.  f^] 

To  find  the  values  of      bi,     and  du  transpose  the  origin 
back  to  0  by  writing  in  [3]  a;  —  A  for  x. 
Then, 

f(x)  =  (x-hy-ha,  {x^ky-^b^  (x-A)«-f   {x^h)-\-d^=0.  [4] 
Take  out  the  factor  x  —  h,  and  denote  the  quotient  bj  Q. 
Then,  /(*)==(aj-A)<J-f  rfi.  [5] 

Iteiifee,  tfi  is  the  temd^iiidet  obtained  bjr  dividing  f{£)  by 
X  -  A.  SihilMy,  <j.  Is  the  i^tiitilhder  obtained  by  dltldlhg  Q 
by  a;  —  A ;  and  so  on. 

Therefore,  the  HeW  coMeiehts  Hre  endily  found  by  the 
riQjlMiled  Appli(^oil  df  synthetic  division  to  th^  ^oeffieients 
of  the  given  equation. 

Evidently  ihe  same  meibod  may  be  applied  to  an  equation 
of  any  ^degree. 

to  increcLse  the  roots  by  a  given  number  h  we  have  only  to 
diminish  the  I'Oots  bjr  the  nuihbOr  —  h. 

Obtain  the  equation  the  roots  of  which  are  each  less  by  2 
than  the  roots  of  the  equation 

2a;*-3a;»-^4a;«-f2aj-f9  =  0. 
The  work  (§  645)  is  as  foUows  : 

2       _  3       -  4       +2  +9[2 

+  4      +2       -  4  -4 
2       +1       -  2       -  2  +6 

•f  4       -f  10  +16 
2       +6+8  +14 

+  4  +18 
a      +9  +26 

+  4 
2  +13 
The  required  equation  is 

2«*  +  13  ««  +  26aJ«  +  14*  +  8  =  0. 
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553.  TfttBifffnnatloii  in  (Btiieral.  In  the  g^efal  ptoblem  of 
transf  onafttioii  we  have  ^ven  an  aquation  in  (ls  /(x)  =  0, 
and  we  have  to  form  a  new  equation  in  y  where  y  is  a  given 
funotion  of  os/Buoh  as  ^(oi). 

When  from  the  equation  y^^(x)  we  can  find  a  value  of 
the  transformation  is  Qi^de  bj  9ul^titRting  thi^  vfilue  of  x 
in  the  given  equation^  and  reducing  thQ  result 

(1)  Given  the  equation  x*  —  3x4-1  =  0;  to  find*  the  equa- 
tion in  y  where  y  =  Sx  —  9. 

We  find  X  =  ^-^ — •   Sutaititate  in  the  given  equation, 

-uiweUv  (V±2)*_8(4«)h.1  =  0, 

which  reduoes  to  4  6y<  -  Ifty  -  }9  kQ.  ^ 

(2)  Given  the  equation  —  2«9  -f  3»  —  5  ae  0^  of  which 
ay     y  are  the  roots ;  fiu4  the  equftfeion  of  which  (he  roots 

We  have      y  =  /J  +  7-  £r  =  cr  +  /5  +  7-  2a  =  2-  2£r.       (§  621) 


But,  sinoe  a  is  a  looi  ol  the  giyen  eqoatiop, 
a«-2tt«-|-8£r-6  =  0, 

2    y 

Put  =-  for  a,  and  reduce. 

2 

Then,  -  2ya  +  8y  +  24  =  0,  the  equation  required. 
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Write  the  equations  whose  roots  are  the  roots  of  the  fol- 
lowing equfktioo3  I^altipli^d  hj  the  mwber  opposite : 

1.  »>^3»«-f  2»-4  =  0.  (--1) 
8,  x«  +  3a5«-ax~l  =  0,  (-2) 
S.  2x*-8x»4- «"-6x-.4«0.  (-8) 
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4.  2a!*  — 3a!»  +  6a!  — 8  =  0. 
6.  3ai*-4a!*-2x  +  7  =  0. 


(-2) 
(-2) 


Transf  onn  to  equations  with  integral  coefficients  in  the  p 
fonn: 

6.  12««-4aj*  +  6«  +  l  =  0. 

7.  6««  +  10aj«-7«  +  16  =  a 

8.  10aJ*  +  6««-4aj«  +  26«-30  =  0. 

9.  6ar'  +  3aJ*  +  4aj«-2aj«  +  6«-18«0. 

Write  the  equations  which  have  for  their  roots  the  recipro- 
cals of  the  roots  of : 

10.  3aj*-2««  +  6aj«-6«  +  7  =  0. 

11.  2aj*-4««-6««-7«-8  =  0. 

12.  x«-a5«  +  2««  +  4aj-l  =  0. 

Write  the  equations  whose  roots  are  the  roots  of  the  fol- 
lowing equations  diminished  by  the  number  opposite  : 

18.  aj»-ll««  +  31x-12  =  0.  (1) 
14.  aj*-6aj»  +  4x«  +  18a;-6  =  0.  (2) 
16.  ««  +  10««  +  13x-24=:0.  (-2) 

16.  X* +  «•- 16a* -4«  + 48  =  0.  (4) 

17.  as* +  aj*-S«  4-4  =  0.  (0.3) 
18L  aj*-3«*-««  +  4aj-6  =  0.  (-0.4) 

19.  ««-9»«  +  22x-12=:0.  (3) 

20.  Form  the  equation  which  has  for  its  roots  the  squaiee 
of  the  roots  of  the  equation  a;*  —  22*  +  3x  —  6  =  0. 

21.  Form  the  equation  which  has  for  its  roots  the  squares 
of  the  differences  of  the  roots  of     —  49?*  +  2x  —  3  =  0. 
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554.  Finite  Yalne  of  a  Qnantic.  Any  positive  integral  power 
of  X  is  finite  as  long  as  a;  is  finite. 

The  product  of  a  positive  integral  power  of  a;  by  a  finite 
number  will  be  finite  when  x  is  finite. 

A  quantic  consists  of  the  sum  of  a  definite  number  of  such 
products,  and  has,  consequently,  a  finite  value  as  long  as  x 
is  finite. 

The  derivatives  of  a  quantic  are  new  quantics  and  have, 
consequently,  finite  values  as  long  as  a;  is  finite. 

555.  Sign  of  a  Quantic  WTien  x  is  taken  numerically  large 
en&uffh  the  sign  of  a  quantie  is  the  same  as  the  sign  of  its 
first  term. 

Write  the  quantic 

Ooic*  -h  a^a^-*  -f  cl^"*  H  h 


By  taking  x  large  enough,  each  of  the  terms  in  parenthesis 
after  the  first  can  be  made  as  small  as  we  please. 

If  a^  is  numerically  the  greatest  of  the  coefficients  Aj,  •  •  *, 
a^  the  sum  of  the  terms  in  parenthesis  after  the  first  is 
numerically  less  than 


The  value  of  this  expression  can  be  made  less  than  1, 
or,  indeed,  less  than  any  assigned  value,  by  taking  x  large 
enough. 


in  the  form 


that  is  (§  280),  less  than  ^ 
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Hence,  even  in  the  most  unfavorable  casOi  that  in  which  all 
the  terms  in  parenthesis  after  the  first  are  negative,  the  sum  of 
these  terms  can  still  be  made  less  than  1 ;  the  sum  of  all  the 
terms  in  parenthesis  is  then  positive.  The  sign  of  the  quantic 
is  the  same  as  the  sign  of        its  first  term. 

556.  When  x  is  taken  numertccUly  small  enough  the  sign  of 
a  quantic  is  the  same  as  the  sign  of  its  kust  term. 

Write  the  quantic  in  the  form 

The  proof  follows  the  proof  of  the  last  section. 

557.  CcmtiBiiity  of  a  Quantic.  A  function  of  x,  f(x),  is  eon- 
tinuouB  when  an  infinitesimal  (§  376)  change  in  x  always 
produces  an  infinitesimal  change  in  /(x),  whatever  the  value 

We  proceed  to  show  that  if  f{x)  is  a  quantic  in  x,  it  is  a 
continuous  function  of  x. 

Give  to  X  any  particular  finite  value  a  \  the  corresponding 
value  of  f(x)  is  /(a). 

Increase  x  to  a  -f  A ;  the  corresponding  value  of  f{x)  is 
/(a  +  h),  and  the  increment  in  the  value  oif(x)  is 

/(a  +  A)-/(a), 
or  +^/"(«)).  (§ 

The  derivatives /'(a),  /"(a),  •  •  'if^{<^)  all  have  finite  values 
(§  554) ;  and  it  is  easily  seen  from  §  556  that  when  h  is  very 
small  the  expression  in  parenthesis  is  numerically  less  than 
2f\a).  Since  2  hf{a)  approaches  0  as  a  limit  (§  379, 1)  when 
h  approaches  0  as  a  limit,  the  increment  of /(«),  which  is  less 
than  2  hf\a)y  approaches  0  as  a  limit  when  h  approaches  0  as  a 
limit. 
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Since  the  above  is  true  for  any  parUeular  finite  value  of 
we  see  that  an  infinitesimal  change  in  x  always  produces  an 
infinitesimal  change  in  f(x). 

It  follows  that  as  f(x)  gradually 
changes  from  f(a)  to  /(b),  it  must  pass 
through  all  intermediate  values. 

The  derivatives  of  a  quantic  c  in  as 
are  themselves  quantics  in  x  and  are, 
therefore,  continuous. 

The  changes  in  the  value  of  a  qnantic  f(x) 
are  well  iUuBtrated  by  the  graph  of  the  funo- 
tion.  Since  /(x)  is  oontinaous,  we  can  never 
have  a  graph  in  which  there  are  breaks  in  the  curye,  aa  in  the  conre  here 
given.  In  this  curve  there  are  breaks,  or  diaconUntUtiea,  at  x  =  —  2 
and  X  =  +  2. 

558.  Theorem  on  Change  of  Sign.  Let  two  real  numbers  a  and 
b  be  put  far  x  in  f  (x).  If  the  resulting  values  of  f  (x)  have 
contrary  signs,  an  odd  number  of  roots  of  the  equation  f  (x)  =  0 
lie  between  a  and  b. 

As  X  changes  from  a  to  6,  passing  through  all  intermediate 
values, /(«)  will  change  from /(a)  U>f{b),  passing  through  all 
intermediate  values.  Now  in  changing  from  f{a)  to  f(b),f(x) 
changes  sign. 

Hence,  f(x)  must  pass  through  the  value  zero.  That  is, 
there  is  some  value  of  x  between  a  and  b  which  causes  f(x)  to 
vanish ;  that  is,  some  root  of  the  equation  f(x)  =  0  lies  between 
a  and  b. 

But  f(x)  may  pass  through  zero  more  than  once.  To 
change  sign,  f(x)  must  pass  through  zero  an  odd  number  of 
times ;  and  an  odd  number  of  roots  must  lie  between  a  and  b. 

Applied  to  the  graph  of  the  equation,  since  to  a  root  corre- 
sponds a  point  in  which  the  graph  meets  the  axis  of  x  (§  529), 
the  above  simply  means  that  to  pass  from  a  point  below  the 
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axis  of  X  to  a  point  above  that  axis^  we  must  cross  the  axis 
an  odd  number  of  times. 

Thus,  in  x»  —  2aj"  +  3x  -  7  =  0,  if  we  put  2  for  at,-  the  value  of  the 
left  member  is  —  1 ;  if  we  put  3  for  x,  the  value  is  +  H*  Hence,  cer- 
tainly one  root  lies  between  2  and  3,  and  possibly  all  three  roots  of  the 
equation  lie  between  2  and  8. 

559.  An  equation  of  odd  decree  has  at  least  one  real  root  the 
sign  of  which  is  opposite  to  thai  of  the  constant  term, 

For^  if  the  first  coefficient  is  not  positive,  change  signs  so  as 
to  make  it  positive.  If  the  last  term  is  negative,  make  x  posi- 
tive and  very  large ;  the  sign  of  the  left  member  is  -f  (§  555). 
Put  a;  =  0 ;  the  sign  of  the  left  member  is  — .  Hence,  there 
is  at  least  one  real  positive  root. 

Similarly,  if  the  last  term  is  positive,  there  is  at  least  one 
real  negative  root. 

560.  Descartes'  Rule  of  Signs.  An  equation  in  which  all  the 
powers  of  x  from  to  are  present  is  said  to  be  complete ;  if 
any  powers  of  x  are  missing,  the  equation  is  said  to  be  incom- 
plete. An  incomplete  equation  can  be  made  complete  by  writ- 
ing the  missing  powers  of  x  with  zero  coefficients. 

A  permanence  of  sign  occurs  when  -h  follows  -f ,  or  —  fol- 
lows — ;  a  variation  of  sign  when  —  follows  -h,  or  4-  follows  — . 

Thus,  in  the  complete  equation 

«•  -  3x»  +  205*  +  x«  -  2ai"  -  «  -  3  =  0, 
writing  only  the  signs 

+    -    +    +  ---, 
we  see  that  there  are  three  rKoiatioM  of  sign  and  three  permanencea. 

For  positive  roots,  Descartes'  rule  is  as  follows : 
27ie  number  of  positive  roots  of  the  equation  f  (x)  =  0  cannot 
exceed  the  number  of  variations  of  sign  in  the  quantic  f  (x). 

To  prove  this  it  is  only  necessary  to  prove  that  for  every 
positive  root  introduced  into  an  equation  there  is  one  variation 
of  sign  added. 
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Sxippose  the  signs  of  a  quantic  to  be 

+   -4-   +   +  --+, 
and  introduce  a  new  positive  root.    We  multiply  by  «  —  A,  or, 
writing  only  the  signs,  by  H — •    The  result  is 

+  --f-f-f--  + 
4-  -  

-4-----f-f-" 

The  ambiguous  signs  ±,  ±  indicate  that  there  is  doubt 
whether  the  term  is  positive  or  negative.  Examining  the 
product)  we  see  that  to  permanences  in  the  multiplicand 
correspond  ambiguities  in  the  product.  Hence,  we  cannot 
have  a  greater  number  of  permanences  in  the  product  than 
in  the  multiplicand,  and  may  have  a  less  number.  But  there 
is  one  more  term  in  the  product  than  in  the  multiplicand,  and 
this  term  always  adds  a  new  variation.  Hence,  we  have  at  least 
one  more  variation  in  the  product  than  in  the  multiplicand. 

For  each  positive  root  introduced  we  have  at  least  one  more 
variation  of  sign.  Hence,  the  number  of  positive  roots  cannot 
exceed  the  number  of  variations  of  sign. 

Negative  Boots.  Change  x  to  —  x.  The  negative  roots  of 
the  given  equation  are  positive  roots  of  this  latter  equation. 

561.  Hence,  from  Descartes'  rule  we  obtain  the  following : 

If  the  signs  of  the  terms  of  an  equation  are  all  positive,  the 
equation  has  no  positive  root. 

If  the  signs  of  the  terms  of  a  complete  equcMon  are  alternately 
positive  and  negative,  the  equation  has  no  negative  root. 

If  the  roots  of  a  complete  equation  are  all  real,  the  number  of 
positive  roots  is  the  same  as  the  number  of  variations  of  sign, 
and  the  number  of  negative  roots  is  the  same  as  the  number  of 
permanences  of  sign. 
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562.  Existence  of  Complex  Roots.  In  an  incomplete  equation 
Descartes'  rule  sometimes  enables  us  to  detect  the  presence  of 
complex  roots. 

Thus,  the eqnation  x'  +  Sz  +  TirO 
may  be  written        x»  ±  Ox*  +  6«  +  7  =  0. 

We  are  at  liberty  to  aaBume  that  the  second  term  is  positiTe,  or  that  it 
is  negative. 

Taking  it  positive,  we  have  the  signs 

+      +      +  +; 
there  is  no  variation,  and  the  equation  has  no  positive  root 
Taking  it  negative,  we  have  the  signs 

+     -     +  +; 
there  is  bat  one  permanence  and,  therefore,  not  more  than  one  negative 
root. 

As  there  are  three  roots,  and  as  complex  roots  enter  in  pairs,  the  given 
equation  has  one  real  negative  root  and  two  complex  roots. 
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All  the  roots  of  the  equations  given  below  are  real ;  deter- 
mine their  signs. 

1.  a;*^-4a:»-43«*- 68a; +  240  =  0. 

2.  a;»-22x«-|-166x-350  =  0. 

8.  x*-h4x*-36a;«-78a;-|-360  «0. 
4.  x«-12a;«- 43a; -30  =  0. 

6.  a;«-3a;*-6a;»-|-16a;*  +  4a;-12  =  0. 

6.  a;«-12a;»  + 47a; -60  =  0. 

7.  2a;»  -  13a;* +  38x- 24  =  0. 

g   j^^x^-  187 x»  -  359 a;«  +  186a;  +  360  =  0. 

9.  X*  -  lOx*  +  19  X*  +  110a;»  -  536a;«  +  800a:  -  384  =  0. 
10.  If  an  equation  involves  only  eveu  powers  of  «,  and  the 

ligns  are  all  positive,  the  equation  has  no  real  root,  except  0. 
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11.  If  an  equation  involves  only  odd  powers  of  x,  and  the 
signs  are  all  positive,  the  equation  has  the  root  0,  and  no 
other  real  root. 

12.  Show  that  the  equation  x'  —  3x'  —  «  +  l  =  0  has  at 
least  two  complex  roots. 

13.  Show  that  the  equation  4-  15x"  -f  7  x  —  11  =  0  has 
two  complex  roots,  and  determine  the  signs  of  the  real  roots. 

14.  Show  that  the  equation  x'  +  +  =  0  has  one  nega- 
tive root  and  two  complex  roots  when  q  and  r  are  both 
positive;  and  determine  the  character  of  the  roots  when  q  is 
n^^tive  and  r  positive. 

15.  Show  that  the  equation  x"  —  1  =  0  has  but  two  real 
roots,  +  1  and  —  1,  when  n  is  even ;  and  but  one  real  root^ 
4-  li  when  n  is  odd. 

16.  Show  that  the  equation  x*  -f  1  =  0  has  no  real  root 
when  n  is  even ;  and  but  one  real  root,  —  1,  when  n  is  odd. 

563.  Limits  of  the  Roots.  In  solving  numerical  equations  it 
is  often  desirable  to  obtain  numbers  between  which  the  roots 
lie.    Such  numbers  are  called  limits  of  the  roots. 

A  superior  limit  to  the  positive  roots  of  an  equation  is  a 
number  greater  than  any  positive  root.  An  inferior  limit  to 
the  positive  roots  of  an  equation  is  a  positive  number  less 
than  any  positive  root. 

General  methods  for  finding  limits  to  the  roots  are  given  in 
most  text-books ;  but  in  practice  close  limits  are  more  easily 
found  as  follows : 

(1)  X*  -  5x»  -f  40x»  -  8x  -h  23  =  0. 

WriUng  this      «•(«  -  6)  +  8x(6x  -  1)  +  28  =  0, 

we  see  that  the  left  member  is  positive  for  all  values  of  x  as  great  as  6  ; 
conaequently,  it  cannot  become  0  for  any  value  as  great  as  6,  and  there  is 
no  root  as  great  as  6. 
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(2)  jr*  -f  3a;*  +     -  8a;«  -  Six  -I- 18  =  0. 

Writing  this  a^(x»  -  8)  +  8x(««  -  17)  +  x»  +  18  =  0, 
we  see  that  the  left  member  is  positiTe  for  all  values  of  x  as  great  as  3 ; 
consequently,  there  is  no  positive  root  as  great  as  8. 

Sometimes  we  can  find  close  limits  by  distributing  the 
highest  positive  powers  of  x  among  the  negative  terms. 

(3)  -h  x»  -  2x«  -  4aj  -  24  =  0. 

Multiply  by  2,         2a^  +  2x»-  4xa  -  8x  -  48  =  0. 
Writing  this  xa(x»  -  4)  +  2x(xa  -  4)  +  x*  -  48  =  0, 
we  see  that  there  is  no  positive  root  as  great  as  3. 

An  inferior  limit  to  the  positive  roots  is  found  by  putting 

as  =  -  (§  550),  and  then  finding  a  superior  limit  to  the  positive 

roots  of  the  transformed  equation. 

Limits  to  the  negative  roots  of  the  equation  f(x)=0  are 
found  by  finding  limits  to  the  positive  roots  of  the  equation 
/(-  x)=0(§  547). 
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Find  superior  limits  to  the  positive  roots  of : 

1.  aj»-2a;*-f  4a-f  3  =  0. 

2.  2a;*-a;»-a;-f  1  =  0. 

8.  3a;*-f5aj»-12a:»-f  10a: -18  =  0. 

4.  4a;*-3a;»-aj*-|-7a;  +  5  =  0. 

6.  a;*-.a;»-2a:«-4a;-24  =  0. 

6.  4a;*-8a;*  +  22a;«  +  90x»-60a;-f  1  =  0. 

7.  5a:«  +  14aj*-7x»-f  12ar»-24x-f  2  =  0. 

8.  2a^  +  7a:*  +  5a»-8a;»-4a;-f  3  =  0. 


CHAPTER  XXXI 


HUKSRICAL  EQUATIONS 

564.  A  real  root  of  a  numerical  equation  is  either  commen- 
saxable  or  inoommensarable. 

Commensurable  roots  are  either  integers  or  fractions. 
Beciirring  decimals  can  be  expressed  as  fractions  (§  280), 
and  roots  in  that  form  are  consequently  commensurable. 

Incommensurable  roots  cannot  be  found  exactly,  but  may 
be  calculated  to  any  desired  degree  of  accuracy  by  the  method 
of  approximation  explained  in  this  chapter. 

COMMENSURABLE  ROOTS 

565.  Integral  Roots.  The  process  of  finding  integral  roots 
given  in  §  520  is  long  and  tedious  when  there  are  many  nimi- 
bers  to  be  tried.  The  number  of  divisors  to  be  tried  may  be 
diminished  by  the  following  theorem : 

Every  integral  root  of  an  equation  with  integral  coefficients 
is  a  divisor  of  the  last  term. 

Let  A  be  an  integral  root  of  the  equation 

aa*  -f  6a;—*  +  cx»-«  H  +  dx^ -\' ex  +/=  0, 

where  the  coefficients  a,  b,  c^       d,  e  are  all  integers. 
Since  A  is  a  root, 

ah*  -f       *  +  cA— « -f  •  •  •  -f  t^^*  -f  eh  -f  /  =  0,  (§  511) 
or         f=-eh-dh^  c7i— «  -  bh""-^  -  ah\ 

Divide  by  A,  ^  =  —  e  —  rfA  cA— »  —  bh"-*  —  ah^-K 
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Since  the  right  member  is  an  integer,  the  left  member  must 
be  an  integer.    That  is,  /  is  divisible  by  h. 

Hence,  in  applying"  the  method  of  §  520,  we  need  try  only 
divisors  of  the  last  term.  The  necessary  labor  may  be  still 
further  reduced  by  the  method  of  the  following  section. 

566.  Newton's  Method  of  Divisors.  In  the  above  equation 
/  / 

^  is  an  integer.    Put  t  =  ^>  transpose  —  c,  and  divide  by  h, 

^  F  4- « 

Then,  =  -d  cA— *  -  ftA— »  -  aA— 

n 

Since  the  right  member  is  an  integer,  E+e  must  be  divisible 
E  +  e 

Put  — 7 —  =  Z>,  transpose  —  d,  and  divide  by  A. 

Then,  =  cA— »  -  ftA— *  -  aA— » 

A 

As  before,  D  -\-d  must  be  divisible  by  A. 
Bj  continuing  the  process  we  find  that  C  -\-Cj  and  B  +  b  are 

J5  *f-  b 

divisible  by  A,  and  for  the  last  equation    ^    =  —  a. 
Transpose  —  a,  +  »  =  0,  provided  A  is  a  root. 

The  preceding  gives  the  following  rule : 

Divide  the  last  term  by\i\  if  the  quotient  is  an  integer,  to  it 
add  the  preceding  coefficient,  and  again  divide  byh;  \f  this  quo- 
tient is  an  integer,  add  the  preceding  coefficient  to  it ;  and  so  on. 

If  A  is  a  root,  the  quotients  are  all  integral,  and  the  last 
sum  is  zero.  A  failure  in  either  respect  implies  that  A  is  not 
a  root. 

From  the  above  we  also  obtain 

^  =  -  (aA"-*  -f       « -f  cA"-»  -f  . . .  +  rfA  +  «), 
D  =  —  (aA—*  -h        »  -f  cA— *  -f  \-d)y 


5  =  -  (aA  4-  b). 
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'so  that  the  successive  quotients,  with  their  signs  changed, 
are  (§  515),  in  reversed  order,  the  coefficients  of  the  quotient 
obtained  hy  dividing  the  left  member  hj  x  —  h. 

Find  the  integral  roots  of 

3a:*  -  23a;«  -f  42 +  S2x  -96  =  0. 

By  sabstitation  we  find  that  neither       nor  >-  1  is  a  root. 
The  other  divisora  of  -  96  are  ±  2,  db  3,  ±4,  ±  6,  etc 

Try  +  2.  -  06  +  82  +  42  -  28  +  3[2 

-48-  8  +  17-3 
-16  +  34-6  0 

Hence,  +  2  ia  a  root.  The  coefficients  of  the  depresBed  equation  in 
xeveraed  order  are— 48  —  8  +  17  —  3. 

1^+2  again.  -48-  8  +  17-3[2 

-24-16 
-82+  1 

Since  2  is  not  a  divisor  of  +  1,  +  2  is  not  again  a  root 

Try -2.  -48-  8  +  17-3|-2 

+  24-  8 
+  16+9 

Sfaioe  —  2  is  not  a  divisor  of  +  9,  —  2  is  not  a  root. 

Try +3.  -48-8  +  17-313 

-10  -  8  +  3 
-24+9  0 

Hence,  +  8  is  a  root   The  depressed  equation  is 
8x«-8«-16  =  0, 

of  which  the  roots  are  4  and  —  }. 

Therefore,  the  roots  of  the  given  equation  are  2,  3,  4,  —  |. 

The  advantage  of  this  method  over  that  of  §  520  is  that  if  the  number 
tried  is  not  a  root,  this  fact  is  detected  as  soon  as  we  come  to  a  fractional 
quotient ;  whereas,  in  §  520,  we  have  to  complete  the  division  before  we 
can  decide  whether  or  not  the  number  tried  is  a  root 
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567.  FnctkoAl  Soota.  A  rational  fraction  cannot  he  a  root^ 
of  an  equation  with  integral  coefficients  in  the^form. 

If  possible  let  ^9  where  h  and  k  are  int^en  and  ^  is  in 
its  lowest  tennsy  be  a  root 

Then,      ^ ^ +1^^ -h  -  =  0. 

Multiply  by  1s^^^  and  transpose, 

J  =  -  -M— *  

Now  the  right  member  is  an  integer ;  the  left  member  is  a 
fraction  in  its  lowest  terms,  since  A*  and  k  have  no  common 
divisor  as  A  and  k  have  no  common  divisor  (§  470,  V).  Bnt 
a  fraction  in  its  lowest  terms  cannot  be  equal  to  an  int^r. 

Hence,  ^9  or  any  other  rational  fraction,  cannot  be  a  root 

The  real  roots  of  an  equation  with  integral  coefficients  in 
the  p  form  are,  therefore,  integral  or  incommensurable. 

If  an  equation  has  fractional  roots,  we  can  find  these  roots 
as  follows : 

Transform  the  equation  into  an  equation  with  integral  coeffi- 
cients by  mtdtiplying  the  roots  by  some  number  m  (§  548). 
Find  the  integral  roots  of  the  transformed  equation  and  divide 
each  by  m. 

Solve  the  equation  36  ac*  -  55    -  35  a:  -  6  =  0. 
Write  this  x«+  Ox»  -  if  x«  -  H«  -  J  =  0. 

Multiply  the  rootfi  by  6, 

z*  -  66a?  -  210x  -  216  =  0, 

of  which  the  roots  are  found  to  be  -  2,  -  3,  —  4,  +9. 
Hence,  the  roots  of  the  giyen  equation  are 

"h         -  J,  +1;  or,  -1,  -  J,  -I,  +f 
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Find  the  commensxurable  roots^  and  if  possible  all  the  roots, 
of  each  of  the  following  equations  : 

1.  a:*-4a^-8aj-|-32  =  0. 

2.  «• -6a;* -I- 10a;- 8  =  0. 

8.  a;*-|-2a:«-7a;*-8a;-|-12  =  0. 

4.  a;* -I- 3x*- 30a;  4- 36  =  0. 

6.  aj*-12a;»-|-32x«  +  27x-18  =  0. 

6.  a;*-9x»-|-17a;»-|-27a;-60  =  0. 

7.  a;»-6x*  +  3a;»-|-17x«- 28a; +  12  =  0. 

8.  -  10a?»  -I-  S5x*  -  60a;  -|-  24  =  0. 

9.  a;»-8x*-|-lla;»  +  29x>-36x-45  =  0. 

10.  a?»-a;*-6a;»-|-9a;*-|-a;-4  =  0. 

11.  2a;*-3a;»-20a;»-|-27x-|-18  =  0. 

12.  2x*-9a;»-27a;« -I- 134a; -120  =  0. 

13.  a;*-|-3a;»-2a;*-16a;«-15a;«-h8a;-h20  =  0. 

14.  18a;«-|-3a;«-7a;-2  =  0. 

15.  24a;»- 34a;* -6a;  4-3  =  0. 

16.  27a»-18x*- 3a:  4-2  =  0. 


INCOMMENSURABLE  ROOTS 

568.  Location  of  the  Roots.  In  order  to  calculate  the  value 
of  an  incommensurable  root  we  must  first  find  a  rough  approxi- 
mation to  the  value  of  the  root ;  for  example,  two  integers 
between  which  it  lies.  This  can  generally  be  accomplished 
by  successive  applications  of  the  principle  of  §  668.  In  some 
equations  the  methods  of  §§  660-663  may  be  useful. 
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(1)  Ck>ii8ider  the  equation  z*  —  62^  + 32  +  5  =  0. 
Wefiiid(|510)       /(0)  =  +  6;  /(4)  =  -16; 

/(I)  =  +  3;  /(6)  =  -6; 

/(2)  =  -5;  /(6>=+23; 
/(3)  =  -13;      /(-l)  =  -6. 

All  nnmbm  abcvYB  6  give  +  ;  all  below  —  1  give  -. 
Hence  (§  568),  the  three  roots  are  all  real ;  one  between  1  and  2  ;  one 
between  6  and  6 ;  one  between  0  and  —  1. 

(2)  Find  the  first  significant  figure  of  each  root  of 

X*  _  2x«  -  11 +  6a:  +  2  =  0. 

The  equation  haa,  by  Deecartee*  rale  (§  600),  not  more  than  two  poai- 
tive  roots  and  not  more  than  two  negative  roots. 

By(|610),    /(0)  =  +  2;       /(3)  =  -62;  /(-1)=-12; 

/(l)  =  -4;  /(4)  =  -22;  /(-2)  =  -22; 
/(2)  =  -  30 ;      /(6)  =  +  132 ;      /( -  3)  =  +  20. 

Hence,  there  are  two  positiTe  roots,  one  between  0  and  1,  and  erne 
between  4  and  6 ;  and  two  negatire  roots,  one  between  0  and  —  1,  and 
one  between  —  2  and  —  3.  Plot  the  gn^h  and  get  approximate  Tallies 
of  the  roots  by  measuring  on  the  axis  of  x. 

To  find  more  doeely  a  value  for  the  root  between  0  and  1,  we  find 
/(0.6)  =  +  2.06+.  Since  /(I)  =  -  4,  the  root  lies  between  0.6  and  I. 
We  find  /(0.8)  =  -  0.9+ .  Hence,  the  root  lies  between  0.5  and  0.8.  We 
find  /(0.7)  =  -f  0.4-.    Hence,  the  root  lies  between  0.7  and  0.8. 

In  a  similar  manner,  we  find  the  root  between  0  and  —  1  to  lie  between 
-  0.2  and  -  0.3. 

Hence,  the  first  significant  figures  of  the  roots  are  0.7,  4,  -  0.2,  —  2. 
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Determine  the  first  significant  figure  of  each  real  root  of  the 
following  equations : 

1.  x»-«*-2x-|-l  =  0.       6.  a:«-6x*-3x4-5  =  0. 

2.  a*-6x-3  =  0.  6.  x»-h9aj*-h  24x4-17  =  0. 

3.  x»-5a;« -1-7  =  0.  7.  x»  -  16aj* -h  63x  -  60  =  0. 

4.  x»-|-2a;«- 30a: -1-39  =  0.    8.  a;*-8a5«-hl4»*+4»^8=0. 
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568.  Horner's  Method  of  ApprozisuttioiL  By  this  method  an 
inoommensurable  root  may  be  found  to  any  desired  degree  of 
approximation.  We  proceed  to  explain  the  method  by  apply- 
ing it  to  one  of  the  roots  of  the  equation 

a;*  _  6     -I- 3a; -I- 6  =  0.  [1] 

From  Descartes'  rule  (§  561)  the  equation  has  not  more  than 
two  positive  roots  and  not  more  than  one  negative  root 

Before  giving  Homer's  process  we  shall  construct  the  graph 
of  the  function  of  In  this  way  we  not  only  locate  the  roots, 
but  obtain  a  graphical  representation  which  enables  us  to 
follow  with  ease  the  successive  steps  of  the  i4)proximation9 
and  to  see  exactly  how  they  are  made. 

We  will  first  compute  a  nimiber  of  values  of  / (x),  writing 
these  values  in  bold  type. 


Yaujm  of  X 

VALUX  OF/Qt) 

Yaiajm  of  X 

Yalux  of/(x) 

0 

+  5 

+  6 

1-6+3+  6 

+  6+0+18 

0+  3+  28 

+  1 

1-6+3+  6 

-  1 

1-6+3+  6 

+1-6-  2 

-1+7-10 

-6-2+  8 

-  7  +  10-  5 

+  2 

1-6+3+  6 

-  2 

1-6+3+  6 

+  2-8-10 

-  2  +  16  -  38 

-4-6-  6 

-  8  +  19  -  88 

+  s 

l_6+8+  5 

-3 

1-  6+  8+  6 

+  3-9-18 

-  3  +  27-  90 

-3-6-18 

-  9  +  30-  85 

+  4 

1-6+3+  6 

-4 

1-6+3+  6 

+  4-8-20 

-  4  +  40-172 

-  2  -  6  -  15 

_  10  +  43  -  167 

1-6+8+  5 

-6 

1-6+8+  6 

+  6-6-10 

-  6  +  66  -  290 

-1-2- 6 

-  11  +68  -  285 
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The  points  of  maxima  and  minima  are  found  by  §  642. 
f(x)  =  ir«  -  6a*  -I-  3a;  -I-  5, 
/'(a:)  =  3x*-12x-|-3  =  0; 
whence,  «  =  -I-  3.73  or  -h  0.27, 

/"(«):=  6  a; -12, 
and  is  positive  if  x  =  -|-  3.73,  negative  if  a;  =  +  0.27. 
For  X  =  3.73,  f(x)  =  —  16.39,  a  minimum. 

For  X  =  0.27,  /(«)=-!-  6.39,  a  maximum. 

The  graph  is  plotted  in  the  figure  below,  for  convenience 
6  spaces  of  coordinate  paper  being  used  for  1  horizontal  unit, 
and  1  space  for  6  vertical  units. 


r'  BA 


1-6-1-3  +6(1 
-hi  -6  -2 


We  will  now  proceed  to  compute  the  positive  root  between 
1  and  2  by  Horner's  Method.    The  graph 
shows  that  this  root  lies  between  1  and 
1.6. 

Diminish  the  roots  of  the  equation  by 
1 ;  in  other  words,  change  the  origin  from 
its  present  position  to  the  point  marked  1 
(§  662).  The  numerical  work  is  shown  in 
the  margin.  3 


-5 

-2 

+  8 

+  1 

-4 

-4 

-e 

+  1 
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The  transformed  equation  is 

aj»-3x«- 6a:  4-3  =  0,  [2] 

and  its  roots  are  less  by  1  than  those  of  the  original  equation. 
This  fact  is  clearly  shown  by  the  new  position  of  the  origin. 

As  equation  [1]  has  a  root  between  1  and  2,  equation  [2] 
most  have  a  root  between  0  and  1,  the  new  zero  of  course  being 
at  the  point  marked  1  in  the  figure.  The  graph  indicates  that 
this  root  probably  lies  between  0  and  0.6  and  nearer  0.6  than 
0.  The  quickest  way,  therefore,  to  find  the  first  figure  of  this 
root  is  to  compute  the  value  of  f(x)  in  [2]  for  different  values 
of  X,  beginning  with  0.6  and  going  backward  0.1  at  a  time  till 
a  change  of  sign  occurs  (§  668).  The  numerical  work  is  as 
follows : 

g  =  0.5|  1-3    -6  4-3 

-i-  0.5  -  1.25  -  3.626 

-  2.5  -  7.25  -  0.626 
a;  =  0.4|l-3    -6  4-3 

4-  0.4  -  1.04  -  2.816 

-  2.6  -  7.04  4-  0.184 

Therefore,  the  second  figure  of  the  root  we  are  seeking  is  0.4. 
We  now  diminish  the  roots  of  [2]  by  0.4 ;  that  is,  change 
the  origin  by  an  amount  equal  to  0.4  still  farther  towards  the 
right    The  new  axis  of  y  passes  through  the  point  marked  1.4. 
The  numerical  work  is  as  follows  : 

1-3    _6      4-3  \0± 
-I-  0.4  -  1.04  -  2.816 


-2.6 

-7.04 

+  0.184 

+  0.4 

-0.88 

-2.2 

—  7.92 

+  0.4 

—  1.8 

The  second  transformed  equation  is 

X*  -  1.8     -  7.92  X  +  0.184  =  0.  [3] 
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The  roots  of  [3]  are  less  by  0.4  than  those  of  [2].  Since 
[2]  has  a  root  between  0.4  and  0.5,  [3]  must  have  a  root 
between  0  and  0.1.  As  this  root  is  much  less  than  1,  the 
▼alues  of  the  terms  in  [3]  containing  powers  of  x  higher 
than  the  first  power  must  be  very  small;  so  that  we  shall 
probably  obtain  the  first  figure  of  the  root,  if  we  neglect  the 
terms  in  [3]  containing  x*  and  x%  and  put 

-  7.92  X  +  0.184  =  0 ;  whence,  x  =  0.02  -h. 
Hence,  the  root  of  [1],  which  we  are  seeking,  correct  to  two 
decimal  places,  is  1.4  +  0.02  or  1.42. 
Diminish  the  roots  of  [3]  by  0.02. 

1_1.8   -7.92     +0.184  [002 
4-  0.02  -  0.0366  -  0.159112 


-1.78 

-  7.9666 

+  0.024888 

+  0.02 

-.00362 

-1.76 

—  7.9908 

+  0.02 

-  1.74 

0 

The  third  transformed  equation  is 

«•  -  1.74  x«  -  7.9908  x  +  0.024888  =  0.  [4] 
The  roots  of  [4]  are  less  by  0.02  than  those  of  [3].  Since 
[3]  has  a  root  between  0.02  and  0.03,  [4]  must  hare  a  root 
between  0  and  0.01.  This  root  is  so  much  less  than  1  that 
the  first  two,  and  even  the  first  three,  significant  figures  of  it 
may  be  found  by  neglecting  the  powers  of  x  higher  than  the 
first  power  and  simply  dividing  the  constant  term  by  the 
coefficient  of  the  first  power  of  x. 

-  7.9908  X  -I-  0.024888  =  0. 

_  0.024888  _ 

^"■T99or-^-^^^^- 

Therefore,  the  root  of  equation  [1],  correct  to  six  significant 
x  =  1.42811. 
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This  process  may  evidently  be  continued  until  the  root  is 
calculated  to  any  desired  degree  of  accuracy. 

570.  Remarks  on  Homer's  Method. 

First:  We  dimmish  the  roots  by  a  number  less  than  the 
required  root,  and  as  we  do  not  pass  through  the  root,  the 
sign  of  the  last  term  remains  unchanged  throughout  the  work. 
The  last  coefficient  but  one  always  has  a  sign  opposite  to  that 
of  the  last  term. 

If,  in  [3],  the  signs  of  the  last  two  terms  were  alike,  the  value  of  x 
would  be  —  0.02 +.  This  woald  show  that  the  value  afisumed  for  x  was 
too  great,  and  we  should  diminish  the  value  of  x  and  make  the  last  trans- 
formation again. 

The  first  transformation  may,  however,  change  the  sign  of  the  last 
term.  Thus,  if  there  had  been  a  root  between  0  and  1  in  ecjuation  [1], 
diminishing  the  roots  by  1  would  have  changed  the  sign  of  the  last  term. 

Second :  In  finding  the  second  figure  of  the  root  we  make 
use  of  the  theorem  or  change  of  sign  (§  558). 

Any  figure  after  the  second  is  generally  found  correctly 
from  the  last  two  terms ;  for,  in  this  case,  the  root  is  so  small 
that  powers  of  the  root  higher  than  the  first  are  so  much 
smaller  than  the  root  itself  that  the  terms  in  which  they 
appear  have  but  slight  influence  upon  the  result. 

571.  It  is  not  necessary  to  write  tlie  successive  transformed 
equations.  When  the  coefficients  of  any  transformed  equation 
have  been  computed,  the  next  figure  of  the  root  may  be  found 
by  dividing  the  last  coefficient  by  the  preceding  coefficient, 
and  changing  the  sign  of  the  quotient. 

Thus,  in  equation  [4],  the  next  figure  of  the  root  is  obtained  by  dividing 
0.024888  by  7.0908. 

For  this  reason,  the  last  coefficient  but  one  of  each  trans- 
formed equation  is  called  a  trial  divisor. 

Sometimes  the  last  coefQcient  but  one  in  one  of  the  transformed  equa- 
tions is  zero.  To  find  the  next  figure  of  the  root  in  this  case  follow  the 
method  given  for  finding  the  second  figure  of  the  root. 
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The  work  may  now  be  collected  and  arranged  as  follows  : 

11.423 


1 

-6 

+  3 

+  5 

-f  1 

-6 

-2 

+  8 

+  1 

-4 

-8 

-8 

+  8 

-f  0.4 

-1.04 

-  2.816 

-2.6 

-7.04 

+  0.184 

+  0.4 

-0.88 

-2.2 

-7.98 

+  0.4 

-1.8 

-7.98 

+  0.184 

+  0.02 

-0.0356 

-0.159112 

-  L78 

-7.9566 

+  0.094888 

+  0.02 

-0.0362 

-L76 

-7.990 

8 

+  0.02 

[04 


[0.02 


-L74 


-7.9908 


+  0.094888  10.003 


The  numbeTB  in  heavy  type  are  the  coefficients  of  the  successive  trans- 
formed equations,  the  first  coefficient  of  each  equation  being  the  same  as 
the  first  coefficient  of  the  given  equation.  In  this  example  the  first  coeffi- 
cient is  1. 

When  we  have  obtained  the  root  to  three  places  of  decimals  we  can 
generally  obtain  two  or  three  more  figures  of  the  root  by  simple  division. 

572.  In  practice  it  is  convenient  to  avoid  the  nse  of  the 
decimal  points.  We  can  do  this  as  follows:  multiply  the 
roots  of  the  first  transformed  equation  by  10,  the  roots  of 
the  second  transformed  equation  by  100,  and  so  on.  In  the 
last  example  the  first  transformed  equation  now  is 

X*  -  30 x»  -  600x  +  3000  =  0, 
and  this  equation  has  a  root  between  4  and  6.    The  second 
transformed  equation  now  is 

a"  -  180  a;8  -  79,200  x  -f  184,000  =  0, 
and  this  equation  has  a  root  between  2  and  3.    And  so  on. 


INCOMMENSURABLE  ROOTS 


479 


The  complete  work  of  the  last  example,  for  six  figures  of 
the  root,  is  as  follows : 

1 1.42311 -f 


-6 

+  3 

+  6 

+  1 

-6 

-  2 

-6 

-2 

+  8 

+  1 

-4 

-4 

-  e 

+  1 

1 


-  80 

-600 

+  8000 

+  4 

-  104 

-2816 

-26 

-704 

+  184 

+  4 

-  88 

-22 

-  792 

+  4 

li 


-180 

-70200 

+  184000 

+  2 

-  ft66 

-  159112 

-  178 

-  79656 

+  84888 

+  2 

-  362 

-  176 

-  79908 

+  2 

\1 


1740 

-  7990800 

+  24888000 

+ 

3 

-  6211 

-  23988033 

1737 

-  7996011 

+  899967 

+ 

3 

6202 

1734 

-  8001818 

+ 

3 

18 


17810 

-  800121300 

+  899967000 

+ 

1 

17309 

-  800138600 

17309 

-  800138609 

+  99828891 

+ 

1 

17308 

17308 

-  800165917 

+ 

1 

1       -  178070  -  80015591700         +  99888891000  [1 

We  have  here  performed  the  work  in  full  for  six  figures  of 
the  root.  can  find  five  more  figures  of  the  root  by  simple 
division.  If  we  divide  99,828,391  by  800,155,917,  we  obtain 
0.124761,  so  that  the  required  root  to  ten  places  of  decimals 
is  1.4231124761. 
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The  reaaon  why  simple  diviaion  giyes  fiye  more  figures  of  the  root  is 
seeu  by  ezunining  the  last  transformed  equation*    Write  this 
8.00156917  X  =  0.000099828391  - 1.7307  x«  +  x». 

As  z  is  sbont  0.00001,  sfi  is  about  0.0000000001,  and  x*  is  much 
smaller.  Hence,  the  error  in  neglecting  the  x*  and  x*  terms  is  in  8  x 
about  0.00000000017,  and  in  x  about  0.00000000002.  The  result  obtained 
by  division  is  therefore  correct  to  ten  places  of  decimals. 

Comparing  the  work  on  page  479  with  that  on  page  478,  we  see  that 
we  have  avoided  the  use  of  tlie  decimal  point  by  adopting  the  following 
rule: 

When  the  coefficients  of  a  tranrformed  equation  have  been  obtaijietL,  add 
one  cipher  to  the  second  co^giciettt,  troo  ciphers  to  the  third  coeffi/dent^  and 
90  on.    The  co^ffMents  and  the  next  figure    the  root  are  then  integers. 

If  the  root  of  the  given  equation  lay  between  0  and  1,  we  should  begin 
by  multiplying  the  rooU  of  the  equation  10. 

573.  Negattre  Roots.  To  avoid  the  inconvenience  of  work- 
ing with  negative  numbers,  when  we  wish  to  calculate  a 
negative  root  we  change  the  signs  of  the  roots  (§  547)  and 
calculate  the  corresponding  positive  roots  of  the  transformed 
equation. 

Thus,  one  root  of  the  equation 

x«-6x«  +  3x  +  6  =  0 
lies  between  0  and  -  1  (§  668).    By  Horner's  Method  we  find  the  corre- 
six^ndiug  nnU  of 

x«  +  6x«  +  3x-6  =  0 
u>  Iv  0.(VV,V»+.   Hence,  the  required  root  of  the  given  equation  is 

Smdso  90 

Tompute  to  thr^  decimal  places  for  each  of  the  following 
«s|\KUions  tlie  nx>t  of  which  the  first  figure  is^the  number  in 
|v;mnithesis  opixK^ite  the  equation: 

1.  jr*  +  3x-5  =  0.  (1) 
o    aJ_  Oj.  _  12  =  0.  (3) 
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8.  + a -100  =  0. 


(2) 
(-4) 

(-1) 


4.  + 10a;*  4- 6a; -120  =  0. 

5.  «■  + 9a;* -I- 24a; -I- 17  =  0. 

6.  a;*- 12  a;» -I- 12  a; -3  =  0. 


7.  a?*-8a;*-|-14a;»  +  4a;-8  =  0.  (-0) 

574.  Contraction  of  Horner*8  Method.  In  §  572  the  reader 
will  see  that  if  we  seek  only  the  first  six  figures  of  the  root, 
the  last  six  figures  of  the  fourth  coefficient  of  the  last  trans- 
formed equation  may  be  rejected  without  affectuig  the  result 
Those  figures  of  the  second  and  third  coefficients  which  enter 
into  the  fourth  coefficient  only  in  the  rejected  figures  may 
also  be  rejected.  Moreover,  we  may  reject  all  the  figures 
which  stand  in  vertical  lines  over  the  figures  already  rejected. 

The  work  may  now  be  arranged  as  follows : 

1-6  +8  +6  I  1.42811-f 


+  1 
-6 
+  1 
-4 
+  1 


-_5 
-2 
-4 


-600 

-104 
-704 
-  88 


+  184000 

-  169112 


+  8000 

-2816 


-2 


-80 

±_4 
-26 
•f  4 
-22 
+  4 


-79200 

-  366 
-79666 

-  362 


+  24888 

-23991 
+  897 
-800 
+  97 
-  80 


-  180 

+  2 
-178 
+  2 
-176 
+  2 


-  79908 

-7991 

-  6 

-7997 


-8008 

-800 

-80 


6 


-174 

-2 


482 


COLLEGE  ALGEBRA 


The  double  lines  in  the  first  column  indicate  that  beyond 
this  stage  of  the  work  the  first  column  disappears  altogether. 

In  the  present  example  we  first  find  three  figures  of  the 
root.    We  then  contract  the  work  as  follows: 

Instead  of  adding  ciphers  to  the  coefficients  of  the  trans- 
formed equation,  we  leave  the  last  term  as  it  is;  from  the 
last  coefficient  but  one  we  strike  off  the  last  figure ;  from  the 
last  coefficient  but  two  we  strike  off  the  last  two  figures ;  and 
so  on.  In  each  case  we  take  for  the  remainder  the  nearest 
integer. 

ThuB,  in  the  first  colonm  of  the  preceding  example  we  strike  off  from 
174  the  last  two  flgares,  and  take  for  the  remainder  2  instead  of  1. 

The  contracted  process  soon  reduces  to  simple  division. 

Thus,  in  the  last  example,  the  last  two  figures  of  the  root  were  found 
by  simply  dividing  897  by  800. 

To  insure  accuracy  in  the  last  figure,  the  last  divisor  must 
consist  of  at  least  two  figures.  Consider  the  trial  divisor  at 
any  stage  of  the  work.  If  we  begin  to  contract,  we  strike  off 
one  figure  from  the  trial  divisor  before  finding  the  next  figure 
of  the  root.  Since  the  last  divisor  is  to  consist  of  two  figures, 
the  contracted  process  will  give  us  two  less  figures  than  there 
are  figures  in  the  trial  divisor. 

Thus,  in  §  672,  if  we  begin  to  contract  at  the  third  trial  divisor, 
—  79,008,  we  can  obtain  three  more  figures  of  the  root ;  if  we  begin  to 
contract  at  the  fourth  trial  divisor,  —  8,001,213,  we  can  obtain  five  more 
figures  of  the  root ;  and  so  on. 

575.  When  the  root  sought  is  a  large  number  we  cannot 
find  the  successive  figures  of  its  integral  portion  by  dividing 
the  absolute  term  by  the  preceding  coefficient,  because  the 
neglect  of  the  higher  powers,  which  are  in  this  case  large 
numbers,  leads  to  serious  error. 
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¥md  one  root  of     -  3  a;*  -|- 11  a  -  4,842,624,131  =  0. 

a^_3ai»  +  llx  -  4,842,624,131  =  0.  [1] 
By  trial,  we  find  that  a  root  lies  between  200  and  800. 
Diminiah  the  roots  of  [1]  by  200, 

+  800x»  +  239,997 sfi  +  31,998,811  x  -  3,242,741,931  =  0.  [2] 

If  X  =  60,  f{x)  =  -  273,064,071. 
If  x  =  70,     /{«)  =  +  471,670,189. 

The  signs  of  f{x)  show  that  a  root  lies  between  60  and  70. 
Diminish  the  roots  of  [2]  by  60, 

X*  +  1040  «•  +  406,697    +  70,802,461  x  -  278,064,071  =  0.  [3] 
The  root  of  this  equation  is  found  by  trial  to  lie  between  3  and  4. 
Diminishing  the  roots  by  8,  we  may  find  the  remaining  figures  of  the 
root  by  the  usual  process. 

576.  Any  root  of  a  positive  number  can  be  extracted  by 
Homer's  Method. 

(1)  Find  the  fourth  root  of  1296. 

Here,  aj*  =  1296, 

or  35*  +  Ox»  +  Ox»  +  0«  -  1296  =  0. 

Calculate  the  root,  x  =  6. 

It  the  number  is  a  perfect  power,  the  root  is  obtained  exactly. 

(2)  Find  the  fourth  root  of  473. 

Here,  =  478, 

or  aj*  +  Ox»  +  Ox«  +  Oaj  -  473  =  0. 

Calculate  the  root,  x  =  4. 66868 + . 

577.  Roots  nearly  EquaL  In  the  preceding  examples  the 
changes  of  sign  in  the  value  of  f(x)  enable  us  to  determine 
the  situation  of  the  roots.  In  rare  cases  two  roots  may  be  so 
nearly  equal  that  they  both  lie  between  the  same  two  consecu- 
tive integers.  In  this  case  the  existence  of  the  roots  will  not 
be  indicated  by  a  change  of  sign  in  /(«),  and  we  must  resort 
to  other  means  to  detect  their  presence. 
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Find  the  roots  of  the  equation    —  5152;' + 11552;  —  649  = 0. 

x«  -  615aP^  +  llbbx  -  649  =  0.  [1] 
By  Descartes'  role  this  equation  has  no  nega- 
Utb  root.    It  has,  therefore,  certainly  one,  and 
^  perhaps  three,  positiye  roots. 
Wefind    /(-l)  =  -2320; 

/(0)  =  ~649; 
/(I)  =-8; 

T'  \  /{2)  =  -391; 

/(3)  =  -  1792. 

The  approach  of  f{x)  towards  0  indicates  either  that  there  are  two 
roots  near  1  or  that  the  function  i^proaches  0  without  reaching  it,  the 
graph  in  the  latter  case  heing  ss  here  shown. 

Let  us  proceed  on  the  supposition  that  two  rooU  near  1  do  ex^ 
Diminish  the  roots  by  1.   The  transformed  equation 

»•  -  612a5«  +  128z  -8  =  0,  [2] 
by  Descartes'  rule,  still  has  either  one  or  three  positive  roots,  so  that  we 
have  not  passed  the  roots. 

If  we  diminish  the  roots  by  2,  we  obtain 

«»  -  609 x«  -  803x  -  391  =  0, 
which  has  but  one  positiye  root ;  so  that  we  have  passed  both  roots. 

To  find  the  second  figure  of  the  root,  neglect  the  first  term  of  equa- 
tion [2].    Since  the  roots  are  nearly  equal,  the  expression 
6122«-128x  +  8 

must  be  nearly  a  perfect  square.    Comparing  this  with  a(z  —  a)*^  or 

128  2x8 

0X^  —  2  oca  +  ao*,  we  see  that   —  and  — —  are  approximate 

2  X  612  128 
values  for  the  roots;  these  both  give  i,  or  0.12. 

Diminish  the  roots  by  0.1 ;  the  work  is  as  before.  Continue  until 
the  two  quotients  obtained  as  above  give  different  numbers  for  the  next 
figure  of  the  root  In  the  present  example  this  occurs  when  we  come  to 
the  thiid  decimal  figure  ;  the  transformed  equation  is 

«•  -  61,164  ^  +  61,832  x  -  11,072  =  0,  [3] 
and  the  two  quotients  are  0.6+  and  0.3+ .  To  separate  the  roots,  try 
0.4;  the  left  member  of  the  last  equation  is  found  to  be  +.  Smce  0 
gives  —  and  1  gives  — ,  there  is  one  root  between  0  and  0.4,  and  one 
between  0.4  and  1. 

To  calculate  the  first  root,  we  try  0.3;  as  this  gives  a  -  sign,  we 
^fmifitah  the  roots  by  0.3  and  proceed  as  in  |  674. 
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1 


615 
1 

614 
1 

613 
1 


6120 

1 


6119 
1 


-6118 
1 


-  61170 

 2 

-61168 

 2 

-61166 
2 


-611640 

 3 

-  611637 

 3 

-611634 
3 


611631 

6116 
61 


+  1166 

-  614 
+  641 

-  613 


+  18800 

-  6119 
+  7681 
-6118 


+  866800 

-  102836 
+  153964 

-  102332 


+  5168800 

-  1534911 
+  3628289 
-1534902 


+  8098887 

+  209339 
+  20934 

-  469 
+  20476 

-  459 
+  20016 
+  2002 
+  200 


-649  I  1.1230914 
+  641 


-8000 

+  7681 


-  819000 

+  307928 


-  11078000 

+  10884867 


-  187188 

+  184275 
-2858 
+  2002 
-856 
+  800 


To  calculate  the  second  root,  we  return  to  equation  [3], 

x«  -  61,164  x«  +  51,632  z  -  11,072  =  0. 
We  have /(0. 4)  =  +,  /(I)  =  -  ;  we  find  /(0.6)  =  +,  /(0.7)  =  +  0.383. 
Since /(0. 7)  is  so  small, /(0.8)  is  undoubtedly  negative. 
Diminish  the  roots  by  7  and  proceed  as  follows  : 

1 


-611640 

 7 

-  511633 
 7 

-  511626 
 7_ 

-  511619 


+  6168800 

-  3581431 
+  1581769 

-  3681382 


-  11072000  11.1270002 
+  11072383 


+  388 


—  1999618 

-200 


486 


COLLEGE  ALGEBRA 


Since  the  ran  of  the  rooto  (i  621)  is  51&,  we  cam  find  the  third  root  by 
sobtiBcting  from  616  the  som  of  the  two  looto  abeady  foond. 

Hence,  the  dd  xoot  =  516  -  (1.1290914  +  L12700Q2)  =  612.7499064. 

578.  Fzom  the  preceding  sectionB  we  obtain  the  following 
general  directionB  for  solving  a  numerical  eqnatioQ : 

1.  Find  and  remoye  commensurable  roots  by  §§  565-^67,  if 
there  are  any  such  roots  in  the  equation. 

2.  Determine  the  situation  and  thence  the  first  figure  of 
each  of  the  incommensurable  roots  as  in  §  568. 

3.  Calculate  the  mcommensurable  roots  by  Homer's  Method. 
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Calculate  to  six  places  of  decimals  the  x>ositiYe  roots  of  the 
following  equations : 

1.  ar'  —  Sa;  — 1  =  0. 

2.  x»  +  2a;« -4x- 43  =.0. 
8.  3a:»  +  3a:*  +  8a;-32  =  0. 

4.  2««-26x«  + 131a; -202  =  0. 

6.      — 12x  +  7  =  0. 

6.  x*-5x»  +  2x«-13x  +  55  =  0. 

Calculate,  to  six  places  of  decimals  where  incommensurable, 
the  real  roots  of  the  following  equations : 

7.  ««  =  35,499.  10.  a;»  =  147,008,443. 

8.  ««  =  242,970,624  11.  x*  +  2a;  +  20  =  0. 

9.  a;*  =  707,281.  12.         10x«-h8x-hl20  =  0. 

Each  of  the  following  equations  has  two  roots  nearly  equal. 
Calculate  the  roots  to  six  places  of  decimals : 

13.  a;«  — 3a;=-4a;-f  13  =  0. 

14.  2a;* +  8x«-35a:»~36x  + 117  =  0. 
16.  x« +  lla;«- 102  a; -h  181  =0. 
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STURM'S  THEOREM 

579.  The  problem  of  finding  the  number  and  the  situation 
of  the  real  roots  of  an  equation  is  completely  solved  by  Sturm's 
Theorem.  In  theory  Sturm's  method  is  perfect ;  in  practice 
its  application  is  long  and  tedious.  For  this  reason,  the 
situation  of  the  roots  is  in  general  more  easily  determined  by 
the  methods  already  given. 

Before  passing  on  to  Sturm's  Theorem  itself,  we  shall  prove 
two  preliminary  theorems. 

580.  Situation  of  the  Roots  of  f '(x)  =  0.  Between  any  two 
distinct  real  roots  of  the  eqvation  f  (x)  =  0  there  lies  at  least 
one  real  root  of  the  equation  f '(x)  =  0. 

Let  a  and  p  be  two  real  roots  of  f{x)  =  0,  )3  being  greater 
than  a.  Then  f(a)=0  and  /()3)  =  0.  As  x  increases  con- 
tinuously from  a  to  p,  f(x)  changes  from  0  to  0  again;  and 
must  first  increase  and  then  decrease,  or  first  decrease  and 
then  increase.  Hence,  there  must  be  some  point  at  which 
/'(x)  changes  from  -\-  to  — , 
or  vice  versa.  Therefore,  for 
some  value  of  x  between  a 
and  p,  f\^)  must  be  zero. 
Hence,  at  least  one  root  of 
f\x)  =  0  must  lie  between  j^i 
a  and  p. 

In  the  graph  the  curve  will  be  y' 
horizontal  where  f'{x)  =  0.  In 

the  figure  here  given,  A,  By  Cy  D  correfipond  to  roots  of  f{x)  =  0. 
Between  A  and  B  there  is  one  root  of  f  (x)  =  0 ;  between  B  and  C, 
three  roots ;  and  between  C  and  D,  one  root. 

It  is  evident  that  if  more  than  one  root  of  fXx)  lies  between 
a  and  Py  the  number  of  roots  must  be  an  odd  number. 


.J 
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581.  Signs  of  f(x)  and  f'(x).  Let  a  be  any  real  root  of  an 
equation^  f  (x)  =  0,  which  has  no  equal  roots. 

Let  X  change  continuously  from  a  —  h,  a  value  a  little  less 
than  a,  to  a  +  \Ly  a  value  a  little  greater  than  a.  Then  f  (x) 
and  i'(x)  have  unlike  sights  immediately  before  x  passes  through 
the  rooty  and  like  signs  immediately  after  x  passes  through  the 
root. 

For,         f{a  -  A)  =  -  hf{a)  +  ^^r(a)-,:, 

and  f\a  -  h)  =f\a)  -  hf\a)  +  •  •  (§  544) 

since  /(a)  =  0,  as  or  is  a  root  of  f{x)  =  0. 

When  h  is  very  small  the  sign  of  each  series  on  the  right 
is  the  sign  of  its  first  term  (§  566);  and /(a  -  h)  and /'(a— A) 
evidently  have  opposite  signs. 

Similarly, /(a  -h  /*)  and /'(a  +  A)  have  like  signs. 

NoTi.   The  above  is  also  evident  from  the  graph  of /(x). 

582.  Stnrm's  Functions.  The  process  of  finding  the  H.C.F. 
of  /(x)  and  f{x)  has  been  employed  (§  643)  in  obtaining 
the  multiple  roots  of  the  equation  f{x)  =  0.  We  use  the 
same  process  in  Sturm's  Method. 

Let  f{x)  =  0  be  an  equation  which  has  no  multiple  roots ; 
let  the  operation  of  finding  the  H.C.F.  of  f{x)  and  f{x)  be 
carritxl  on  until  the  remainder  does  not  involve  x,  the  sign  of 
each  remainder  obtained  being  changed  before  it  is  used  as  a 
divisor. 

Note.  If  there  is  a  H.  C.  F. ,  the  equation  has  multiple  roots.  Remove 
thorn  and  pmceed  with  the  reduced  equation, 

Kopn^^ent  by  /,(x), /,(x),  •  -  .,/.(x)  the  several  remainders 
with  their  signs  changed.  These  expressions  with  f(x)  are 
ealltni  Stann's  FunctionB. 

Now,  if  />  represents  the  dividend,  d  the  divisor,  q  the  quo- 
tioutn  and  R  the  remainder, 

D^qd-i-R. 
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Conseqaentlyy 


where  q^,  ^a,  q^_i  represent  the  several  quotients,  or  the 
quotients  multiplied  by  positive  integers. 

From  the  above  identities  we  have  the  following : 

1.  Two  consecutive  functions  cannot  vanish  for  the  same 
value  of  X. 

For  example,  suppose  that  /s(x)  and  ft(x)  vanish  for  a  particular 
▼alue  of  X.  Give  to  x  this  value  in  all  the  identities.  By  the  third 
identity,  /4(x)  will  vanish;  by  the  fourth,  fs(z)  will  vanish;  finally, 
/»(z)  will  vanish,  which  is  contrary  to  the  hypothesis  that  /(2)=:0 
has  no  multiple  roots. 

2.  When  we  give  to  a;  a  value  which  causes  any  onie  func- 
tion to  vanish,  the  adjacent  functions  have  opposite  signs. 

Thus,  if  fz  («)  =  0,  from  the  third  identity  /a  (x)  =-fi  (x). 

583.  Storm's  Theorem.    We  are  now  in  a  position  to  enun- 
ciate Sturm's  Theorem : 
If  in  the  series  of  functions 


of  variations  of  sign;  then  give  to  x  any  greater  value  b, 
and  determine  the  number  of  variations  of  sign  ;  the  number 
of  variations  lost  is  the  number  of  real  roots  of  the  equation 
f  (x)  =  0  between  a  and  b. 

For,  let  X  increase  continuously  from  a  to  ft. 

1.  Take  the  case  in  which  x  passes  through  a  root  of  any 
of  the  functions  f'(x)y  f2(x),  •     f„_i(x),  for  example  f^^x). 
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The  adjacent  fonctions  haye  opposite  signs.  f^{x)  itself 
changes  sign,  but  this  has  no  effect  on  the  number  of  varia- 
tions ;  for  if  just  before  x  passes  through  the  root  the  signs 
are  +  +  — ,  just  after  x  passes  through  the  root  thej  are 

H  J  and  the  number  of  variations  is  in  each  case  ona 

Hence,  there  is  no  change  in  the  number  of  variations  of 
sign  when  x  passes  through  a  root  of  any  of  the  functions 

2.  Take  the  case  in  which  x  passes  through  a  root  of 
f(x)  =  0.  Since  f(x)  and  f*  (x)  have  unlike  signs  just  before 
z  passes  through  the  root,  and  like  signs  just  after  (§  581), 
there  is  one  variation  lost  for  each  root  of  f(x)  =  0. 

Hence,  the  number  of  real  roots  between  a  and  b  is  the 
number  of  variations  of  sign  lost  as  x  passes  from  a  to 

To  determine  the  number  of  real  roots,  we  take  x  first  very 
large  and  negative,  and  then  very  large  and  positive.  The 
sign  of  each  function  is  then  the  sign  of  its  first  term  (§  555). 

The  reader  may  not  understand  how  it  is  that  f{x)  and  f{x)  always 
have  unlike  signa  just  before  x  passes  through  a  root 

Let  a  and  be  two  consecntive  roots  of  f(z)  =  0;  let  A  be  very  small 
Soppoae  that  at  a  f{x)  changes  from  +  to  -  ;  then  f{a)\s  —  (§  610). 

When  «  =  a-*,  /(x)  is +,  /'(x)i8-; 

vben  X  =  a,        /(x)  isO,       f{x)  is 

As  X  changes  from  a  to  ^,  /"(x)  passes  through  an  odd  number  of 
loots  (§  580),  and  oouaequently  changes  sign.  Hence,  when  x  =  /3  ~  ^ 
/(x)  ii  ~,  /"(x)  ia  + ;  and  f{x)  and  /(x)  again  have  unlike  signs. 

584.  SsBBptoa.  (1)  Determine  the  number  and  the  signs  of 
the  real  roots  of  the  equation 

ar*  -  4x*  +  6x*  -  12  a;  + 1  =  0. 
Hen,  /'(x)=4x»  -  12  al*  +  «x  -  12. 

Lrt  v  tak»  for  /"(x),  however,  the  simpler  ej^ression 
x»-3x«  +  3x-S. 
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We  proceed  as  if  to  find  the  H.C.F.,  changing  the  sign  of  each 
remainder  before  using  it  as  a  divisor. 

1_  3+  8-  3    1-4  +  6-12  +  1 

1-3+8 -3 


3  — 
3  + 


9  + 
1 


9- 


-10+9 
-30  +  27 
-80-10 


-1+3-  9  +  1 
-1+3-  3  +  8 
-  6-2 
3  +  1 


1-1 


1-10  +  37 


37-9 
111  -  27 
111+37 

-64 

+  64 

The  coefScients  of  the  several  fonctions  are  in  heavy  type.  In  the 
ordinary  process  of  finding  the  H.C.F.  we  can  change  signs  at  pleasure. 
In  finding  Storm's  functions  we  cannot  do  this,  as  the  sign  is  all  important 
We  can,  however,  take  out  any  positive  factor. 

We  now  have  /(x)  =  «*  -  4a5«  +  6x«  -  12x  +  1, 

/'(x)  =  x»-3x»  +  8x-3, 
/a(x)  =  8x  +  l, 
/,(x)  =  +  64. 

/(X)  r{x)  MX) 


When  x  =  -1000  + 
x  =  0  + 
x  =  +1000  + 


+ 
+ 


/»(«) 
+   2  variations. 
+   2  variations. 
+   0  variations. 


Hence,  the  equation  has  two  real  positive  roots ;  it  must  therefore  have 
two  complex  roots. 

The  real  roots  are  found,  by  §  668,  to  lie  one  between  0  and  1,  and 
one  between  3  and  4. 

(2)  Investigate  the  chaxacter  of  the  roots  of  the  equation 
-h  3      +-  G  =  0. 

We  find  /(x)  =  x»  +  3flx  +  a, 

/'(x)  =  3(x«  +  ^), 
/,(x)=-2Zrx-a, 
/,(x)=-((30  +  4JH'«). 


492 


COLLEGE  ALGEBRA 


If     +  4£rs  is  posUiWy  we  hare 

/'W  /«(«) 
x  =  — 00     —      +       ±      -  2yaTiationa. 
x  =  +  oo     +       +       q=      —    1  variation. 

Since  H  may  be  either  +  or  — ,  the  sign  of  /s  (x)  is  ambigaons. 
Hence,  when     +  4  H>  is  posiUve  there  is  but  one  real  root. 
U  €P-\-4tH*  iB  negaUve,  H mnst  be  negative,  and  we  have 

Ax)  r(x)  Mx)  Mx) 

x  =  — 00     —      +       —      +   8  variations. 
x  =  +  ao     +      +       +      +   0  variation. 
Hence,  when  €P-\-4tH*\a  negative  there  are  three  real  roots. 


BzorolM  92 

Find  by  Sturm's  Theorem  the  number  and  the  situation 
of  the  real  roots  of  the  following  equations  : 

1.  x«~4x*-lla;-|-43  =  0. 

2.  a;«-6a;*  +  7x-3  =  0. 

3.  a;*-4a:«-f  a;»-f  6a;-f  2  =  0. 

4.  a;*-5x«  +  10x»-6aj-21  =  0. 
6.  X*  — x«-x*  +  6  =  0. 

6.  x*~2x«-3x»-f  10x-4  =  0. 

7.  x»  +  2x*-f3x»  +  3x*-l  =  0. 

8.  x*-hx*-2x*-f  3x-2  =  0. 

9.  X*- 12x« -1-47 x«-66x  4-27  =  0. 

10.  9x*-54x»-|-60x*~72x  +  16  =  0. 

11.  2x*~5x»-17x*-|-63x-28  =  0. 

12.  x*  +  2x«-37x»~38x-|-l  =  0. 

13.  121x*  +  198x»~100x«-36x4-4  =  0. 
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6ENSRAL  Solution  of  equations 

585.  Numerical  and  Algebraic  Solutions.  By  the  methods  of 
the  preceding  chapter  we  can  find  to  any  desired  degree  of 
accuracy  the  real  roots  of  a  numerical  equation  of  any  degree. 
The  methods  are  theoretically  complete,  and  the  solution  of  a 
numerical  equation  becomes  simply  a  question  of  the  labor 
required  for  the  necessary  computations. 

In  the  case  of  a  literal  equation  we  have  an  entirely  differ- 
ent problem  to  solve.  To  solve  a  literal  equation,  we  have  to 
find  in  terms  of  the  coefficients  expressions  which  will,  when 
substituted  for  the  imknown  in  the  given  equation,  reduce  that 
equation  to  an  identity.  Thus,  the  roots  of  the  general  quad- 
ratic ax*  -f  &x  -f  c  =  0  have  been  found  to  be  (§  191) 

-  ^  ±       -  4 
2a 

In  the  case  of  a  particular  quadratic  with  numerical  coeffi- 
cients the  roots  can  be  found  by  putting  for  a,  ft,  c  in  the  above 
expression  their  particular  values,  and  performing  the  indi- 
cated operations. 

Similar  solutions  have  been  obtained  for  the  general  equa- 
tions of  the  third  and  fourth  degrees,  and  for  certain  special 
forms  of  equations  of  higher  degrees. 

The  solution  of  the  general  equation  of  tlie  fifth  degree 
involves  expressions  called  elliptic  functioiu,  and  is  conse- 
quently beyond  the  scope  of  the  present  treatise. 

In  many  cases,  however,  the  numerical  values  of  the  roots 
of  a  particular  ecjiiation  are  not  easily  obtained  from  the 
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general  solution,  and  for  numerical  equations  the  general 
solutions  are  in  such  cases  of  little  value. 

A  general  solution  differs  from  the  solutions  obtained  in 
the  last  chapter  in  that  a  general  solution  represents  not  one 
particular  root  but  all  the  roots  indiscriminately. 

586.  Reciprocal  EquatioiiB.  Reciprocal  equations  (§  551), 
called  also  recurring  equations,  are  of  four  forms : 

1.  Degree  even ;  corresponding  coefficients  equal  with  like 
signs. 

2.  Degree  even;  corresponding  coefficients  numerically 
equal  but  with  unlike  signs. 

3.  Degree  odd;  corresponding  coefficients  equal  with  like 
signs. 

4.  Degree  odd;  corresponding  coefficients  numerically  equal 
but  with  unlike  signs. 

The  following  are  examples  of  the  four  forms : 

1.  2x*-3x»  +  4x«-3x  +  2  =  0; 

2.  3x«-x»  +  2x*-2a;a  +  x-3  =  0; 

3.  x6  +  3x*-2x»-2x2  +  3x  +  l  =  0; 

4.  2x*  +  6x*  +  x»~x«-6x-2  =  0. 

Every  equation  of  the  second  form  evidently  lacks  the  middle  term. 

Every  reciprocal  equation  of  the  second,  third,  or  fourth 
form  can  be  depressed  to  an  equation  of  the  first  form. 

Second  Form,    Consider  the  equation 

oaj"  -I-  bx^  4-  ca*  —  cx*  —  ftx  —  a  =  0, 
or  a(aj«  -  1)  +  bx(x*  -  l)'^cx^(z*  -  1)=  0. 

Hence,  the  equation  is  divisible  by  a;'  —  1 ;  consequently,  1 
and  —  1  are  both  roots.  The  depressed  equation  formed  by 
dividing  the  given  equation  by     —  1  is 

+  bx*  +  (a  -f  c)x^  +  to  +  a  =  0, 

which  is  evidently  of  the  first  form. 

Similarly  for  any  equation  of  the  second  form. 
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Third  Form.    Consider  the  equation 

ax*  -f  to*  4-      -f      +  to  +  a  =  0, 
or  a(aj»-f  l)-hto(x»  +  l)+ca;*(x-|-l)  =  0.  [1] 

Hence,  the  equation  is  divisible  by  -f  1 ;  consequently,  —  1 
is  a  root.  The  depressed  equation  formed  by  dividing  [1]  by 
X  +  1  is 

ox*  —  (a  —        4- (a  —  ft  +  c)x*  —  (a  —  ft)x  +  a  =  0, 

which  is  evidently  of  the  first  form. 

Similarly  for  any  equation  of  the  third  form. 

Fourth  Form.    Consider  the  equation 

ox*  -\-  bx*  +  cx*  —  cx*  —  to  —  a  =  0, 
or  a(x»-l)  +  to(x»-l)  +  cx«(x-l)=0.  [1] 

Hence,  the  equation  is  divisible  by  x  —  1 ;  consequently,  -j- 1 
is  a  root.  The  depressed  equation  formed  by  dividing  [1]  by 
X  —  1  is 

ax*  +(a  4-  ft)x«  -f(a  +  *  +  c)x*+(a  -|-  ft)  x  -|-  a  =  0, 

which  is  evidently  of  the  first  form. 

Similarly  for  any  equation  of  the  fourth  form. 

By  the  preceding,  to  solve  any  reciprocal  equation,  it  is  only 
necessary  to  solve  one  of  the  first  form. 

587.  Anj/  reciprocal  equation  of  the  first  form  can  be 
depressed  to  an  equation  of  half  the  degree. 

We  proceed  to  illustrate  by  examples : 

(1)  Solve  the  equation  x*  -  12  x"  -f  29  x«  -  12  x  -|- 1  =  0. 

Divide  by  x«,      aj2  4.  i  _  12  ("x  +  -  W  29  =  0. 

&)lv6  this  equation  f or  x  4-  -  • 

X 

Then,  x  +  -  =  .9  or  3. 
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Solve  these  equations  for  x. 


2 


The  firat  two  roots  are  reciprocals  each  of  the  other ;  also  the  seoond 
two  roots  are  reciprocals  each  of  the  other. 

(2)  Solve  the  equation 

This  is  of  the  fourth  form ;  dividing  by  x  -  1,  we  find  the  dejireBed 
equation  to  be 


these  eipressions  being  double  roots. 
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Solve  the  equmtiona : 

1.  x*  +  7x«-7x-l  =  0. 

%.  X* +'2x«  + 05*4- 2x +  1  =  0. 

S.  x«-3x*  +  5«*-6x*  +  3x-l  =  0. 

4.  x*-5x«  +  6x«-6x-f  1  =  0. 

5.  2x*-5x«  +  6x*-5x  +  2  =  0, 
e.  x»-4x*  +  jr»-f x*~4x  +  l  =  0. 
7,  X*- 10x"  +  26x»-10x  +  l  =  0. 
S,  x"  +  mx«-fmx  +  l=0. 

9.  r»-|-x*-x«-x«  +  x-fl  =  0. 
10.  3x*-2x*-h5x»-5x«  +  2x-3  =  0. 


x*-2x«  +  3x«-2x  +  l=0. 


+  1  =  0. 


+  1=0, 
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588.  Binomial  Equations.    An  equation  of  the  form 

a:-  ±  a  =  0 
is  called  a  binomial  equation. 

We  shall  first  consider  the  two  equations 

»»  — 1  =  0,   a:"-|-l  =  0. 

If  ft  is  even,  the  equation  +  1  =  0,  by  Descartes'  rule 
(§  560),  has  no  real  roots ;  the  equation  as**  —  1  =  0  has  two 
real  roots,  -f  1  and  —  1,  the  remaining  n  —  2  roots  being 
complex. 

If  n  is  oddy  the  equation  a:*  -f  1  =  0  has  one  real  root,  —  1 ; 
the  equation  —  1  =  0  has  one  real  root,  + 1,  the  remaining 
n  —  1  roots  being  in  each  case  complex. 

589.  Now  consider  the  equation  ±  a  =  0,  where  a  is 
positive.  Represent  by  "Va  the  positive  scalar  nth  root  of  a. 
Then,  if  a  is  any  root  of  «"  ±  1  =  0,  a  -y/a  will  be  a  root  of 
a;*  ±  a  =  0. 

For,  (a  -Vay  =  oTa  =  :plxa  =  :fa. 

Since  a  is  any  root  of  a:"  ±  1  =  0,  the  n  roots  of  a:"  ±  a  =  0 
are  found  by  multiplying  each  of  the  n  roots  of  a;*  ±  1  =  0 
by  y/a. 

The  roots  of  a  binomial  equation  are  all  different.  For 
05*  ±  a  and  its  derivative  na""^  can  have  no  common  factor 
involving  x  (§  543). 

590.  If  a  is  a  root  of  the  equation  x°  —  1  =  0,  then  a*, . 
where  11  is  an  integer,  is  also  a  root. 

For,  if  a  is  a  root,  a*  =  1. 

But  (a*)"  =  (a»)*  =  (1)*  =  1. 

Therefore,  a*  is  a  root  of  a;*  =  1,  or  of  aj"  —  1  =  0. 
Similarly  for  a  root  of  «"  -f  1  =  0,  provided  A;  is  an  odd 
integer. 
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ML  Tte  Cube  SooU  of  Unity.  The  equatioa  x*  =  1,  or 
«•  —  1  =  0,  may  be  written 

(«-l)(x«  +  *  +  l)=0, 

of  which  the  three  roots  are 

If  either  of  the  complex  roots  is  represented  by  m,  the  other 
is  fomid  by  actual  multiplication  to  be  m\  This  agrees  witii 
the  last  section. 

Also,  ••■  +  ••  +  1  =  0. 

In  a  similar  manner,  we  find  the  roots  of  x*  =  —  1  to  be 

-1,  i-iVITs,  t  +  iV^, 

or  —  1,  —  — 


Examples.    (1)  Find  the  six  sixth  roots  of  1. 

We  have  to  Bolye  —  1  =  0, 

or  (x»- l)(x«+l)  =  0. 

Hence,  the  roots  are  i:  1,  ±u, 

(2)  Find  the  five  fifth  roots  of  1. 

We  baye  to  solve  -  1  =  0, 

or  («  -  1 )  (X*  +  x«  +  x«  +  X  +  1 )  =  0. 

X  —  1  =  0,  or  X  =  1 ; 
or  x*  +  x«  +  x«  +  x  +  l=0, 

(^+l)  +  (x  +  l)  +  l=0. 

Solve  for  X  +  i»  x  +  -  =  ~  ^  ^  ^ , 

X  X  2 

Solve  these  equations  for  x,  and  we  obtam  for  the  remaining  four 
roots, 

_14.  Vfi  +  V104-2  VsVTT    -1  _  Vg-fc  V10-2V6 
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Solve  the  binomial  equations : 

1.  fl5«-hl  =  0.  8.  aj»-l  =  0. 

2.  x«-l  =  0.  4.  aj*-243  =  0. 

6.  Eind  the  quintic  on  which  depends  the  solution  of  the 
equation      =  1. 

6.  Show  that  x«±y«  =  (a;±y)(x  ±«y)(a;±«*y). 

7.  Show  that 

-♦-  y*  -f    —  y«  —    —  «y -♦-  «y  -♦-        +  «*y  -♦- ««). 

8.  If  a  is  a  complex  root  of  ac*  —  1  =  0,  show  that 

(1  -         -  -  a^(l  -  5. 

593.  The  General  Cubic.  We  shall  write  the  general  equa- 
tion of  the  third  degree  in  the  form 

aa^+  3bx*'^ScX'\-d  =  0.  [1] 

Before  attempting  to  solve  this  equation  we  shall  transform 
it  into  an  equation  in  which  the  second  term  is  wanting. 

z  —  b 

Put  z=^aX'\-b,   Then,  z  =  • 

a 

Substitute  this  expression  for  x  and  reduce, 

3(<uj  -        +  (a^d  -  3 a5c  +  2     =  0, 
or,  putting  H  ^ae  —  b^,  and  G  ^       —  3abc -{-2  b% 

s^^3Hz  +  G  =  0.  [2] 
In  the  transformed  equation  put  «  =     -|-  v*. 
Then,        (w*  -f       -f  3  H(u^  -f  v*)  +    =  0, 
which  reduces  to 

u-\-v  +  3(w*y*  +  H)(u>  +  V*)  +     =  0.  [3] 
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Since  we  have  assumed  but  one  relation  between  u  and  v, 
we  are  at  liberty  to  assume  one  more  relation. 

Let  us  assume                   =  —  /T.  [4] 

[3]  now  reduces  to      u  +  v  =^-'  O.  [5] 

[4]  may  be  written             =  —  H\  [6] 

Eliminate  v  from  [5]  and  [6],  u^-h  Gu  =  H\  [7] 
Equation  [7]  js  called  the  reducing;  quadratic  of  the  cubic. 
Solving  this  quadratic^  we  find 

-  G  ±        -h  4  jy» 


u  =  • 


[8] 


"^—u  ^2  J 

Since  oa?  -|-  i  =  «  =  t«*  -f  v*,  the  three  values  of  «  are 

tr  -9     mir  -y     mhr  -f 

where     is  any  one  of  the  three  cube  roots  of  u. 

Since  there  is  the  sign  ±  before  the  radical,  we  have  appar- 
ently six  values  of  «.  From  [4]  it  is  seen,  however,  that  there 
are  really  but  three  different  values  of  z. 

The  above  solution  is  known  as  CardarCs. 

Solve,  by  Cardan's  Method, 

2x«-6a:»-hl2x-ll  =  0. 
Here,  o==2,    6  =  -2. 

Put  z  =  2x  -  2 ;  then  2»  +  12z  -  12  =  0. 
.*.  JS*  =  4,  ^  =  —  12,  and  the  reducing  quadratic  is 

u2-12u  =  64. 
Solve,  u  =  6  ±  10  =  16  or  -  4. 
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Hence,,  the  valaes  of  z  are 

and  the  values  of  x  are 

l+wv^^^;  i+waV^-^. 

V2  V2  Va 

594.  DiBcassion  of  the  Solution.  The  above  solution,  while 
complete  as  an  algebraic  solution,  is  of  little  value  in  solving 
numerical  equations. 

In  the  case  of  a  cubic  there  are  three  cases  to  consider. 

I.  All  three  roots  real  and  unequal.  In  this  case  G*  +  4H* 
is  negative  (§  584,  Example  2),  and  its  square  root  is  ortho- 
tomic.    If  we  put  jK^  =  —  (G^  -|-  4  H*),  we  have 

-^^=v — 2 — — 2 — 

Since  there  is  no  general  algebraic  rule  for  extracting  the 
cube  root  of  a  complex  expression,  the  case  of  three  real  and 
unequal  roots  is  known  as  the  irreducible  case. 

II.  Two  of  the  roots  equal.  In  this  case  +  4  jy*  =  0 
(§  584,  Example  2),  and  we  have 

III.  Two  roots  complex.  In  this  case  -f  4  is  positive 
(§  584,  Example  2),  its  square  root  is  real,  and  we  have 

— 2 — j+i — 2 — 

The  value  of  the  expression  G^"  -f  4  /T'  determines  the 
nature  of  the  roots.  For  this  reason,  G^  -f  4  //•  is  called  the 
discriminant  of  the  cubic. 
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Hence,  we  conclude  that  the  general  solution  gives  the 
roots  of  a  numerical  cubic  in  a  form  in  which  their  values 
can  be  readily  computed  only  in  the  second  and  third  cases. 

In  either  of  these  cases,  however,  the  real  roots  are  more 
easily  found  by  Horner's  Method. 

In  the  first  case  the  roots  may  be  calculated  by  a  method 
involving  Trigonometry.    (See  §  616,  Chapter  XXXIII.) 

Bmroifle  95 

Find  the  three  roots  of : 

1.  «»  +  6x«=36. 

2.  3«»-6«*-2  =  0. 

8.  «'-3x»-6x-4  =  0. 

4.  9«»-64x*  +  90x-50  =  0. 

6.  «»  +  3m«»  =  m*(m  +  l)*. 

6.  In  the  case  of  the  cubic,  putting 

show  that        +  lf«  =  2Sa»  -  35a*i8  +  12  afiy 

27G 

LAf  =  So*  -  %ap 

9H 

ttd  L*-M*=-3^/^(fi-y)(y-a)(a-P). 

7.  Ttom  Example  6,  and  the  relation 

(£•  -M*)*  =  (L*  +  M^'  -  4  i«lf», 
•how  that  a*(fi  -  y)»(r  -  a)* (a  -  jS)'  =-  27(G«  +  4ff«). 
and  theoce  deduce  the  conditions  of  S  594. 
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595.  The  General  Biquadratic  We  shall  write  the  general 
equation  of  the  fourth  degree  in  the  form 

Put  z  =  ax  +  b. 

Then,  x  =  ^^. 

a 

Substitute  in  [1]  this  expression  for  x  and  reduce, 
«4  4-  6(ac  -  b^z*  4-  4(a«rf  -  3a4c  +  26»)« 

4-(a«e-4a*6rf  +  6a*«<j-3ft*)  =  0.  [2] 
The  fourth  term  may  be  written 

a*(ae  ^  ^hd  4.  3c«)-  3(ao  -  bf. 
Put  H  =  ae- 

G  =  a^d-3abC'^2b\ 
and  /  =     -  4  W  +  3 

Then  [2]  is  written  in  the  form 

+  6Jy««  +  4(?«  -f  a*/- 3Jy»  =  0,  [3] 
in  which  the     term  is  wanting. 
To  solve  this  equation  put 

z  =       4-  4- 
Square,    «*  =  M4-t;4-w;4-  2  (  Vwv  4-  Vtwi!  4-  Vvw). 

Transpose,  and  square  again, 

a*  —  2(t*  4-  V  4-        4-  (w  4-  V  4-  w)* 

=  4  (wv  4-  uw  4-  vw^)  4-  8  «  Vw  Vv  Vi^. 

If  this  equation  is  identical  with  [3], 

o  a*/ 

ttv  4-  uw  +  vw  =  3   7- 1 

4 

G 
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Henoe  (f  521),        wd  w  are  the  rooti^of  the  cubic 

<»  +  3J7<»  +  ^3Jy«-^)*-^  =  0.  [4] 

This  is  known  as  Euler^s  cmhic 
This  equation  may  be  written 

^t^uy-^^^t^H)^•  \ — ^  =  0, 

or,  putting  t H  =i  a%  and  clearing  of  fractions, 

4aV- /a^-h7  =  0,  [5] 
where  7=^(a«jy/-G^-4i7»)=acc  +  26crf-ai*-e6«— c». 

Equation  [5]  is  called  the  redndng  cubic  of  the  biquadratic 
If  01,  9ty  On  are  the  roots  of  this  cubic,  since  t  =  a*6  —  Hy 
the  four  roots  of  equation  [1]  are  given  by 

oa  +  6  =  VaVi  -  fl^  +  Va«tf,  -  B  +  Vo«tf,  -  H.  [6] 

<  Since  each  radical  may  be  either  +  or  — ,  there  are  appar- 
ently eight  values  of  x  obtained  from  the  following  combinar 
tions  of  signs : 

+  +  +       +  +  -       +-+       -  +  + 

 4-       ~+-  +  

G 

But  VttVJVS  =  — -g-      Consequently,  the  number  of 

admissible  combinations  is  reduced  to  four. 
HencCi  \fxi,Xf,  Xs,  and     are  the  roots  of  the  equation 
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where  *  ="  ^  V2^7^-  ^  V277?I7i, 


and 


3V3 

J  =  ace  +  2b€d^a(iP--eb* 


The  above  solution  is  known  as  JStUer^s. 
In  determinant  form 

a    b  c 


a  b 
b  0 


bod 
ode 


596.  Discassion  of  the  Solution.    Represent  by  a,     y,  S  the 
roots  of  the  given  biquadratic. 
Then,  by  equation  [6],  we  have 

ay  +  ft  =  —  Vti  —  Vv  +  Vt^ 


Prom  [7],  if  0^  0^  9^  are  the  roots  of  the  reducing  outHO, 

r,2 


v  =  a  V,  -  ^  = 
w  =  a    -  /f  = 


a" 
16' 
a« 
16' 
a» 
16' 


a  — 

8)» 

8)« 

y— 

8)' 

[«] 
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There  are  six  cases  to  be  considered. 
L  The  f  CUT  roots  of  the  biquadratic  all  real  and  unequaL 

In  this  case  by  equations  [8]  tij  v,  w  are  all  real.  Conse- 
quently, 9u  0,  are  all  real,  and  the  cubics  [4]  and  [5]  fall 
under  the  irreducible  case  (§  594, 1). 

II.  Roots  all  complex  and  unequal. 
By  §  625  the  roots  must  be  of  the  forms 


So  that  the  roots  of  Enter's  cubic  are  all  real,  two  being 
negative  and  one  positive,  and  the  cubics  [4]  and  [5]  again 
fall  under  the  irreducible  case  (§  594,  I). 

III.  Two  roots  real  and  two  complex. 
»In  each  cubic  two  roots  are  complex  and  one  is  real. 

lY.  Two  roots  equal,  the  other  two  unequal. 
Each  of  the  cubics  has  a  pair  of  equal  roots. 

V.  Two  pairs  of  equal  roots. 
Two  roots  of  Euler's  cubic  vanish,  the  third  being  —SH. 
The  roots  of  the  reducing  cubic  are       ^  — 
VI.  Three  roots  equal. 

The  roots  of  Euler's  cubic  are  —  £r,  —  fT,  —  -ff ;  those  of 
the  reducing  cubic  all  vanish. 

VII.  All  four  roots  equal. 

All  the  roots  of  both  cubics  vanish  and  H  =  0. 


h-k-ki^  h 
and  from  equations  [8] 


kif  Z-fwit,  l  —  mij 


w 
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597.  DiBcriminant  Comparing  the  reducing  cubic  with  the 
cubic 

we  find  the  discriminant  of  the  reducing  cubic  to  be 

The  expression  — 27/'  is  called  the  discrlmiiiant  of  the 
biquadratic. 

From  the  last  section  we  obtain  the  following : 

I.  Discriminant  of  the  reducing  cubic  negative ;  that  is, 
/•-27J«  positive. 

The  roots  of  the  biquadratic  are  either  all  real  or  all 
complex. 

II.  Discriminant  of  the  reducing  cubic  vanishes  ;  that  is, 
/•-27/«  =  0. 

The  roots  of  the  biquadratic  fall  under  one  of  the  following 
cases: 

(1)  Two  roots  equal,  the  other  two  unequal. 

(2)  Two  pairs  of  equal  roots.    In  this  case  G  =  0,  and 

or  or 

(3)  Three  roots  equal.    In  this  case  7=0  and  /  =  0. 

(4)  Four  roots  equal.    In  this  case  7  =  0,  /  =  0,  Tf  =  0. 

III.  Discriminant  of  the  reducing  cubic  positive ;  that  is, 
7*  —  27  J*  negative. 

Two  of  the  roots  of  the  biquadratic  are  real  and  two  are 
complex. 

598.  When  the  left  member  of  a  biquadratic  is  the  product 
of  two  quadratic  factors  with  rational  coefficients,  the  equa- 
tion can  be  readily  solved  as  follows : 
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Solve  the  equation 

a*  -  12a;*  4-  12x*  +  176a:  -  96  ==  0. 
Here,  a  =  1,  6  =  —  8 ;  put  z  =  x  —  S. 
Then,  «*  -  422«  +  322;  +  297  =  0. 

Compare  this  with 

and  we  find  9'  +  ff-|'^s-42, 

Eliminating  q  and  9^,  p  is  given  by 

ffi  -  84  p*  +  576  p«  -  1024  =  0, 

of  which  two  roots  are  found  to  be  ±  2. 

Take  p  =  2,  then     =  —  11,  g  =  ~  27,  and  the  equation  in  a;  Is 

(1^  +  a  «  -  27)    -  a  «  ^  1 1)  =  0. 

Fromthis  «  =  - 1  ± 2 V7,  or  1  ± 2 Vs. 

Slnee  x  s  s  +  8,  we  find  the  four  Taloes  of  « to  be 

2  +  2V7;  2-2V7;  4  +  2V3;  4-2  Vs. 

In  a  similar  manner,  we  can  solve  any  biquadratic  when  tlie  cubic  in 
p<  has  a  commensurable  root 

Bmoifle  M 

Find  the  four  roots  of : 

1.  a;*-12aj«-f-60ap«-84aj  +  4:9-a 
,     2.  »*-17x*-20x-6=:a 

3.  «*-8x*4-20a;«-16a;-21«a 

4.  x*-lla;»4-46a«-117a;  +  45  =  0. 
6.  aJ* ~ 7»»-.60«»  + 221a;- 169 c=:0. 

e.  Show  that  the  biquadratic  can  be  solved  by  quadratioe  1 

if  G  =  0. 

i 
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7.  Show  that  the  two  biquadratic  equations 

ox* -h  6cx*  ±  4<i2;  +  «  =  0 
have  the  same  reducing  cubic. 

8.  Solre  the  biquadratic  for  the  two  particular  cases  in 
which  7  =  0  and /=0. 

9.  Show  that  if  F  is  positive  the  biquadratic  has  either 
two  or  four  complex  roots. 

10.  Find  the  reducing  cubic  of 

-  6  005*  -f  8x  Va»  +     +    -  3      +(12^  -  3a«)  =  0. 

11.  Show  that  /  vanishes  for  the  biquadratic 

3  a  (a:  -  2  a)*  =  2  a  (a;  -  3  a)*. 

12.  If  the  roots  of  a  biquadratic  are  all  real,  and  are  in 
harmonical  progression,  show  that  the  roots  of  Euler's  cubic 
are  in  arithmetical  progression. 

13.  Form  the  equation  whose  roots  are  the  squares  of  the 
roots  of  aa^  +  3bx^  +  3  cx     d  ^  0. 

14.  Form  the  equation  whose  roots  are  the  cubes  of  the 
roots  of  ox*  -f  3      +  3  cx  +  ^  —  0. 

15.  Form  the  equation  whose  roots  are  the  squares  of  the 
roots  of  ox*  4- 4  te« -h  6  cx» -h  4  (ix  +  e  =  0. 

16.  Form  the  equation  whose  roots  are  the  cubes  of  the 
roots  of  ox*  -f  465c«  -h  6cx*  -f  4rfx  -f-  e  «  0. 

17.  Show  that,  if  a^I  =  12  and  aV  =  8  H\  the  biquad- 
ratic has  two  distinct  pairs  of  equal  roots. 
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599.  RepreBentation  of  Scalar  Numbers.  Let  XX' be  a  straight 
line  of  unlimited  length.    Let  0  be  a  fixed  point  on  that  line. 

With  any  convenient  unit  of  length  measure  off  along  the 
line  from  0  to  the  right  and  to  the  left  a  series  of  equal 
distances. 

x'^ — ■  .  I  i  ■  r?  I  r?  I  ^  I-*-?  I  i^P  I  M  ■  ■ — X 

Each  of  the  points  of  division  thus  obtained  represents  an 
integer  (§  22).  If  the  points  to  the  right  represent  positive 
integers,  those  to  the  left  represent  negative  integers. 

The  point  O  represents  0. 

To  represent  a  rational  fraction  where  a  and  h  are  inte- 
gers, h  being  positive  and  a  either  positive  or  negative,  we 
divide  the  unit  into  b  equal  parts,  and  then  measure  off  a  of 
these  parts.  The  point  obtained  lies  between  two  of  the  points 
that  represent  integers. 

We  cannot  find  exactly  the  point  that  represents  a  given 
incommensurable  number.  We  can,  however,  always  find 
two  fractions  between  which  the  given  incommensurable 
number  lies;  and  the  point  that  represents  the  incommen- 
surable number  lies  between  the  points  that  represent  the 
two  fractions. 

Since  the  difference  between  the  fractions  can  be  made  as 
small  as  we  please,  the  distance  between  the  two  points  that 
represent  the  fractions  can  be  made  as  small  as  we  please,  and 
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the  position  of  the  point  that  represents  the  given  incommen- 
surable number  can  therefore  be  determined  to  any  desired 
degree  of  accuracy. 

SOO.  The  following  example  will  illustrate  the  preceding 
argument 

The  odd-numbered  convergents  to  the  periodic  continued 
fraction 

^+1  +  2' 

numbering  from  1  -f  j-^—r  as  the  first  convergent,  are  (§  451) 

and  the  even-numbered  convergents  are 

h  Hy  ih  Uh  "  [2] 

Let  K  denote  the  complete  value  of  the  continued  fraction, 
and  kf  denote  the  convergent  numbered  t,  then  (§  449,  Cor.), 

^2t-S        ^1  -I       ^  1  ro-i 

and  k^t^i>k^,>K    J  ^  ^ 

for  all  positive  integral  values  of  t. 

•'•         ^tt—i  ^  K.  —  k^t^i  ^ 
and  k^t  —         >  k^f  —  K>0. 

Now,  A;,,  -  A;,,^i  <  (A:,  -  k^)',  if  ^  >  1, 

and  A^-Aji=J-4  =  tV- 


•*•  7ni  >  K  —  kf,_j  >  0, 


and  :^,>k„-K>0. 


12' 
12' 
12 
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Let  M  be  any  explicitly  assigned  constant  number  less  than 
so  that  ^  —  if  >  0  ;  then,  since  K — M  is  constant  and 
not  zeroy  an  integer  m  can  be  found  such  that 

Therefore,  since         is  the  convergent  numbered  2  m  —  1, 
iC- Jlf  >ir-ifc,^^i>0, 
and,  therefore,  K  >  k^^^i  >  M. 

Hence,  if  K>  M>  there  can  be  found  in  series  [1]  a 
convergent  which  shall  be  greater  than  M  but  less  than  K, 
thus  separating  K  from  M,  ao  matter  how  small  K  —  M 
may  be. 

Similarly,  if  is  an  explicitly  assigned  number  greater 
than  K,  so  that  N  —  K  >  0,  then  an  integer  n  can  be  found 
such  that 

^-^>^' 

Hence,  if  1>N>K,  there  can  be  found  in  series  [2]  a 
convergent  which  shall  be  less  than  N  but  greater  than  iC,  thus 
separating  K  from  iV,  no  matter  how  small  N  —  K  may  be. 

Hence,  there  exists  one  number,  and  only  one  number,  which 
is  greater  than  each  and  every  convergent  in  the  infinite  series 
[1]  and  is  also  less  than  each  and  every  convergent  in  the 
infinite  series  [2],  namely,  the  number  which  is  the  complete 
value  of  the  periodic  continued  fraction. 

Beturning  to  the  representation  of  numbers  by  points,  the 
points  that  represent  the  convergents  |,  f  f  J,  •  •  •  form 

an  endless  sequence  advancing  from  and  those  that  represent 
the  convergents  {,  f  §,  | J,  |,  •  •  •  form  an  endless  sequence 
retrograding  from  |.    "No  point  that  lies  in  the  first  sequence 
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coincides  with  a  point  in  the  seoond  sequence  or  lies  between 
two  points  in  it ;  that  is,  the  two  seqttences  lie  wholly  without 
each  other,  as  shown  by  [3].  Between  the  first  sequence  and 
the  second,  hut  belonging  to  neither  of  them^  there  lies  one 
point,  and  only  one,  namely,  the  point  that  represents  the  com- 
plete value  of  the  periodic  continued  fraction.  Every  other 
point  between  f  and  |  either  belongs  to  one  or  other  of  the 
sequences,  or  lies  between  two  points  of  one  of  them.  There- 
fore, the  point  that  represents  K,  the  complete  value  of  the 
periodic  continued  fraction,  is  completely  determined  by  the 
sequences  as  their  sole  point  of  section. 

It  is  now  easy  to  determine  the  number  K.  Since  the 
point  K  lies  between  the  sequence 

/  6    19  71  266  \ 

13'  n'  41'  153'  '  V  -7 
and  the  sequence 

r  7    26  97  362  0^  \ 

\v  15'  56'  209'  •••'  j:  *••;' 

the  point      lies  between  the  sequence 
and  the  sequence 

{a)"(s)'(s)'(s)' '(I)'-}- 

The  first  sequence  may  be  written 

{(-I)' (-^.)' ('-^)  

The  second  sequence  may  be  written 

+        (3  +  ^,).  (3  +  ^,),  -.(3+^,)....}  [5] 

(§§  455  and  469) 
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•'•  *r+i>3''Ji,  and  ft,  =  3. 

rf,+,  =  4d,-d,_,>3rf^ 
.-.  <i,+i>4x3'. 

Let  Jf  be  an  explicitly  assigned  constant  number  less  than 
3 ;  then,  hovever  small  3  —  AT  may  be,  since  it  is  greater  than 
0  and  is  constant,  an  integer  m  can  be  found  such  that 

479=<3-^' 

and  hence  a  point  in  the  sequence  [4]  can  be  found  that  lies 
between  the  points  that  represent  M  and  3. 

Similarly,  if  N  is  an  explicitly  assigned  constant  number 
greater  than  3,  then,  however  small  N^S  may  be,  there  can 
be  found  in  the  sequence  [5]  a  point  that  lies  between  the 
points  that  represent  3  and  N, 

Hence,  the  point  that  represents  3  lies  between  the  sequence 
[4]  and  the  sequence  [5],  and  no  other  point  lies  between  them; 
that  is,  the  point  that  represents  3  is  their  sole  point  of  section. 
But  the  point  that  represents  lies  between  the  sequence 
[4]  and  the  sequence  [5].  Hence,  the  point  that  represents 
must  be  the  point  that  represents  3,  and  therefore  K*  =  3. 

iC  =  V3. 

It  appears,  then,  that  all  scalar  numbers  may  be  represented 
by  points  in  the  line  XX'. 


I 


Now, 


Also, 
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Conyersely^  every  point  in  the  line  XX'  represents  some 
scalar  number  which  may  he  integral  or  fractionalf  eommenr 
surcUfle  or  incommensurable,  positive  or  negative. 

6QL  The  preceding  method  of  representing  numbers  assumes 
that  the  ordinal  numbers,  not  the  cardinal,  are  fundamental, 
so  that  the  phrase  the  point  that  represents  3  is  short  for  the 
phrase  the  point  which  is  3d  in  an  endless  sequence  of  points 
numbered  1st,  2d,  3d,  •  •  • ;  and  the  phrase  the  point  that  repre- 
sents j  is  short  for  the  phrase  the  point  which  is  5th  in  a 
finite  sequence  of  points  numbered  |lst,  2d,  3d,  4th,  5th,  6th}, 
say  the  sequence  5i^',  which  is  itself  the  first  sequence  element 
in  the  endless  sequence  of  sequences  \Si^y  St^\  5,^,  '"\, 

602.  Representation  of  Orthotomic  and  Complex  Numbers.  An 
orthotomic  number  (§  206)  cannot  be  represented  by  a  point 
on  the  line  XX'  (§  599),  since  all  points  on  that  line  represent 
scalar  numbers.  We  must  therefore  seek  elsewhere  for  its 
representative  point 

Let  the  straight  lines  XX*  and  YY*  intersect  at  right  angles 
at  O,  and  mark  off  OP, 
0P\  OP'',  and  OP'",  all 
of  the  same  length  as  in 
the  accompanying  dia- 
gram. A  rotation  coun- 
ter-clockwise through  a 

right  angle  would  convert   

OP  mto  OP',  OP'  into  ^' 
OP",  OP"  into  OP'",  and 
OP'"  into  OP,  so  that 
we  may  say  that,  taking 
account  of  direction  as 
well  as  length, 


O 


■P' 


OP' 
OP 


OP" 
OP' 


OP" 


OP" 

Let  i  denote  this  common  ratio. 


OP 
OP'" 
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Then, 
and 
But 

AIbo, 
and 

FinaUy, 


OP* 
OP 

OP^ 
OP  ^OP'  OP 
OP" 


OP"  OP* 


OP 


=-1. 


OP'"  ^  OP'"  OP"  OP' 
OP 


OP"  '  OP' '  OP 
OP"  OP"' 


OP       OP  '  OP"  "  *' 

OP  _  OP    OP'"  OP"  OP' 

OP    OP'"'  OP"  'dp  "op' 


Hence,  if  we  take  account  of  direction  as  well  as  length, 

we  have 

T 

OP'  =  i^OP 

^(^^)0P, 
OP"^i*.OP 
^{--^OP, 
P         and  OP"'  =  »• .  OP 

Henoa,  if  the  point  P 
represents  a  scalar  num- 
ber a,  the  point  P'  reppe- 
^»  the  orthotomic  num- 

b»  a  "V^--T,  and  the  point 
r^remits  the  aegatiTe  orthotamic  number  —  aVITi. 
Thus,  exacdr  as  aU  scalar  numbers  may  be  represented  hj 


P' 

H — 
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points  on  the  axis  XX\  so  all  orthotomic  nnmbers  may  be 
r^resented  by  points  on  the  axis  YY^,  which  cuts  the  axis 
XX^  at  right  angles,  or  orthoiomieally. 

Therefore,  XX*  is  called  the  axis  of  scalara,  and  YT  is  called 
the  axis  of  orthotomics.    The  point  O  is  called  the  origin. 

The  only  point  on  both  axes  is  0.  This  agrees  with  the  fact 
that  zero  is  the  only  number  that  may  be  considered  either 
scalar  or  orthotomic. 

Again,  a  and  ai  are  measured  on  different  lines.  This  agrees 
with  the  fact  that  a  and  ai  are  different  in  kind. 

To  determine  a  point  that  represents  the  complex  number 
a  +  5  V—  1,  determine  on  the  scalar  axis  a  point  A  that 
represents  a,  and  on  the  orthotomic  axis  determine  the  point 
B  that  represents  b  V—  1.  Through  the  points  A  and  B 
draw  straight  lines  parallel  to  the  axes.  These  lines  inter* 
sect  in  a  point  P  which  represents  the  number  a  +  b  V—  1  in 
the  scale  in  which  A  represents  a. 

603.  Vectors.  When  a  straight  line  is  given  a  definite 
direction  and  a  definite  length  it  is  called  a  Tector.  Thus, 
the  lines  used  to  represent  scalar  numbers  and  those  used  to 
represent  orthotomic  numbers  are  all  vectors. 

Vectors  need  not,  however,  be  parallel  to  either  of  the  axes ; 
they  may  have  any  direction. 

The  line  AB,  considered  as  a  vector  beginning  at  A  and  end- 
ing at  By  is  in  general  written  "AB. 

Two  parallel  vectors  which  have  the  same  length  and  extend 
in  the  same  direction  are  said  to  be  equal  vectors, 

601  Vector  Addition.    To  add  a  i> 
vector  CZ>  to  a  vector  AB,  we  place     /  ^  _  _  ^ 

C  on  JB,  keeping  CD  parallel  to  its    /  ^^.x^ 
original  position,  and  draw  AD,        c    I  I 

AD  is  called  the  sum  of  the  two  / I 
rectors.  aLt  Jb 

Then,  AD  =  liB -^BD  ^AB CD, 
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Tlie  addition  here  meant  by  the  sign  +  is  not  addition  of 
numbers,  but  addition  of  vectors, 
generally  called  geometric  addition. 
It  is  evidently  identical  with  the 
composition  of  forces. 

From  the  dotted  lines  in  the  figure 
and  the  known  properties  of  a  paral- 
lelogram it  is  easily  seen  that 

Gonseqaently,  vector  addition  is  commutative  (§  36).  It  is 
easily  seen  that  it  is  also  associative  (§  36). 

605.  Complex  Numbers.  A  complex  number  in  general 
consists  of  a  scalar  part  and  an  orthotomic  part,  and  may  be 
written  (§  212)  in  the  typical  form  x  -f  yij  where  x  and  y  are 
both  scalar. 

If  we  understand  the  sign  +  to  indicate  geometric  addition, 
we  shall  obtain  the  vector  that  represents  x  +  yi  as  follows : 

Lay  off  X  on  the  axis  of  scalars  from  O  to  If .  From  M  draw 
the  vector  MP  to  represent  yt.  Then,  the  vector  OP  is  the 
geometric  sum  of  the  vectors  OM  and  MP,  and  represents  the 
complex  number  x  +  yi. 

Instead  of  the  vector  OP  we 
sometimes  use  the  point  P  to 
represent  the  complex  num- 
ber. 

Thus,  In  the  figure  the  vectors 
OP,  OQ,  05,  55  or  the  points  P, 
Q,  iJ,  8  respectively  represent  the 
complex  numbers  6  +  4  i,  -6  +  6i, 

In  the  complex  number 
X  -hyif  X  and  yi  are  represented  by  vectors.    Now,  vector 
addition  is  commutative.    Therefore,  x  -\- yi  =  yi  -f-  x. 
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This  is  also  evident  from  the  figure. 

The  expression  x  -\-j/iiB  the  general  expression  for  all  num- 
bers. This  expression  includes  zero  when  as  =  0  and  y  =  0 ; 
includes  all  scalar  numbers  when  y  =  0;  all  orthotomic  num- 
bers when  x=sO;  all  complex  numbers  when  x  and  y  both 
differ  from  0. 

606.  Addition  of  Complex  Numbers.  Let  x-^-yi  and  x*  +  y*% 
be  two  complex  numbers.    Their  sum, 

« -f  y»  -f  «'  +  y'h 
may  by  the  commutative  law  be  written 

  x  +  x'  +  (y  +  y')i. 

Let  OA  and  OB  be  the  representative  vectors  of  x  +  yi 
and  x'  -f  y't.    Take       equal  to  OB. 
Then,  OC  =  0A  +  0B, 

Draw  the  other  lines  in  the  figure. 
Then,  OH  =  OF  +  FH 
=  OF^OE 
=  x-\-x\ 
and       HC^^FA-}-  KC 
=  FA-\-EB 

=  yi-\-  y't. 

.'.OC^x  +  x'  '^(y-\-y')i 
=  (a-fyt)-|-(x'+y'i). 
But     OC  =  Ol  +  OB. 

Hence,  the  sum  of  the  vectors  of  two  complex  numbers  is  the 
vector  of  their  sum. 

Since  vector  addition  is  commutative,  it  follows  that  the 
addition  of  complex  numbers  is  commutative. 

The  sum  of  two  complex  numbers  is  the  geometric  sum  of 
the  sum  of  the  scalar  and  the  sum  of  the  orthotomic  parts  of 
the  two  numbers. 


520 


COLL£G£  ALGEBRA 


Find  the  sum  of  2  +  3 »  and  —  4  + 1. 

If  now  we  proceed  from  Jf,  the 
extnmity  of  OJf,  In  the  direotion 
of  OJT  as  far  aa  the  absolute  value 

of  OIT,  we  reach  the  point  It\ 

Henoe,  OM"  =  -  2  +  4 i,  tbesom 
of  the  two  given  complex  namben. 

The  same  result  is  reached  if  we 
first  find  the  value  of  2 + ( -4)  =  -2. 
That  is,  if  we  count  from  O  two 
scalar  units  to  and  add  to  this  sum  3  i  +  i  =  4 1 ;  that  is,  count  four 
orthotomic  units  from  A"  on  the  perpendicular  A"W\ 


607.  Modnhts  and  Amplitude. 

can  be  written  in  the  form 

The  expressions 


Any  complex  number  as  + 


•■)■ 


and 


may  be  taken  as 


the  sine  and  the  cosine  of  some  angle  ^,  since  they  satisfy  the 
equation  . ,      .  .  . 


If  we  put  r  =  V^M-y",  the  complex  number  may  be  written 
r(coB^  +  i'sin^). 

Since  r  =  VxM-y*,  the  sign  of  r  is  indeterminate.  We 
shall,  howeveiy  in  this  chapter  take  r  always  positive. 

The  positive  number  r  is  called  the  modulus,  the  angle  ^ 
the  amplitude,  of  the  complex  number  x  +  yi 

Let  OP  be  the  representative  vector  of  x  +  yi.  Since  r  is 
the  positive  value  of  Va'  -f  y*,  it  is  evident  that  r  is  the 
length  of  OP. 

On  the  axis  OX  take  0/2  equal  in  length  to  OP  and  on  the 
axis  OY  take  OR*  also  equal  in  length  to  OP,  then  OR^r  and 
0-R'  =  n*. 
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Also.  C08i20P  =  ---;7  =  -> 
OR  T 


T 


P 


r(co8  ROP  +  i  sin  ROP) 


=  X  +     =5  r  (cos  ^  +  i  sin 


9 


Henoe,  the  numerical  measure 
of  the  angle  ROP  «  ^  ±  2n7r. 


O  A? 


If  A 


X 


The  above  is  easily  seen  to 
bold  true  when  x  and  y  are  one  or  both  negative. 

The  modulus  of  a  scalar  number  is  its  absolute  value.  The 
amplitude  of  a  scalar  nimiber  is  0  if  the  number  is  positive, 
180^  if  the  uumber  is  negative. 

The  modulus  of  an  orthotomio  number  ai  is  a.  The 
amplitude  of  this  number  is  90°  if  a  is  positive,  270°  if  a  is 
negative. 

608.  Since  the  sum  of  the  lengths  of  two  sides  of  a  triangle 
is  greater  than  the  length  of  the  third  side,  it  follows,  from 
§§  604,  606,  that,  in  general, 

The  modulus  of  the  sum  of  two  eomplex  numbere  i$  legs 
than  the  sum  of  the  moduli. 

In  one  case,  however,  that  in  which  the  representative 
vectors  are  collinear,  the  modulus  of  the  sum  is  equal  to  the 
sum  of  the  moduli. 

608.  Multiplication  of  a  Complex  Number  by  a  Scalar  Number. 
Let  a;  +  yt  be  any  complex  number.  If  the  representative 
vector  is  multiplied  by  any  scalar  number  a,  it  is  easily  seen 
from  a  figure  that  the  product  is  ox  +  ayt. 

Therefore,  a(x  '\-  yt)=  ax  -\-  ayi. 

Hence,  the  multiplication  of  a  complex  number  by  a  scalar 
number  is  distributive. 
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Y     Multiply  -  2  +  t  by  3. 

Take  0^= -2  on  OX',  and  erect  at  ^  the 
perpendicular  AM  =  1.  Then,  OJf  =  —  2+ L 
Take  OM  three  times,  and  the  result  is 
0Jr=-6+di,  the  product  of  (-2+t)  by  3. 

A'  A      O     610.  Mnltiplicatioii  of  A  Complex  Nam- 

ber  liy  an  Ortbotomic  Number.  We  have 
seen  (f  602)  that  multiplying  a  scalar  number  or  an  ortho- 
tomic  number  by  t  turns  that  number  through  90^    Let  us 
consider  the  effect  of  multiplying  a  complex  number  by  i. 
By  the  commutative,  associative,  and  distributive  laws, 

%  X  r  (cos  ^  + 1  sin  ^)  =  r(i  cos  ^  —  sin  ^) 

=  r  (—  sin  ^  +  «  cos 

In  Trigonometry  it  is  shown  that 

-sinf^  =  co8(90*'-hf^), 

and  cos    =  sin  (90"*  + 

t  X  r(co8  ^  -h  t sin     =  r[co8(90'  +     +  ♦  sin  (90**  + 

Here,  also,  the  effect  of  multiplying  by  i  is  to  increase  ^  to 
^  +  90^ ;  that  is,  to  turn  the  representative  vector  in  the 
positive  direction  through  an  angle  of  90^. 

The  effect  of  multiplying  a  complex  number  by  an  ortho- 
tomic  number  ai  is  to  turn  the  complex  number  through  a 
positive  angle  of  90^,  and  also  to  multiply  the  modulus  by  a. 

61L  Multiplication  of  a  Complex  Number  by  a  Complex  Number. 
We  come  now  to  the  general  problem  of  the  multiplication  of 
one  complex  number  by  another.  This  case  includes  all  other 
cases  as  particular  cases. 

Let  r  (cos  ^  + 1  sin  ^)  and  r'(co8  ^'  + 1  sin  be  two  com- 
plex numbers. 

By  actual  multiplication  their  product  is 

rr'[cos  ^  cos     —  sin  ^  sin     +  t(sin    cos     +  cos  ^  sin  ^^]. 
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In  Trigonometry  it  is  shown  that 

cos  ^  cos  ^'  —  sin  ^  sin  ^'  =  cos  -|- 
and  sin  ^  cos  <l>'  +  cos  <^  sin     =  sin     4-  ^'). 

r(cos  ^  H-  I  sin     X  r'(co8  4>'  +  *  sin 

=  rr'  [cos     +      -f  i  sin  + 

Therefore,  the  modulus  of  the  product  of  two  complex  num- 
bers is  the  product  of  their  moduli,  and  the  amplitude  of  the 
product  is  the  sum  of  the  amplitudes. 

Hence,  the  effect  of  multiplying  one  complex  number  by 
another  is  to  multiply  the  modulus  of  the  first  by  the  modulus 
of  the  second,  and  to  turn  the  representative  vector  of  the  first 
through  the  amplitude  of  the  second. 

612.  DiTision  of  a  Complex  Number  by  a  Complex  Number. 

.  mv        4^    4.  r(cos<^4-*sin<^) 

The  quotient        -r^  Zi  r  -  -  Vix 

^  r  (cos     H-  i  sin 

becomes,  when  both  terms  are  multiplied  by  cos  ^'  —  t  sin 

r  [(cos  ^  cos    -i-  sin  <^  sin  <f»*)  -f  i  (sin  <f»  cos  <f»'  —  cos  <^  sin 
r'(cosV'  +  sin«<^') 

In  Trigonometry  it  is  shown  that 

cos  4>  cos     +  Bin  <^  sin     =  cos  (^  —  ^'), 

sin  ^  cos     —  cos  <^  sin     =  sin  (<^  —  <^'), 

and  cos*<^'  -h  sin*<^'  =  1. 

r'(C08<^'  +  tSin<^')      r"-  ^/  V^r  ir/j 

Hence,  the  modulus  of  the  quotient  of  two  complex  num- 
bers is  obtained  by  dividing  the  modulus  of  the  dividend  by 
that  of  the  divisor;  and  the  amplitude  of  the  quotient,  by 
subtracting  the  amplitude  of  the  divisor  from  that  of  the 
dividend. 
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613.  Powers  of  a  Complex  Number.  From  §  611  we  obtain 
for  the  case  in  which  n  is  a  positive  int^er 

[r(co8  ^  4- 1  sin  ^)]"  =  f*[cos(^  +  +  H  to  n  terms) 

+  t8in(^  +  ^H  ton  terms)  J 

=  i*(cos      +  ^  sin  n^). 

614.  RooU  of  a  Complez  Number.  From  §  613,  patting  ^ 
for  n<f>,  and  r  for  r",  we  obtain 

•j^Vr^cos^  H- t  sin^^J  =  r(cos  ^  + 1  sin  ^); 

or  [r  (cos  ^     1  sin  ^)]"  =  -v^^cos  ^  -f  t  sin  > 

where  by  "Vr  is  meant  the  scalar  positiye  value  of  the  root 

The  last  expression  gives  apparently  but  one  value  for  the 
nth  root  of  a  complex  number.  But  we  must  remember  that 
there  are  an  unlimited  number  of  angles  which  have  a  given 
sine  and  cosine.  ~  Thus,  as  shown  by  Trigonometry,  the  angles 

<f>  +  360*,  4,  +  720%  .        +  k(S6(f)j 

all  have  the  same  sine  and  the  same  cosine.  We  have,  there- 
fore, the  following  nth  roots  of  r  (cos  ^  + 1  sin  ^) : 

•v^^cos^-f  tsin^^;  [1] 
Vr(  cos-^^-^^j^  4- *  sin   J;  [2] 
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,  In  this  series  the  [n  +  l]th  expression  is  the  same  as  the 
first;  'the  [n  +  2]th  the  same  as  the  second;  and  so  on. 

Therefore^  there  are  but  n  different  nth  roots,  those  num- 
bered [1]  to  [n]. 

From  this  section  and  the  preceding  section  we  can  obtain 
an. expression  for 

[r(cos  ^  +  t  sin  ^)]", 

where  ~  is  a  rational  fraction, 
n 

Find  the  twelve  twelfth  roots  of  1. 
The  twelve  twelfth  roots  of  1  are :  . 

eo(90«»  +  l8ln0«>=l;  [1] 

coB30°  +  <sin30°  =  ^^^^;  [2] 
2 

co8e0<^+t8ln60«  =  i-±^^;  [3] 

coBW  +  ianW  =  ii  [4] 


O08  8a(y>  +  t8ln880<»  =  — ,  112] 

615.  Complex  Exponents.  The  meaning  of  a  complex  expo- 
nent is  determined  by  subjecting  it  to  the  same  operations  as 
a  scalar  exponent 

It  follows  that  such  an  expression  as  a*+>^,  where  a  is  a 
scalar  number  and  x  +  i^  s,  complex  exponent,  may  be  sim- 
plified by  resolving  it  into  two  factors,  one  of  which  is  a  scalar 
number,  and  the  other  an  orthotomic  power  of  e  (§  434). 

From  the  ordinary  rules  for  exponents, 

Put  a«'  =  e«. 

Then,  u  =  log,  a*'  =  y  log,  a. 
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Now,  «.=  l+a.  +  g  +  g4.^  +  ...  (5434) 
Hence,  +     +  ^  +      +  ^  +  ^  + 

-c-M-><«-i^i-) 

By  the  Differential  Calculus  it  is  proved  that  when  u  is  the 
circular  measure  of  an  angle, 

t**     1**  u* 

8m«  =  «-|3+jg-g-  +  .... 

each  series  being  an  infinite  series. 

Therefore,        e**  =  cos  u     1  sin  «, 
and  c*"*"**  =  6* (cos  u  -h  t  sin  «). 

Also,         '  a*"*""^  =  o'(cos  tt  -h  I  sin  «) 

=  a*[cos  (y  log.  a)  +  t  sin  (y  log,a)]. 

616.  Trigonometric  Solution  of  Cubic  Eqiurtloiis.  In  the  irre- 
ducible case  (§  594, 1)  the  numerical  values  of  the  roots  of  a 
cubic  equation  may  be  found  by  the  trigonometric  tables.  We 
have  (§  694,  III) 

ax-^b  =  [^  2  2  

In  the  case  to  be  considered  (?'  -f  4£r*  is  native  (§  694,1). 

G                       V(r*  4-  4  £r* 
Put    —  —  =  i2  cos     and   ^  =  t/2  sin  ^ 


.•.co8i^=-^,  and  sinf^  =  ^  

Now,  by  Trigonometry,  cos*  <f»  -|-  sin*  ^  =  1. 
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Then,  /2«  =  (-ir)«, 

and  /2=(-fl^)«. 
By  §  614, 

aaj  +  6  =  (-  H)^  [(COB  «^  +  t  sin  4)^  +  (cos  ^  -  i  sin 

The  cube  roots  in  the  right  member  must  be  so  taken  that 
their  product  is  1,  since  in  §  693  wM  H. 
The  three  values  of  oo;  +  5  are : 

2(-If)*cos|; 

2(-  If)*cos(|-f  120*); 

2(-  H)*cos^|-|-240**^. 
^  is  given  by  the  relation 

tan^  =  g^  =  -^"<^-^i^- 
^     cos  <^  G 

Solve  the  equation  «•  —  6  «  -f  2  =  0. 

Here,  0  =  2,  ir  =  -2,  and  Ga  +  4ff«  =  -28. 

log  7  =  0.84610  ».  I  +  120°  =  166°  64' 

log  tan  0  =  0.4226611.  ^ 

.  ..w.  ^o,  ,o//  "  +  240°  =  276°  64'  6". 

0  =  110°  42'  18".  3 

Then  the  three  valaes  of  z  are  found  by  logarithms  to  be 

«  =  2V^coa  36°  64' 6"=  2.2618; 

«  =  2  V2  cos  166°  64'  6"  =  -  2.6016 ; 

«  =  2  \^  cos  276°  64'  6"  =  0.3399. 
Check  :  -  (2.2618  -  2.6016  +  0.3399)  =  0 ; 

-  [2.2618  X  (-  2.6016)  x  0.3399]  =  2.  (§  621) 
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Homer^s  Method  is,  however,  to  be  preferred  to  the  method 
of  this  sectioxL 

617.  We  have  in  this  chapter  extended  the  term  tmmber  to 
include  complex  expressions  of  the  form  a  +  b  V—  1.  These 
expressions  are  often  called  imaginary  quantitiea,  although 
when  we  are  considering  them  without  attempting  to  give 
them  any  arithmetical  interpretation,  there  is  nothing  imagir 
nary  about  these  so-called  imaginaries.  The  collection  of 
symbols  3  +  4  V—  1  is,  as  far  as  symbols  go,  as  real  as  the 
collection  3  +  4  V2.  It  is  only  when  we  seek  to  obtain  a 
result  arithmetically  interpretable  and  arrive  at  a  complex 
expression  that  cannot  be  interpreted,  that  such  expression 
can  be  called  in  a  strict  senise  imaginary  ^  but  imder  similar 
circumstances  a  fractional  number  or  a  negative  number  may 
become  imaginary,  while  on  the  other  hand  a  complex  number 
may  represent  as  real  a  solution  as  a  positive  integer  repre- 
sents.   The  following  problems  illustrate  these  stateraeijits. 

(1)  Two  clocks  begin  striking  at  the  same  moment;  one  of 
the  clocks  strikes  6  strokes  more  than  the  other,  and  the  num- 
ber of  strokes  struck  by  one  of  them  is  double  the  square  of 
the  number  of  strokes  struck  by  the  other.  Find  the  number 
of  strokes  struck  by  each  clock. 

(2)  The  temperatures  indicated  by  two  thermometers  differ 
by  6*^,  and  the  number  of  degrees  in  the  temperature  indicated 
by  one  of  the  thermometers  is  double  the  square  of  the  num- 
ber of  degrees  in  the  temperature  indicated  by  the  other. 
Find  the  temperature  indicated  by  each. 

(3)  Two  men  start  to  walk  from  the  same  place  at  the 
same  moment ;  at  the  end  of  an  hour  they  are  6  miles  apart, 
and  the  number  of  miles  one  of  them  has  walked  is  double  the 
square  of  the  number  of  miles  the  other  has  walked.  Find 
the  number  of  miles  each  has  walked. 

Each  of  these  three  problems  yields  the  equations  . 
y  =  2     and  y  —  «  =  ±  6. 
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.•.2a*-x  =  ±6. 
(2x*-x-e)  (2x*  -  aj  +  6)  =  0. 
(x  -  2)  (2x  4-  3)\(2x  -  iy  +  V-l  =  0. 
aj  =  2  or  -      or  J  (1  ±  V~  47). 
y  =  8  or  4J  or  i(-23±  V-  47). 

In  the  case  of  Problem  (1),  the  only  real  solution  is  a;  =  2, 
y  =  8 ;  the  other  solutions  are  imaginary.  Neither  the  factor 
(2x  -h  3)  nor  the  factor  \(2x  —  -f  V|  can  be  zero  in  this 
problem 

In  the  case  of  Problem  (2),  the  real  solutions  are  x  =  2,  y  =  8 
and  05=— 1^,  y  =  -f  4^ ;  the  solutions  x  =  J(l  ±  V—  47), 
y  =  ^  (—  23  ±  V—  47)  are  both  imaginary,  for  the  factor 
J(2a5  —  J)* -h       cannot  be  zero  in  this  problem. 

In  the  case  of  Problem  (3),  all  four  solutions  are  real.  If 
the  men  walk  in  the  same  direction,  the  solution  is  x  =  2, 
y  =  8 ;  if  they  walk  in  opposite  directions,  the  solution  is 
a;  =  —  1^,  y  =  4^  ;  if  they  walk  in  directions  obliquely  trans- 
verse, the  solutions  are 


a:  =  i(l±  V-47),    y  =  i(-23±  V-47), 

as  shown  in  the  accompanying  figure,  one  man  walking  from 
O  to  X,  a  distance  of  V3  miles,  while  the  other  walks  from  0 
to  y,  a  distance  of  6  miles,  the  distance  from  a;  to  y  being 
then  6  miles. 
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Find  the  value  of : 

1.  (a-h  W)*H-(a- W)* 


H-2t  '  1  -2t 

2  +  36t     7  -i26t 
6-|-8t      3-4t  ' 

4.  Showthat  [(V3-f  1)4- (V3- !)♦]•=  16  +  16  i. 

6.  If  Va;  -I-  yt  =  a  +  W,  show  that 

..Find  a,,, nodule,  »,^f^^±||. 

7.  Find  the  three  cube  roots  of  1  + 1. 

8.  Find  the  five  fifth  roots  of  1. 

9.  Find  the  four  f otirth  roots  of  3  -|-  4 1. 

10.  Solve  the  equation  «•  —  12  a;  -h  3  =  0. 

11.  Solve  the  equation  2a5*  —  3a;  —  1=0. 

12.  Show  that  ( V^)^~»  =  e"^  =  0.20788. 


( 


